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FOREWORD 


This book contains complete solutions to the 609 problems in the third edition 
of Principles of Real Analysis, Academic Press, 1998. The problems have been 
spread over forty sections which follow the format of the book. 

All solutions are based on the material covered in the text with frequent refer- 
ences to the results in the text. For instance, a reference to Theorem 7.3 refers to 
Theorem 7.3 and a reference to Example 28.4 refers to Example 28.4, both in the 
third edition of Principles of Real Analysis. 

This problem book will be beneficial to students only if they use it “properly.” 
That is to say, if students look at a solution of a problem only after trying very 
hard to solve the problem. Students will do themselves great injustice by reading 
a solution without any prior attempt on the problem. It should be a real challenge 
to students to produce solutions which are different from the ones presented here. 

We would like to express our most sincere thanks to all the people who made 
constructive recommendations and corrections regarding the text and the problems. 
Special thanks are due to Professor Yuri Abramovich for his contributions and 
suggestions during the writing of this problem book. 


C. D. ALIPRANTIS AND O. BURKINSHAW 


West Lafayette, Indiana 
July, 1998 
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CH 


APTER 1 


FUNDAMENTALS OF 
REAL ANALYSIS 


1. ELEMENTARY SET THEORY 


Problem 1.1. Establish the following set theoretic relations: 


I. 
2. 
3: 


4. 
S. 


(AUB)NC =(ANC)U(BNC) and 

(AN B)UC =(AUC)N(BUC); 
(AUB)\C =(A\C)U(B\C) and 

(AN B)\C =(A\C)N(B \ C); 

A\ B=ANB; 

ASB eas © Aand 

(AUB) =ASNBS and (ANB) =ASUBS. 


Also, for an arbitrary function f:X — Y, establish the following claims: 


f (Uies Ai) = U;er f(A); 

f (Mier Ai) E Mier FADS 

f- (Wie Bi) E Vier E(B) 

f~ (Mier Bi) = Nier f (B:); and 
f ABA = AEN 


Solution. (1) We establish the first formula only. We have 
xE€(AUB)NC 4 xEAUB adxec 


<> [xeAorxe BlandxeCcC 

<=> [xeA ani xeC]or[xeB andxeC] 
<> xEANC orxE BNC 

— x E(ANC)U(BNC). 


(2) Again, we establish the first formula only. Observe that 


x€(AUB)\C = xeAUB andx¢C 
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4> [xe AorxeB) andx ¢C 

4> [recA andx ¢C] or [x € B and x ¢C] 
4> xEA\CorxeB\C 

=> X EA \ ©) UB \ G): 


(3) Note that 


x€A\B 4 xeE€Aandx¢B 
=> xeAandxe BS & xe ANB”. 


(4) Let A C B. Then, x € B° implies x ¢ B and so x ¢ A (i.e., x € A°) so that 
B° C A®. On the other hand, if B° C A° holds, then (by the preceding case) we 
have A = (A‘)* C (B°) = B. 
(S) Note that 
xE(ANBYS 4> x¢ ANB —x¢AorxEgB 
= xr€ A> orxve BS ee x eA UB? 


Moreover, 


xE(AUBY 4 x¢ AUB 4> x¢Aandx¢B 
<=> xe A and x € BS => xe ASNB. 


(6) We have 
ye f(UAi) = Ixel JA with y= f@) 
iel iel 
<=> Jie! with x €A; and y = f(x) 
4 Jiel with ye f(A) => ye(JfF(Ai). 


iel 


(7) From the inclusion f(();<; Ai) E f (Aj) foreach j, we see that 


(8) We have 
xe f(UB) = fae LB, > Fie! with fax) B: 


iel iel 


=> Jiel with xe f"(B)) =>» xe|)f-'(B)). 


iel 
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(9) Note that 


xef'(()Bi) > f(xy e (Bi => f(x) € B; foreach i €/ 


iel iel 


<> x € f-'(B)) foreach ie I <=> xe) f~ (B). 


iel 


(10) Observe that 


xef B) => fae es O 
=> x ¢f B) = aE 


Problem 1.2. For two sets A and B show that the following statements are 


equivalent: 
a ACB, 
bD AUS =B.; 
cS AMB =A. 


Solution. (a) = > (b) Clearly, B C AUB holds. Onthe other hand, if x € AUB, 


then x € A or x € B, and so in either case, x € B. This means AUB C B, and 
hence, A U B = B. 


(b) => (c) By part (1) of the preceding problem, we have 
ANB=AN(AUB)=(ANA)U(ANB)=AU(ANB)=A. 
(c) = > (a) Clearly, A= ANB EB. 


Problem 1.3. Show that (AAB)AC = AA(BAC) holds for every triplet of 
Sets A,B, and C. 


Solution. Note first that for any three sets X, Y, and Z we have 
XAY \ Z=[(X \(Y UZ) UY \ (XUZ)) 
and 
Z \(XAY)=[Z \ CGY) | UL aia 


For instance, to verify the first identity, note that 


x E€ XAY \ Z => [x EX\Yorxe Y\X)andx ¢Z 


<=> [x € X,x Y, andx ¢ Z] or [x EY, x ¢ X, and x ¢ Z] 
> x E(X% Y UZ) UY \ HUT. 
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Thus, 


(AAB)AC = [(AAB) \ C]U[C \ (AAB)] 
= [A\(BUC)]U[B\(AUC)]U[C \(AUB)JU[ANBNC] 
= {[A\(BUC)]U(ANBNC)}U ([B\(C U A)JU[C\(BU A))} 
= [A\(BAC)JU[(BAC) \ A] 
= AA(BAC). 


Problem 1.4. Give an example of a function f: X — Y and two subsets A and 
B of X such that f(AN B) Æ f(A)N f(B). 


Solution. Define f:{0, 1} —> {0,1} by f(0) = f(1) = 0. If A = {0} and 
B = {1}, then f(A N B) = Ø # {0} = f(A) f(B). 


Problem 1.5. For a function f:X — Y, show that the following three state- 
ments are equivalent: 


a. f is one-to-one. 
b. f(ANB)= f(A)N f(B) holds for all A, B € P(X). 
c. For every pair of disjoint subsets A and B of X, we have f (A)N f (B) = Ø. 


Solution. (a) = > (b) If y € f(A)N f(B), then there exist a € A and b € B 
with y = f(a) = f(b). Since f is one-to-one, a = b € A N B, and so 
y € f(A N B). Thus, f(A)N f(B)S f(AN B) S f(A)N f(B). 

(b) => (c) Obvious. 

(c) = (a) Let f(a) = f(b). If a + b, then the two sets A = {a} and B = {b} 
satisfy A N B = Ø, while f(A)N f(B) = {f (a)} £ Ø. 


Problem 1.6. Let f:X — Y bea function. Show that f(f~'(A)) € A for all 
ACY,and BC f (f(B)) forall BCX. 


Solution. Clearly, x € f~'(A) ifandonly if f(x) € A. Thus, f(f~!(A)) € A. 
Similarly, x € f~'(f(B)) if and only if f(x) € f(B), and so B c f-!(f(B)) 
holds. 


Problem 1.7. Show thata function f: X —> Y is ontoifand only if f (f~'(B))=B 
holds for all B CY. 


Solution. Assume that f is onto and B C Y. If b € B, then there exists some 
a € X with f(a) = b; clearly,a € f—'(B). Thus, b = f(a) € f(f~'(B)), and 
so B C f(f~'(B)) C B holds. 
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For the converse, note that the relation f(f~'({b})) = {b} implies f -I({b}) # 
Ø foreach b e Y so that f is onto. 


Problem 1.8. Let X > Y & Z. If A C Z, show that 

(go f) (A) = f(g (A). 
Solution. Note that 
x E€ (go f(A) <> g(f(x))€e A => f(x) eE g '(A) 4> xE SAGA 
Problem 1.9. Show that the composition of functions satisfies the associative 
law. That is, show that if X + Y <> Z — V, then (hog)o f =ho(go f). 
Solution. Observe that for each x € X we have 
[(hog)of Kx) =hog(f(x)) = hef Œ) = hle o f(x) = Ih o (8 o PNG). 
Therefore, (ho g)o f =ho(go f). 


Problem 1.10. Let f:X — Y. Show that the relation R on X, defined by 
xXı1Rxı whenever f(x) = f (x2), is an equivalence relation. 


Solution. We must show that the relation R is reflexive, symmetric, and transi- 
tive. 


Reflexivity: Note that f(x) = f(x) implies xR x foreach x € X. 
Symmetry: Let xı R x2. Then, f (x1) = f (x2) or f (x2) = f (xı), so that xR xı. 


Transitivity: If xı R x2 and x2Rx3, then f (xı) = f (x2) and f (x2) = f(x3) both 
hold. It follows that f (x1) = f (x3), and so xıR x3. 


Problem 1.11. Jf X and Y are sets, then show that 
P(IXJAPOY)=P(XAY) and P(X)UP(Y) C P(X UY). 
Solution. (a) Note that 


AEeP(X)NP(Y) 4> ACX and ACY 
4 ACXNY = AeEP(X NY). 


(b) Clearly, 


AEP(X)UP(Y) => ACK o ACY = ACXUY =p AcE P(X UY). 
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If X and Y are two nonempty disjoint sets, then X UY ¢ P(X) U P(Y), and so 
equality is seldom valid. 


2. COUNTABLE AND UNCOUNTABLE SETS 
Problem 2.1. Show that the set of all rational numbers is countable. 


Solution. Let Q be the set of rational numbers and let OF = {r € Q: r > O}. 
Then the function f:N x N > Qt defined by f(m,n) = = is onto. The 
conclusion now follows from Theorems 2.7 and 2.5. 


Problem 2.2. Show that the set of all finite subsets of a countable set is countable. 


Solution. We can assume that A = {p1, p2, ...} is the set of all prime numbers. 
Let F denote the collection of all finite subsets of A. Define f:7 — IN by 
f(E) =the product of the elements of F, foreach F € F. Then f is one-to-one, 
and the conclusion follows from Theorem 2.5. 


Problem 2.3. Show that a union of an at-most countable collection of sets, each 
of which is finite, is an at-most countable set. 


Solution. This follows immediately from Theorem 2.6. 


Problem 2.4. Let A be an uncountable set and let B be a countable subset of 
A. Show that A is equivalent to A \ B. 


Solution. Let B = {b,, b2,...}. Since A is uncountable, the set A \ B is also 
uncountable. Let C = {c;, c2, . . .} be a countable subset of A \ B. Now define 
f:A\ B — Aby 


xi if x ¢ C; 
MOSCAS ea S O 
be if. Y= co. (hn SP 


Then f is one-to-one and onto, proving that A ~ A \ B. 


Problem 2.5. Assume that f:A — B is a surjective (onto) function between 
two sets. Establish the following: 


a. cardB < card A. 
b. Jf Ais countable, then B is at-most countable. 
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Solution. (a) Consider the family {f~'(b): b € B}. Clearly, this is a family of 

disjoint subsets of A. By the Axiom of Choice there exists a subset C of A such 

that C N f~'(b) consists precisely of one element of A for each b € B. The 

conclusion now follows by observing that f:C —> B is one-to-one and onto. 
(b) This follows immediately from part (a). 


Problem 2.6. Show that two nonempty sets A and B are equivalent if and only 
if there exists a function from A onto B and a function from B onto A. 


Solution. If A and B are equivalent, then there exists a function f:A > B 
which is one-to-one and onto. Clearly, f “lB Aisa surjective function. 

For the converse, assume that there exists a function from A onto B and a 
function from B onto A. A glance at the preceding problem guarantees that 
card B < card A and card A < card B. Now, use the Schréder—Bernstein theorem 
to conclude that A and B are equivalent sets. 


Problem 2.7. Show that if a finite set X has n elements, then its power set 
P(X) has 2” elements. 


Solution. We shall use induction on n. Assume that {1,..., n} has 2” subsets. 
Then the subsets of the set {1,..., n,n + 1} consist of: 


a. The subsets of {1,...,”}, which are 2” altogether; and 
b. The subsets of the form A U {n + 1}, where A is a subset of {1,...,7} 
again 2” altogether. 


? 


Thus, the number of subsets of {1,...,7,n +1} is 2” +2" = 2"+! , 

A direct proof goes as follows. Notice that the number of subsets of {1, 2, ... , n} 
having k elements (where 0 < k < n) is precisely (7). So, the total number of 
subsets of {1,2,..., m} 1s 


ORORO O RAEE 


where the last equality holds true by virtue of the binomial theorem. 


Problem 2.8. Show that the set of all sequences with values 0 or 1 is uncount- 
able. 


Solution. Foreach subset A of N define the sequence f(A) = {xn} by x, = 1 
if n € A and x, = 0 if n ¢ A. Then f defines a function from P(N) onto 
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the sequences with values 0 and 1. Since f is clearly one-to-one and onto, the 
conclusion follows from Theorem 2.8. 


Problem 2.9. If 2 = {0, 1}, then show that 2X ~ P(X) for every set X. 


Solution. Define f: P(X) > 2* by At > fa, where fa(x) = 1 if x EA 
and fa(x) = 0 if x ¢ A. Note that f is one-to-one and onto. Therefore, 


2X = P(X). 


Problem 2.10. Any complex number that is a root of a (nonzero) polynomial 
with integer coefficients is called an algebraic number. Show that the set of all 


algebraic numbers is countable. 


Solution. Let Z = {...,—2,—1,0,1,2,...}. Fix n > 1. Since every polyno- 


mial p(x) = ag+a,x+---+a,x" is determined uniquely by (ao, aj, ..., an), itis 
easy to see that the nonzero polynomials of degree <n with integer coefficients are 
in one-to-one correspondence with the countable set Z”*!\{(0, 0,...,0)}. Let 


{Pi, P2, ...} be an enumeration of all these polynomials. By the Fundamental 
Theorem of Algebra, the set Ay, = {x € C: p(x) = 0} is a finite set. Thus, the 
set of all zeros of the polynomials {p1, p2,...} of degree < n is precisely the set 
_, = ee Ax, which (by Theorem 2.6) is a countable set. Now, note that the set 
of all algebraic numbers is J? , Rn, which—as a countable union of countable 
sets—is itself countable; see Theorem 2.6. 


Problem 2.11. For an arbitrary function f:R — R show that the set 
A={aeR: lim f(x) exists and lim f(x) # f(a} 
x—a —a 


is at-most countable. 


Solution. Let Z denote the set of all open subintervals of IR with rational 
endpoints and note that Z is acountable set. Also, let Q denote the countable set 
of all rational numbers of R. 

For each rational real number r, let 


A, = {a € A: Either f(a) <r < lim f(x) or lim f(x) <r < f(a)}. 


Clearly, A = |J,egAr holds. Thus, in order to establish that A is at most 
countable, it suffices to show that each A, is at-most countable. 

So, fix some r € Q and a € A, and assume (without loss of generality) that 
f(a) <r < lim,_., f(x). Then there exists as ô >0 such that a — ô < y<a+ô 
and y # a imply f(y) > r. Next, pick an open interval 7, with rational 
endpoints (i.e., l4 € T) such that a € J, and I, C (a — ô, a +ô). Since fQy)>r 
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holds for each y € J, with y Æ a, we see that y ¢ A, foreach y € J,\{a}. In 
particular, note that A, N Ja = {a}. 

Thus, we have established a mapping a +—> la from A, into Z (which in view 
of A, N la = {a} for each a € A,) is also one-to-one. This implies that A, is 
at-most countable, and hence, A is likewise at-most countable. 


Problem 2.12. Show that the set of real numbers is uncountable by proving the 
following: 


a) (0, 1) © R; and 
b) (0, 1) is uncountable. 


Solution. (a) The function f:(0,1) + R defined by the formula f(x) = 
tan(x — 7) is one-to-one and onto. 

(b) If (0, 1) is countable, then let {x1, x2, ...} be one enumeration of (0, 1). 
For each n write x, = 0.d,,d,2--- in its decimal expansion, where each dij 
is 0,1,..., or 9. Now, consider the real number y of (0,1) whose decimal 
expansion y = 0.y, y2 --- satisfies yn = 1 if dan #1 and y, = 2 if dnn = 1. An 
easy argument now shows (how?) that y Æ x, foreach n, which is a contradiction. 
Hence, the interval (0, 1) is an uncountable set. 


Problem 2.13. Using mathematical induction prove the following: 
a. Ifa >—1,then(1+a)" > 1+naforn = 1,2, ...(Bernoulli’s inequality). 
bya = Withen 1+ 3a. > (Ha) forn = P25 
e Cosma = Difonn = 1 2: 


Solution. (a) Let a > —1. For n = 1 the inequality is trivially true; in fact, it is 
an equality. For the induction step, assume that (1 + a)” > 1 + na holds true for 
some n. Since 1 +a > O is assumed to be true, it follows that 


(1+a)(1+a)" >(1+a)(1+na)=1+na+a+na? 
1+(n+l)a+na* >1+(n+ 1a, 


Qi: ay't! 


which is the desired inequality when n takes the value n + 1. This completes the 
induction. 

(b) Assume 0 < a < 1. Since 1 + 3a > 1 +a, the desired inequality is true 
for n = 1. For the inductive step assume 1 + 3"a > (1 + a)”. Then, taking into 
account that 0 < a < 1, we see that 


(1 +a)"*" 


(1 + a)(1 +a)" < (1 +a)(1 + 3"a) 
=14+3"at+a+3"a? =14+(3"+3"a+ 1a 
1 + (3% +3" + 3"%a 143: 3% = 1 + 37a, 


A 
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which is the desired inequality valid when n is replaced by n + 1. By the Principle 
of Mathematical Induction, the inequality is true for every natural number n. 

(c) For n = 1, we have cos(1 - m) = cosm = —1 = (—1)!. Now, assume 
that cos(mma) = (—1)". Then, using the trigonometric formula cos(x + y) = 
cos x cos y — sin x sin y, we see that 


cos[(n + 1)] = cos(nx + 2) = cos(n7) cos — sin(n7) sin x 


= (-1)"(-1) — sin(a) -0 = (-1)""", 


and the induction is complete. 


Problem 2.14. Show that the Well-Ordering Principle implies the Principle of 
Mathematical Induction. 


Solution. Let S$ C N satisfy 


a. 1leS,and 
b. n+1 eS whenever ne S. 


We must show that S = N, or equivalently that N \ S = Ø. 

To this end, assume by way of contradiction that we have N \ S # Ø. Then, 
by the Well Ordering Principle, n = min(IN \ S) exists. Clearly, 1 < n e N \ S. 
Thus, n — 1 € S, and consequently n = (n — 1)+1 € S, a contradiction. 
Therefore, N \ S = Ø or S = N. 


Problem 2.15. Show that the Principle of Mathematical Induction implies the 
Well-Ordering Principle. 


Solution. Assume that the Principle of Mathematical Induction is true. Consider 
the subset S of N consisting of all natural numbers n with the property: whenever 
a nonempty subset A of IN contains a natural number m < n, then A has a 
least element. To establish the Well-Ordering Principle, we need to show that 
S=N. 

To this end, note that 1 € S. Now assume that n € S. Also, assume that a 
nonempty subset A of N contains some natural number m < n + 1. If A contains 
a natural number k < n + 1, then A also contains a natural number (namely k 
itself) less than or equal to n, and so, in view of n € S, A must have a least element. 
On the other hand, if A does not contain any natural number strictly less that n + 1, 
it follows that n + 1 € A, in which case n + 1 is the least element of A. Therefore, 
n + 1 € S, and so by the validity of the Principle of Mathematical Induction, we 
infer that $ = N. 
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3. THE REAL NUMBERS 
Problem 3.1. If a V b = max{a, b} and a ^ b = min{a, b}, then show that 
avb=}(a+b+|a—b|) and a^b= }(a +b- |a -— bj). 


Solution. Since all expressions do not change their values if we interchange a 
and b, we can assume a > b. Thus, 


z(a +b+la-b])=}(a+b+a-b)=a=avpb, 


and 


z(a +b -— |a — bl) = [a +b — (a - b) =b =a ^b. 


Problem 3.2. Show that |ja| — (b|| < |a + b| < |a| + |b| for all a, b € R. 
Solution. From —|a| < a < |a| and —|b| < b < |b], it follows that 


—(ja| + |b) <a +b < |a| + Ibl. 


So, |a + b| < |a| + Ibl. 

Substituting a — b in the place of a, we get |a| < |a — b| + |b| so that 
ja| — |b| < |a — b|. Interchanging a and b yields —(|a| — |b|) < |a — b|, and so 
\|a| — |b|| < la — b| also holds. 


Problem 3.3. Show that the real numbers 2 and /2 + 3 are irrational num- 
bers. 


Solution. Assume by way of contradiction that V2 = ™ with m, n € IN. We can 
suppose that m and n have no common positive divisors other than 1. Squaring, 
we get m? = 2n*. This implies that m is even, i.e., m = 2k for some k € N 
(otherwise m = 2k + 1 implies that m? is odd, a contradiction). It follows that 
4k? = 2n?, or n? = 2k”, which in turn implies that n is even, i.e., n = 22 for some 
£ € N. But then, m and n have the common factor 2, which is a contradiction. 
Hence, /2 is not a rational number. (This simple proof is due to Eudoxus.) 


With a different and more elegant proof one can establish the following general 
result: 


© The square root «/k of a natural number k is a rational number if and only 
if k is a complete square, i.e., k = p? for some p € N. 
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If k = p°, then clearly Vk = p € N. On the other hand, if vk i is a rational 


number, then /k is a rational root of the polynomial Pe = x? — k. But the 


positive rational roots of this polynomial are of the form *, where m e€ N is a 
divisor of k and n € N is a divisor of 1. Thus, Vk =m € N, and so k = m°. 


To see that V2 + v3 is not a rational number, assume by way of contradiction 
that /2 + he =r > Q is a rational number. Then J/3 =r — V2 and by squaring, 
we get 3 = r2 — 2r./2 + 2. This implies J2= =f zl , a rational number, contrary 


to our previous conclusion. Hence, DA nf Bit is an n itrationsi number. 


Problem 3.4. Show that between any two distinct real numbers there is an irra- 
tional number. 


Solution. Leta < b. Choose a rational number r witha < r < b, and then 
select some n so that 0 < {2 < b—r. Note that the irrational number x = r +3 
satisfies a < x < b. 

Alternatively: Note that the open interval (a, b) is uncountable, while the set 
of all rational numbers is countable. 


Problem 3.5. This problem will introduce (by steps) the familiar process of sub- 
traction in the framework of the axiomatic foundation of real numbers. 


a. Show that the element 0 is uniquely determined, i.e., show that if x + 0* = x 
for all x € R and some 0* € R, then 0* = 0. 

b. Show that the cancellation law of addition is valid, i.e., show that x +a = 
x +b implies a =b. 

c. Use the cancellation law of addition to show that0-a =O for alla e R. 

d. Show that for each real number a the real number —a is the unique real 
number that satisfies the equation a + x = 0. (The real number —a is 
called the negative of a.) 

e. Show that for any two given real numbers a and b, the equationa+x =b 
has a unique solution, namely x = b + (—a). The subtraction operation 
— of Ris now defined by a — b = a + (—b); the real number a — b is also 
called the difference of b from a. 

f. For any real numbers a and b show that —(—a) = a and —(a +b) = —a—b. 


Solution. (a) Assume than another element 0* € R satisfies 0* +x = x +0* =x 
for all x € R. Letting x = 0, we get 0* + 0 = 0. Now, recalling that 0 + y = 
y +0 = y also holds for all y € R, letting y = 0* yields 0* = 0* +0 = 0. 

(b) Let x +a = x +b. By Axiom 5 there exists some z € R such that z + x = 
x +z =Q. So, 


a =0+a =(z+x)+a =z+(x+a)=z+(x+b)=(z+x)+b=0+b =b. 
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(c) Clearly, 
0-2a+0=0-a=(0+0)-a=0-a+0-a, 


and so by the cancellation law of addition, 0 -a = 0 for eacha E R. 

(d) Assume a + x = 0. Since a + (—a) = 0, we see that a + x = a + (—a), and 
so, by the cancellation law we have established in (b) above, x = —a; the negative 
of a. 

(ec) Ifa +z =a + y = b, then by the cancellation law, we get z = y. Thus, given 
a and b, the equation a + x = b has at-most one solution x € R. Since 


a+|b+(—a)] = (a+b)+(—a) = (—a)+(a+b) = [(-a)+a)]+b = 0+b =b, 


we see that the only solution of the equation a + x = bis x = b + (—a). We 
denote this number by b — a and call it the subtraction of a from b. 

(£) A close look at the equation a + (—a) = (—a) +a = 0 guarantees immediately 
that —(—a) = a. Moreover, from 


a+b+(—a—b) = a+b+[—a+(—b)] = [(a+b)+(—a)]+(—b) = b+(—b) = 0, 
we easily infer that —(a + b) = —a — b. 


Problem 3.6. This problem introduces (by steps) the familiar process of division 
in the framework of the axiomatic foundation of real numbers. 


a. Show that the element 1 is uniquely determined, i.e., show that if 1* .x = x 
for all x € Rand some 1* € R, then 1* = 1. 

b. Show that the cancellation law of multiplication is valid, i.e., show that 
x -a = x -b with x + 0 implies a = b. 

c. Show that for each real number a + 0 the real number a`! is the unique 
real number that satisfies the equation x -a = 1. The real number x = a-~! 
is called the inverse (or the reciprocal) of a. 

d. Show that for any two given real numbers a and b witha # 0, the equation 
ax = b has a unique solution, namely x = a~'b. The division operation 
+ (or /) of R is now defined by b + a = a~'b; as usual, the real number 
b =a is also denoted by b/a or b, 

For any two nonzeroa, b € Rshowthat(a~')-! = a and (ab)! = a~!b7!. 

r { =a for eacha, ? = 0 for each b $ 0, and 2 = | for each 

a : 


mm © 


Solution. (a) Assume that some real number 1* satisfies 1* - x = x - 1* = x for 
each x € R. In particular, letting x = 1, we get 1*- 1 = 1. Since y- 1 = y for 
all y € R, letting y = 1* yields 1* = 1* - 1 = 1. So, 1 is the only real number r 
which satisfies r - x = x foreach x € R. 
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(b) Assume x -a = x -b with x 4 0. By Axiom 7 there exists a real number 
y € R such that y - x = 1. Now, observe that 


a=1-a=(yx)a = y(xa) = y(xb) = (yx)b = 1 -b =b. 


(c) If ax = ay = 1 witha + 0, then by (b), we must have x = y. This shows 
that the reciprocal a~! of a is uniquely determined. 

(d) To see that the equation ax = b with a # 0 has at-most one solution x, 
notice that if ax = ay = b, then by the cancellation law of multiplication, we 
have x = y. Moreover, notice that 


a-(a'b)=(a-a')b=1-b=b. 


The above show that the equation ax = b with a # 0 has the unique solution 
zma lb. 

(e) If a # 0, then the equation a - a~! = 1 readily says that (a~')~' = a. In 
addition, from 


(ab) -(b7'a7!) =a(b -ba~ =a-1-a' =1, 


we easily obtain (ab)“' = b“'a7!. 

(f) Since 1 - a = a, we obtain ¢ = a for each a € R. The equation b - 0 = 0 
also implies that = 0 for each b # 0. Froma - 1 = a, we get immediately $ = 1 
for alla # 0. 


Problem 3.7. Establish the following familiar properties of real numbers using 
the axioms of the real numbers together with the properties established in the 
previous two problems. 


i. The zero product rule: ab = 0 if and only if either a = 0 or b = Q. 
ii. The multiplication rule of signs: (—a)b = a(—b) = —(ab) and (—a) 
(—b) = ab foralla,beR. 
iii. The multiplication rule for fractions: For b,d + 0 and arbitrary real 
numbers a, c we have 


In particular, if $ + 0, then (2)! = Ł. 

iv. The cancellation law of division: If a # 0 and x # 0, then % = Ë for 
each real number b. 

v. The division rule for fractions: Division by a fraction is the same as 
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multiplication by the reciprocal of the fraction, i.e., whenever the fraction 


sf. cS 
p + g is defined, we have 


U OSU 
b d 8 


Solution. (i) We already know from the previous problem that 0 - b = 0 for each 
b € R. On the other hand, if ab = 0 (= a - 0) and a # 0, the cancellation law of 
multiplication shows that b = 0. 

(11) Clearly, 


ab+(—a)b = [a+(—a)]b=0-b=0 and ab+a(—b) = a[b+(—b)|=a-0=0, 
and so —(ab) = (—a)b = a(—b). This implies 
(—a)(—b) = —[a(—b)] = —[—(@b)] = ab. 
(iii) If b, d # 0, then 


MED e =a 


2 aci 2a orcs a. 
and this shows that hl a Since ; 


(iv) Ifc = b, then ac = b and so (ax)c 
b _ bx 


C= 


a ax“ 5 , 
(v) Notice that the identity 


2i 
2 = 2 = 1, we see that (2) =È, 
= bx for each x 4 0, which shows that 


Digan — ¢0d, _* a, 
guarantees > + j =f ~ b 


Problem 3.8. This problem establishes that there exists essentially one set of 
real numbers that satisfies the eleven axioms stated in Section 3. To see this, let R 
be a set of real numbers (i.e., a collection of objects that satisfies all eleven axioms 
stated in Section 3 of the text). 


a. Show that 1 > 0. 

b. A real number a satisfies a = —a if and only ifa = 0. 

c. Ifn=1+1+-:+-+1 (where the sum has “n summands” all equal to 1), 
then show that these elements are all distinct; as usual, we shall call the 
collection N of all these numbers the natural numbers of R. 

d. Let Z consist of N together with its negative elements and zero; we shall 
call Z, of course, the set of integers of R. Show that Z consists of distinct 
elements and that it is closed under addition and multiplication. 
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e. Define the set Q of rational numbers by Q = (7: m,n € Z andn # 0}. 
Show that Q satisfies itself axioms 1 through 10 and that 


a = sup{r E Q r <a} = inf(s € O: a <s) 


holds for eacha € R. 
f. Now, let R' be another set of real numbers and let Q' denote its rational 
numbers. If \' denotes the unit element of R', then we write 


| ee — FR eS a a a | 


for the sum having “n-summands” all equal to 1’. Now, define the function 


f:Q —> Q by 
Me; 
and extend it to all of R via the formula 
f(a) = sup{ f(r): r < a}. 
Show that R and R’ essentially coincide by establishing the following: 


i. a <b holds in R if and only if f(a) < f(b) holds in R’. 
li. f is one-to-one and onto. 
ii. f(at+b)= f(a)+ f(b) and f(ab)= f(a)f(b) foralla,beR. 


Solution. (a) Since 1 + 0, we have two possibilities: either 1 > O or O > 1. If 
0 > 1, then (by Axiom 9) we have 0 + (—1) > 1+ (—1) = 0 or —1 > 0, i.e., —1 
is a positive number. Now, using Axiom 10, we infer that 0 - (—1) > 1 - (—1), or 
0 > —1, contrary to —1 > 0. Hence, 1 > 0. 

(b) Since 0 + 0 = 0, we know that —0 = 0. Conversely, assume that a real 
number a satisfies a = —a. This implies a + a = (1 + 1)a = 0. However, since 
1 > 0, we have 1+1>1+0=1> 0, and so 1 + 1 +0. Consequently, from 
the zero product rule, (1 + 1)a = 0 implies a = 0. 

(c) As shown in part (b) above, 1 + 1 4 0 and in fact 1 + 1 Æ 1; otherwise 
1+ 1 = 1 = 1 + 0 implies (in view of the cancellation law) 1 = 0, which is 
impossible. Now, by induction, assume that 


0<1<14+1<14+141<---<14+1+4---4+1. 
ee 
n-summands 


We claim that the real number n +1 =1+1+---+1+41(asumofn+1 
summands) satisfies n +1 > n = 1 + 1 + --- + 1 (where the last sum has n 
summands). Indeed, if n+ 1 < n, then (n + 1) + (—n) < n+(—n) orl < 0, 
which is a contradiction. Hence, n + 1 > n and the induction is complete. 

(d) By part (c) we know that the natural numbers together with zero are all 
distinct real numbers. If —m = —n with m, n € N, then m = n, which shows that 
distinct natural numbers have distinct negatives. If m = —n with m, n € N, then 
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m +n = 0 contradicting (c), and so no natural number can be equal to a negative 
integer. It now follows that Z consists of distinct elements. 
(e) Observe that if > and s are two rational numbers, then 


m 
SS mPa Rak and Eeh 2 Alles 
No > @ nq n q nq 
and if Æ 0, then (ere = =. That is, Q is closed under addition, multiplication 


and inverses. Since all real numbers satisfy axioms 1 through 10, it follows that 
Q itself satisfies axioms 1 through 10 in its own right. 

For the second part, fix a €e R and let A = {r € Q: r < a}. Since there exists 
a rational number between a — 1 and a (see Theorem 3.4), A is nonempty, and 
clearly A is bounded from above by a. By the Completeness Axiom (Axiom 11), 
sup A exists in R and satisfies sup A < a. 

Now, let € > 0. By Theorem 3.4, there exists some rational number r such 
thata —e <r <a. Clearly,r € A, and soa — € < supA, ora < supA+e, 
holds for all € > 0. This implies a < sup A, and hence a = sup A. The equality, 
a = inf{s € Q: a < s} can be proven in a similar manner. 

(£) Notice that the mapping is well defined. That is, if = = s in Q, then 


m 


Az) = P Indeed, since % = È is equivalent to mq = np, we see that 
m'q’ =n’q' or = = Z. Now, let us verify properties (i), (ii), and (iii). 
i. a < b holds in R if and only if f(a) < f(b) holds in R’. 

Note first that two rational numbers r, s € Q satisfy r < s if and only ifr’ < s’. 
Indeed, to see this it suffices to assume that r and s are positive rational numbers 
(why?). We have 


/ 


/ 
r=% <saP ey mg <np > mq <n'd 4> r= <P ay 
q q 


=|5 


n 
Now, let a < b. Then {r € Q: r < a} C {s € Q: s < b}, and from this it 
easily follows that f(a) < f(b). For the converse, assume that f(a) < f(b). If 
a < b is not true, then we must have b < a. But then, by Theorem 3.4 there 
exist two rational numbers r,s € Q such that b < r < s < a. This implies 
f(b) <r’ < s’ < f(a), a contradiction. 

ii. f is one-to-one and onto. 

To see that f is onto, let a’ € R’. Then by Theorem 3.4, 


a’ =sup{t € O': t <a’). 


If, we let S = {r € Q: r’ < a’}, then this set is bounded above in R (why?) and 
so a = sup S exists in R. Moreover, notice that 


{t e Q: t <a’} =({r': r € Qandr <a). 


Now, it is easy to see that f(a) = a’. 
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To verify that f is one-to-one assume f(a) = f(b). Then by part (i) we have 
a <bandb <a,ie.,a=b. 

iii. f(a@+b)= f(a)+ f(b) and f(ab)= f(a)f(b) foralla,b € R. 

We verify the additivity property only and leave the multiplicative property 
for the reader. Clearly, f(r +s) = f(r) + f(s) holds for all rational numbers 
r,s. Now, fix a,b € R and assume r,s € Q satisfy r < a ands < b. Then 
f(r) =r’ < f(a) and f(s) =s’ < f(b). Sincer +s € Qandr +s <a +b, we 
see that f(r) + f(s) =r’ +s’ = f(r +s) < f(a +b). This easily implies 

f(a) + f(b) < f(a +b). 

For the reverse inequality, let €' > 0 in R’. Then there exist rational numbers 
r,s € Owithr < a ands < b such that f(a) —€’ < f(r) and f(b) — E EO: 
Sincer +s < a+b, it follows that f(a)+ f(b)—2e' < f(r)+ f(s) = f(r +s) < 
f(a +b) for each e’ > 0. This guarantees f(a)+ f(b) < f(a +b), and therefore 
f(a +b) = f(a) + f(b). 


Problem 3.9. Consider a two-point set R = {0, 1} equipped with the following 
operations: 

a. Addition (+):0+0=0,0+1=1+0=1and1+1=0, 

b. Multiplication (-):0-1=1-0=Oand1-1= 1, and 

c. Ordering:0 > 0,1 >1and1> 0. 
Does R with the above operations satisfy all eleven axioms defining the real num- 
bers? Explain your answer. 


Solution. It satisfies all axioms except Axiom 9, which states that: 
e Ifx>yandz>0,thenx+z>y+zZ. 
To see this, assume that Axiom 9 is valid. We distinguish two cases. 
CASEI: 1 > 0. 
In this case, we must have 0 = 1 + 1 > 0+ 1 = 1, which contradicts 1 > 0. 


CASE II: 0 > 1. 


This implies 1 = 0+ 1 > 1 + 1 = 0, which again contradicts 0 > 1. Thus, 
Axiom 9 does not hold in this case. 

It should be noticed that Axiom 9 is the one that guarantees that 1 + 1 (i.e, the 
number 2) is distinct from 0 and 1; and, of course, it is the axiom that establishes 
(as we saw in part (b) of Problem 3.8) the existence of the set of integers. 


Problem 3.10. Consider the set of rational numbers Q equipped with the usual 
operations of addition, multiplication, and ordering. Why doesn’t Q coincide with 
the set of real numbers? 
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Solution. The set of rational numbers satisfies all the axioms of real numbers 
except the completeness axiom. This was proven in part (e) of Problem 3.8. To see 
that Q does not satisfy the completeness axiom, assume by way of contradiction 
that it does. Consider the set 


S= loere Q rs} 


Then S is nonempty and bounded from above in Q (why?), and so b = sup S exists 
in Q. Now, repeat the proof of Theorem 3.5 to conclude that b? = 2, i.e., that 
b = /2. However, we proved in Problem 3.3 that /2 is not a rational number, 
and we have reached a contradiction. Hence, Q does not satisfy the completeness 
axiom and it cannot coincide with the set of real numbers. 


Problem 3.11. This problem establishes the familiar rules of “exponents” based 
on the axiomatic foundation of real numbers. To avoid unnecessary notation, 
we Shall assume that all real numbers encountered here are positive—and so by 
Theorem 3.5, all non-negative real numbers have unique roots. As usual, the 


“integer” powers are defined by 
a" =a-a---a, Q 2T, a'=a, anda" =—. 
—_—_———" a” 
n- factors 


Extending this to rational numbers, for each m, n € N we define 


ar =a" and a`" = — = 
an vam 
Establish the following properties: 
a. an =(X/a)” forallm,n € N. 
b. Ifm,n, p,q E€ N satisfy * = a thena% =a‘. 


c. Ifr ands are rational numbers, then: 
L gan= al and S = aa: 
ae rpr NP o e 
ii. (aby =a’'b’ and ($Y =F, and 
via’ Na 


Solution. It should be noticed first that (a”)” = (a”)" = a™" for all a € R and 
all natural numbers m,n € N. 


(a) Notice that 
[Ka] = Wa)” - Wa)” --- a)" = Ya. Ya -- -fa 
n-factors pepaese 
= (ay (Ya (fay =a-a---a =a". 
m- factors m- factors 


Since the n*-roots are unique (Theorem 3.5), we infer that (“/a )™ = “/a™ = af. 
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(b) Assume m,n, p,q € N satisfy 7 = F, or pn = mq. Using part (a), we 
see that 


(a$)" = (VAP) = [aP] = (va) = (Ya)" = [0] = 


and this shows that at =a*. 

(c) The formulas can be established easily if r and s are integers. Now, let r and 
s be rational numbers. We shall assume that r and s are also positive and leave 
the “negative case” for the reader. By part (b), we can also suppose that r = = 
and s = Ê. Since (,/a - v/b)" = (x/a)" - (x/b)" = ab, we see that Jab = x/ax/b. 
Now note that 

i a'a = Ya". ar = Yara? = fant? =a =a" 
ii (aby = aby" = Yamb" = (</a")(/b") = ad’. 
ii. (a) = Vyar ye = VS e/arm = Yam = ae =a". 


We leave the remaining cases for the reader. 


4. SEQUENCES OF REAL NUMBERS 
Problem 4.1. Show that if |x| < 1, then lim x” = 0. 


Solution. Let x, = |x|” foreach n. Then xXn+ı = |x|x, holds for each n, and 
the assumption |x| < 1 implies 0 < x,41 < Xn. By Theorem 4.3, a = lim x, 
exists. It follows that a = a|x| (or (1 — |x|)a = 0) must hold, and from this that 
a= 0. 

A direct way of proving that lim x” = 0 goes as follows. Observe first that we 
can suppose 0 < x < 1. Now, if € > 0 is given, then note that 


x ce & Ini") Enna < hers n> oe 
s 


Problem 4.2. Show that lim x, = x holds if and only if every subsequence of 
{xn} has a subsequence that converges to x. 


Solution. If lim x, = x, then every subsequence must converge to x. So, every 
subsequence of a subsequence (as being itself a subsequence of {x,}) must converge 
to x. 

For the converse, assume that each subsequence of {x,} has a subsequence 
that converges to x. Now, suppose by way of contradiction that {x,} does not 
ar © x. ses fos same E x 0 wo ens Midi = Xl > >€ ee 
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Problem 4.3. Consider two sequences {kn} and {mp} of strictly increasing nat- 
ural numbers such that for some £ € N we have 


(¢,041,842,...) S (ey yi) U (my, ma, 5). 


Show that a sequence of real numbers {xn} converges in R if and only if both 
subsequences {x,,} and {Xm,} of {xn} converge in R and they satisfy lim x, = 
lim Xm, (in which case the common limit is also the limit of the sequence). 

In particular, show that a sequence of real numbers {x,} converges in R if and 
only if the “even” and “odd” subsequences {X2,) and {xX2,_1} both converge in R 
and they satisfy lim x2, = lim X271. 


Solution. If x, — x, then clearly x,, — x and Xm, —> x. For the converse, 
assume that x, —> x and Xm, —> x. Let € > 0. Choose some no € N such that 


|x: — x| <e and Lin, — x| <e forall n > no. (*) 


Put £9 = max{@, kno, Mn}, and we claim that 
be — x| <e forall n > Lọ. 
To see this, let n > £9. Then the assumption 
CE 4.1, 24.2,~. Ekka. JU fot ae 


guarantees the existence of somer € N such that k, = n orm, = n. Sincer < no 
implies k, < kn, < ĉo and m, < Mn, < £o, we see thatr > no. Hence, either 
Xn = Xk, Of Xn = Xm, (withr > no), and so from (x) it follows that |x, — x| < €. 
This shows that x, — x. 

The last part should be immediate from the above conclusion. 


Problem 4.4. Find the lim sup and lim inf for the sequence {(—1)"}. 

Solution. We have liminf(—1)” = —1 and limsup(—1)” = 1. 

Problem 4.5. Find the lim sup and liminf of the sequence {xn} defined by 
x= i, Ly = 5 X2n-1; and X24) = i txa forn SAEZ Fee 

Solution. We claim that 


n—1 n 
1 1 1 1 
m=) + and Xan = 4) ¥ 
k=0 k=0 


hold for n = 1,2,.... The validity of the identities can be established by 
induction. We shall establish the validity of the second identity and leave the 
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verification of the first to the reader. For n = 1, we have 
X3 = X2.141 =t+xm=itixn =}4+}=}(1+)=49 +. 


Now, assume that X2n41 = $ Soyo a holds for some n. Then, 


n n+1 
we a TN | 1 T | l RER b 
Xant = 3 FX) = 3 H ZX = 3 +5 De = 3 F 


and the induction is complete. Consequently, 


Now, we claim that 7 and i are the only limit points of {x,}. To see this, let 


a be areal number different from 7 and L, Pick some € > 0 such that 
(a—e,a+86)N ($ -e,t +e) =G and (a—e€,a+e)N(5—6,5 +8) =D. 


"ei eg that there exists some k such that x2, € (2 — £, 2 +£) and X2n41 E 

G es 1 4 ¢) hold for all n > k. Therefore, |x, — a| > £ holds for all n > k, 

al this shows that a cannot be a limit point of the sequence {x,}. Consequently, 
liminfx, =} and limsupx, = $. 


Problem 4.6. Let {x,} be a bounded sequence. Show that 
lim sup(—x,) = —liminfx, and  liminf(—x,) = — lim sup xn. 


Solution. We shall use the fact that lim sup x, and lim inf x, are the largest and 
smallest limit points of {x,}, respectively. We shall establish the first formula. 

Choose two subsequences {y,} and {z,} of {xn} such that lim y, = lim inf x, 
and lim(—z,) = lim sup(—x,). Then 


— lim inf x, = lim(— yn) i He 
its 2 al $ lim sup(— xn) = lim(—z,) = — lim zp, ‘so. aaa > am 
ni š iiaa i ki a EEr sat on 


Section 4; SEQUENCES OF REAL NUMBERS 23 


Problem 4.7. If {x,} and {y,} are two bounded sequences, then show that 


a. limsup(x, + yn) < lim sup x, + lim sup yn, and 
b.  liminf(x, + Yn) > liminf x, + lim inf yn. 


Moreover, show that if one of the sequences converges, then equality holds in both 
(a) and (b). 


Solution. (a) By passing to a subsequence, we can assume that lim(x, + yn) = 
lim sup(x, + yn). Since {x,} is a bounded sequence, there exists a subsequence 
{xx,} that converges. Let x = limx,,. By the same reasoning, there exists a 
subsequence of {y,,} that converges to some y. Thus, there exists a strictly 
increasing sequence {m,} of natural numbers such that x = lim xm, and y = 
lim ym, . Hence, 


lim sup(x, + yn) =x+y= lim Xm, + liM Ym, < lim sup x, + lim sup yn- 


Finally, if x = lim x, holds, then pick a subsequence {y,,} of {yn} such that 
lim yg, = lim sup yn, and note that 


lim sup x, + lim sup y, = x + lim yx, 


= lim(x;, + Yk) < lim sup(%, + yn). 
(b) It follows from (a) by using the preceding problem. 


Problem 4.8. Prove that the lim sup and lim inf processes “preserve inequali- 
ties?” That is, show that if two bounded sequences {xn} and {yn} of real numbers 
Satisfy Xn < Yn for all n > no, then 


liminfx, < liminf y, and limsupx, < lim sup y,. 


Solution. First, we shall show that if two sequences of real numbers {s,,} and {tn} 
converge in R (say S, — s and t — t) ands, < t, for each n > no, then s < t. 


Indeed if, s > t is true, then let € = $ > 0 and note that for all n sufficiently 
large, we must have 


Sn E (8 —€,5 +e) = (St, 3) and t, €(t—e,t+e)= (27, #). 


That is, n < ‘5+ < s, must hold for all n sufficiently large, which is impossible. 
Hence, s < t. 
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Now, assume that two bounded sequences of real numbers {x,,} and {y,} satisfy 
Xn < yp for all n > no. Put 


S Sint x ahd ia = iit yf. 
k>n k>n 


If n > no, then notice that for each r > n we have Sn = infk>ng Xk < Xr < Yr, 
and so Sn < inf;>» Yr = tn foreach n > no. By the discussion of the first part, we 


infer that 
lim inf x, = lim s, < lim?, = lim inf yy. 


The lim sup case can be established in a similar manner, or by using the formula 
lim sup x, = — lim inf(—x;,). 


Problem 4.9. Show that lim /n = 1 (and conclude from this that lim x/a = 1 
for eacha > 0). 


Solution. Note that ./n = (y/n K An easy inductive argument shows that 


x/,/n > 1 holds for each n. Thus, we can write ¥/./n = 1 + x, with x, > 0. 
Since (1 +a)” > 1 + na holds for each n and each a > 0 (see Problem 2.13), 


we get 
Jn = Yn)" = (1 + xn)" Z 1 + nxn, 


and so 0 < x, < Z — +. This implies lim x, = 0. Therefore, 


Jn =(/Jn) = 04an — 1. 


An alternate proof goes as follows: By L’Hôpital’s Rule, we have lim, oo me = 
0, and so limy-0o an = 0. Therefore, using that the exponential function is 
continuous, we infer that 


For the parenthetical part, assume first a > 1. Then it is easy to see that 1 < 
s/a < %/n holds true for all n > a. Consequently, by the “Sandwich Theorem,” 
we see that lim </a = 1. If0 < a < 1, then } > 1, and so lim / į = lim yz = 1, 
from which it follows that lim “/a = 1 holds true in this case, too. 
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Problem 4.10. [f {x,} is a sequence of strictly positive real numbers, then show 
that 


lim inf “"+! < lim inf Wx E um Heup NETE a n sup =r 


n—0o Xn Xn 


Conclude from this that if lim Sl exists in R, then lim 4/X, also exists and 
lim ./x, = lim “4, 
Solution. Let {x,} be a sequence of real numbers such that x, > 0 holds for 


each n. We shall establish lim sup a/Xn < lim sup * <n and leave the similar proof 
of the other inequality for the reader. Put 


O Xk 
et Mee) 


n=1k=n 


and note that if x = oo, then there is nothing to prove. So, we can assume x < 00. 
Let £ > 0 be fixed. Then there exists some k such that r <x +e holds 
forall n > k. Now, for n > k we have 


mie Ey Sx Ee) a a 
where c = x(x + €)™* is a constant. Therefore, 4/xX„ < (x + €)x/¢ holds for 
each n > k and so, in view of lim 4/c = 1 (see Problem 4.9) and Problem 4.8, 
we infer that 


f 

c) het. 2a 

lim sup /, < lim sup(x + €)x/c = (x + 8) lim €= x te 2 ree m= 
n—?>Co n—> o0 f KK l Camis i i q4 i ay R 


Since £ > 0 is arbitrary, we infer that lim sup Vin <x = lim sup Seat l 


real numbers, then 
asenda odtaddmi ton xseb 


Rare 


Wed 
KA ty l 


the sequence (an ‘ce yan Mak i i 
sk, 


PY 
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Solution. The solution will be based upon the following properties of lim sup 
and lim inf: 


e If {u,} is a bounded sequence of real numbers, then for each € > O the 
inequalities 


ux >limsupu, +€ and Um < liminfu, — € 
hold for finitely many k and finitely many m. 


To see this, assume by way of contradiction that u, > lim sup un + € holds true 
for infinitely many k. Then there exists a subsequence {vp} of {u,} satisfying 
Un > limsupu, + € for each n. Since {v,} is a bounded sequence, there exists 
a subsequence {w,} of {v,} (and hence of {u,,}) satisfying w, > w € R. By 
Problem 4.8, we know that w > lim supu, + €, i.e., w is a limit point of {un} 
which is greater than the largest limit point (lim sup un) of {un}, a contradiction. 

Now, let {x,} be a bounded sequence of real numbers and fix € > 0. Put 
£ = lim sup x, and let K = {k e N: x, > £+ €}. By the above discussion, K is 
a finite set. Put 


S, ={i¢ IN: ie K andi<n} and T, = {i € N: i ¢ K andi <n}, 
and define the sequences {s,,} and {¢,} by 


i A and = wer 


ieS, ieT,, 


Clearly, {s,} is an eventually constant sequence, tn < n(£ + €) holds for each n 
and a, = * + *. Since s,/n — O and t,/n < £ + e for each n, it follows from 
Problems 4.7 and 4.8 that 


lim sup a, = lim sup(# + “) = lim & + lim sup £ = limsup £ < £ + €. 
Since € > 0 is arbitrary, wearin: e n Xn. tim 


Similarly, ` E 
Xn < liminfa,. If x, > x, then x = Timin x, = atts E ae le 
=) ee a a Kapi ai i A E C 


f d 
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b. If {Xn} is bounded and 2x, < Xn41+Xn—1 holds for all n =2,3,... , then 
Xn+1 — Xn i 0. 


Solution. (a) Assume that Xn4+1 — Xn — x in R. Notice that Si OT =x) = 
Xn+1 — xı for each n. By Problem 4.11, we have 


n 
1 l 
F ON = x) = i (n — 41) > x: 
i=l 
Since x,/n — 0, it follows that x,4;/n —> x. Now note that 


Be Le 0 -ae aR 


n n=] n 
(b) The condition 2x, < x41; +X,_1 can be rewritten as x, — Xn-1 < Xn+1 — Xn 
for each n = 2, 3, ..., which implies that the bounded sequence {x,41 — xn} is an 
increasing sequence, and hence convergent. Let x,41 — Xn Î x in R. By part (a), 


we have x„/n — x. But, since {x,} is a bounded sequence, x, /n —> 0. Therefore, 
X =i) and SO Xn+1 < Ah AR 0. 


Problem 4.13. Consider the sequence {x,} defined by 0 < x, < 1 and years) SS 
1—/1 —x, forn =1,2,.... Show that x, | 0. Also, show that = > L, 


Solution. We claim that 


) Sony aaa (x) 


holds for each n = 1,2,.... To verify this claim, we use induction. Since 
0 < x; < 1, wehaveO < 1— xı < l,andso0 < l—x, < /1— x, <1. Hence, 
0<1-—JS1 —xX = x2 < x; < 1. That is, (x) is true for n = 1. 

For the inductive argument, assume that (x) is true for some n. This implies 
0 < 1— xn, < 1—Xn41 < 1,andso0 < y1 —x, < /1 —x;4) < 1, from which 
it follows that 


0 < xn42 = 1— V1 —Xn41 <l- Jl-x, = Xn+1 zy}. 


which shows that (x) is true for n + 1. This completes the induction and guarantees 
that (x) is true for each n. 

Now, since {x,} is decreasing and bounded from below, it converges, say to 
x € R. Clearly, 0 < x < 1. Moreover, we have 


x= lim x41 = lim (1 - /1—2x,) =1-V1—x. 


In other words, x is the non-negative solution of the equation x = 1 — y1 — x. 
Solving the equation yields x = 0 or x = 1. Hence, x = 0, and so x, | 0. 
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For the last part, notice that 
Xn+) oes —Xn i l awe 1 
Xn Xn 1+ JI = xn 2, 


and the solution is complete. 

Problem 4.14. Show that the sequence {xn} defined by 
ln 

is a convergent sequence. 


Solution. From the binomial expansion: 
n n 
ast DOO 
i=0 = 


n 
= re Das nna) tit) £ 4 


i=1 


Sie yy u(t *)(l = =) --- (sae) 


i=l 

n+1 s 
-ita stn) Ura) ee 

i—) 


(1 + ayn = Xn+1- 


Thus, x, t holds. Also, note that for n > 2 we have yi y 


re aA U E k 


“By Theor mo Gk ioi uai <i fr) oe 
B3 ren 143, ixa) converges. (Óf coni, ee = pn =2718 “mh ia 


wyn wol wus nate brs E ewer vey a pe ee 


ey 4 S 


Or z E m4, Assu m ‘ iied ) ati ii fies 
Bi : eA ty pay a ar an 


het a 


k 
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Solution. Let c = |x. — xı |. An easy inductive argument shows that for each n 
we have |x,41 — Xn| < ca"—'. Thus, 


p p 
5 n+i—2 c n—1 
sip — Xn | Ss ) |Xn+i — Xn4i-1| SE ) a = T=" 
i=l i=l 


holds for all n and all p. Since lima” = 0, it follows that {x,} is a Cauchy 
sequence, and hence, a convergent sequence. 


Problem 4.16. Show that the sequence {xn}, defined by 


|| 
Xn 


X = Land Kr: for-m= N 


converges and determine its limit. 


Solution. Clearly, x, > 0 holds for each n. Now, note that 


fin e l e 1 >= lxn—xn-ıl < 1 E: 
[Xn+1 Xn| = (Sea 34xn-1 | (84+%n)B+%n-1) — g Xn Xn-ı| 


holds for n =2, 3, . . . . By Problem 4.15, the sequence {x,} converges. If lim x, =x, 
then x > 0 and 


1 1 


= li n =E 
a ee 3+limx, 3+x 


Solving the equation, we get x = a 


Problem 4.17. Consider the sequence {xn} of real numbers defined by x, = 1 
and Xn41 = 1 + z} forn =1,2,.... Show that {xn} is a convergent sequence 


and that lim x, = V2. 


Solution. An easy inductive argument shows that x, > 0 foreach n. This implies 
that, in fact, we have 1 < x, < 2 for each n. Now, note that 
o 1 1 
| i | 1+Xn ki 1+ Xn-1 
mi [Xn — Xn-1| 
+ xn) + r-1) 


\Xn — Xn—1| wut 
< Gnas ~ 4h 771! 


Xn4+1 — Xn 


for each n = 2,3,.... By Problem 4.15, the sequence {x,} converges. Let 
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Xn —> x. Since x, > 1 for each n, we see that x > 1. Then 


= li ie lim {1 )=1+ 
x= im tpi = lim (1+ To) 1+ Ty 


That is, x is the positive solution of the equation x = 1+ at orx?+x = 14x41. 
This implies x? = 2, and so x = J2. 


Problem 4.18. Define the sequence {xn} by x; = 1 and 
Mya = 3(= +=), ees ee 
Show that {xn} converges and that lim x, = /2. 
Solution. Clearly, x, > 0 holds for each n. (Use induction to prove this!) Also, 
x2,,-2=3(%-2) 20 
holds for each n. Thus, if n > 2, then 
Kati —Xn =} (tn + 2) — an = 32 <0, 


and so 0 < Xn41 < Xn holds for each n > 2. By Theorem 4.3, x = lim x, exists. 
Since x? > 2 holds for each n > 2, we see, that x > 0. From the recursive 
aaa a ioios that 2x =x+ 2, or x? = 2. (Note also that the limit is 
independent of the initial choice x, > 0.) 


Problem 4.19. Define the sequence x, = Dia ;forn = 1,2,.... Show that 
{xn} does not converge in R. (See also Problem 5.10.) o 
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{x,} by x1} =a, x2 = band 
Xan = Axr + (1 = Airp for nS ly 2prre 


Show that {x,} converges in R and find its limit. 


Solution. Rewriting x,42 = Ax, + (1 — A)Xn41 = AXn + Xn41 — AXn41 in the 
form Xn42 — Xn41 = A(Xn — Xn 41), we see that 


[xn42 T Xn+1| -— Alini FF Xn| 


holds foreach n. Now, a glance at Problem 4.15 guarantees that {x, } is a convergent 
sequence. However, we cannot get the limit of the sequence {x,,} by taking limits 
in both sides of the recursive formula x,42 = Ax, +(1—A)%n41. We shall compute 
the limit of the sequence {x,} using a different method. 

For simplicity put u = 1 — À. First, we shall verify that 


M ENE L a eee 
holds for each n. 
The proof is by induction. For n = 1, the inequalities reduce to x; < x2 which 


is obviously true. So, for the inductive step, assume x2,_; < X2, for some n. Then 


X2n+1 = AXon—1 + UX2n = X2n—1 + W(X2n — X2n—-1) > Xon-1 


Xan+1 = AXon—1 + UX2n = Xan — A(X2n — X2n-1) < Xp. 


Now, note that 
X2n+1 < AXan—1 + (1 — A) Xan = X2n42 < mr æ 
Next, if we let dn = X2n — X2n-1, then it is easily to Meet 
EMARE E miers aaa 


NCR tina qucits © (Rants = Xan +b anon BAG i 
kè l l % i Ai To 


Oni ne narid toll wo at} > <4) 


faaino vate nein aaa d, 
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X2n-1 X2n+1 Xon42 Xn 


FIGURE 1.1. 


and so from (2) and (3), we obtain 


n n 
X2n+1 = X1 + X Giy ENET) = x1 + $ pdi 
i=] i=l 
n n 
udi[l — (Àu)”] 
na N i-ly 25 e e ON eet, 
AEPA OTE ee ae 


u(b — a){1 — Aw] 


l1—Ap 
and 
X2n42 = X2 — (en — X242) = x2 — À? Pana 
i=] i= 
SE X° [1 — Ap)" Idi 2. By 47(b — a)[1 — Quy") 
]—Apu l — àu 

Therefore, 

nipat OD NARA ma m jp NOD Nett 


and consequently, lim x, = ae, 


Problem 4.21. LetG bea nonempty subset of R, which is a group under addition 
(i.e. ifx,y € G, then x+ y € G and —x € G). Show that between any two 
distinct real numbers there exists an element of G or else there exists a € R such 
that G = {na: n = 0, +1, +2,...}. 


Solution. Assume G + {0}. Let a = inf G N (0, 00). We distinguish two cases. 
(1) a > 0. In this case, we shall show that G = {na: n = 0, +1,...}. 
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To see this, note first that a € G. Indeed, if a ¢ G, then there exist x, y € G 
with a<x<y< y, Then, the element z = y — x € G satisfies 0 < z < $, 
contradicting the definition of a. Now, if x € G, then na < x < (n + 1)a must 
hold for some integer n. However, x = na must also hold, since otherwise the 
element x — na € G satisfies 0 < x — na < a, which is again a contradiction. 
(2)a = 0. In this case, we claim that between any two distinct real numbers there 
is an element of G. 

To see this, we only need to consider 0 < x < y. Let 6 = min{x, y — x} > 0. 
Choose some element z € G with 0 < z < 5. By the Archimedean property, 
the set A = {n € N: nz > y} is nonempty, and by the Well Ordering Principle 
the element k = min A exists. Now, note that the element b = (k — 1)z € G 
satisfies x <b < y. 


Problem 4.22. Determine the limit points of the sequence {cos n}. 


Solution. We claim that the set of limit points of the sequence {cos n} is [—1, 1]. 
To prove this, we shall need two facts from elementary calculus. 

a) The Intermediate Value Theorem; and 

b) The inequality | cos x — cos y| < |x — y| forall x, y e R. 

Let G = {n+ 2mm: n,m integers}. Clearly, G is a group under addition, 
and since z is an irrational number, it is easy to see that the group G is not of 
the form {na: n = 0, +1, +2, ...}. Now, let x € [—1, 1] and let € > 0. By the 
Intermediate Value Theorem, there exists some y € R satisfying cos y = x. The 
preceding Problem 4.21 shows that there exist two integers n and m satisfying 
y<n+2mn < y + e£. Thus, 


|x — cos n | = |cos y — cos(n + 2mr)| <n+2mn —y <e. 


The above arguments show that given x € [—1, 1] and £ > O, there exists 
some non-negative integer n with |x — cosn| < £. From this, it easily follows 
(how?) that every point of [—1, 1] must be a limit point of {cos n}. 


Problem 4.23. For each n define fa: [—1, 1] > R by f,(x) = x". Determine 
lim sup f,, and lim inf fa. 


Solution. We have 


1, ifx=-1 
lim sup f,(x) = fo if |x| <1 
Arse i 
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and 
=1, ifx=-1 
imm yy) = 0, if ix] <1 
le I 1; 


Problem 4.24. Show that every sequence of real numbers has a monotone sub- 
sequence. Use this conclusion to provide an alternate proof of the Bolzano- 
Weierstrass property of the real numbers: Every bounded sequence has a con- 
vergent subsequence. (See Corollary 4.7.) 


Solution. Let {x,} be a sequence of real numbers. We consider the set of natural 
numbers 
»= {k E N: x, < Xm for all m > k}, 


and distinguish two cases. 
1. S is infinite. 


In this case, we can write § = {k;, k2, ...} with kı < kp <---. Now, it should 
be clear that the subsequence {x;,} of {xn} is increasing. 


2. S is finite (and possibly empty). 


In this case, if we put k; = 1 + max S (let max S = 0 if S = Ø), then for each 
k > kı there exists some m > k such that xm < xx. So, by induction, if k, has 
been chosen, then we can select some natural number k,,4; with k,4; > kn and 
Xkn.; < Xg,- This implies that {x;,} is a strictly decreasing subsequence of {x,}, 
and the claim is established. 

For the Bolzano—Weierstrass property, notice that if {x,} is a bounded sequence, 
then, by the above, {xn} has a monotone subsequence which (by Theorem 4.3) must 
be convergent in R. (We remark that this result shows that not only a bounded 
sequence has a convergent subsequence but it also has a monotone convergent 


subsequence.) 


5. THE EXTENDED REAL NUMBERS 


Problem 5.1. Let {x,} be a sequence of R*. Define a limit point of {xn} in R* to 
be any element x of R* for which there exists a subsequence of {xn} that converges 
tox. 

Show that 


lim sup x, = inf [sup x4] and liminfx, = sup [inf x] 
n k>n n k>n 


are the largest and smallest limit points of {x,,} in R*. 
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Solution. The limsup case is established. Let x = limsupx, € R*. Then 
three cases arise: 
a) xER. 

In this case, repeat the proof of Theorem 4.6. 
D) x = 0o 

In this case, we have only to show that x is a limit point of {x,}. Note that 
Vine x; = © for each n. Choose some k; > 1 such that x,, > 1. Now, by 
induction: If k, has been selected so that x, > n, then use V; Xi = 00 to 
choose some kn41 > kn + 1 > ky so that xg > a+ 1. Clearly, {xz,} is a 
subsequence of {x,,} satisfying lim x4, = 00. 
c) x = —00. 

In this case, we shall show that lim x, = —oo. Let 0 < M < oo. From 
Vixi + —00, it follows that V% „x; < —M for some n, and so x; < —M for 
all i > n. That is, lim x, = —oo. 


Problem 5.2. Let {x„} be a sequence of positive real numbers such that 
£ = lim T exists in R. Show that: 

a. if £ <1, then limx, = 0, and 

BD «af € > 1, then limx, = oo. 


Solution. (a) Assume £ < 1 and fix some ô such that £ < ô < 1; for instance, 
let 6 = ££. Since lim eat = £, there exists some k > 1 such that 55 < ô holds 
for all n > k. Now, if n jd k, then note that 

Xn = Xn-1 Xk+1 


Xn — SO OY OF 
Xn-1 Xn-2 Xk 


ifs Sues SENE (= )e", 


(n—k)-terms 
and so if c = #, then 
0 <4%,°< co” 


holds for all n > k. Since (in view of 0 < 5 < 1) 5" — 0, we easily infer that 
Xn > 0. 

(b) Assume now £ > 1 and choose some ô such that 1 < ô < £. Since 
lim “241 = = £, there exists some k > 1 such that “+ > 8 holds for all n > k. Then, 
as in ‘the preceding case, there exists some constant C > O satisfying x, > Cô" 
for all n > k. From ô” — oo, it easily follows that x, —> oo. 


Problem 5.3. Let 0 < an,m < 00 for all m, n, and let o: N x IN > N x N be 
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one-to-one and onto. Show that 


CO ©O co öö 
> Daum = > 2, oom 


n=1 m=1 n=1 m=1 


Solution. It follows immediately from Theorem 5.4. 


n=1 m=1 


Solution. The convergence or divergence of the series is according to the con- 


vergence or divergence of the double integral [fP F. Now, note that 


(e0) 0o (9.6) 
Et 
1 oe ay iy, 


An alternate solution goes as follows. Note first that the inequality 


ae Se 
n2>+m2 (n+m) (n+m(n+m+1) n+m n+m+i1 


; 3 co 1 o0 1 1 z T 
ED a Gm? = Loma (4m amI) = ati: Therefore, 
——_——_ =e (© @) 
be” 2 2 = De 
een nem” a a et 


Problem 5.5. This problem describes the p-adic representation of a real num- 
ber in (0,1). We assume that p is a natural number such that p > 2 and 
x € (0,1). 

a. Divide the interval [0, 1) into the p closed-open intervals 


E Delp hie teks!) 


and number them consecutively from 0 to p — 1. Then x belongs precisely 
to one of these intervals, say kı (0 < kı < p). Next, divide the interval 
[4, 4+!) into p closed-open intervals (of the same length), number them 
consecutively from 0 to p — 1, and let kı be the subinterval to which x 
belongs. Proceeding this way, we construct a sequence {k,} of non-negative 
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integers such that O < k, < p for each n. Show that 


veh 
n° 
n=1 
b. Apply the same process as in (a) by subdividing each interval now into p 
open-closed intervals. For example, start with w 1] and subdivide it into 
the open-closed intervals (0, 4 gli Gs l te a (EA, 1]. 
As in (a), construct a sequence Pity | af non- negative integers such that 
0 <mn < p for each n. Show that 


c. Show by an example that the two sequences constructed in (a) and (b) may 
be different. 


In order to make the p-adic representation of a number unique, we shall agree to 
take the one determined by (a) above. As usual, it will be written as x = O.ky kp --- 


Solution. For (a) and (b) note that |x — )77_, Hl<t aoe for all n. 


For part (c) take, for instance, p = 2 and note that for t= - we have kı = 1 


and k, = 0 if n > 1, while m; = 0 and m, = 1 for n > 1. 


Problem 5.6. Show that P(IN) © R by establishing the following: 


i. If A is an infinite set, and f: A — B is one-to-one such that B \ f (A) is 
at-most countable, then show that A X B. 

ii. Show that the set of numbers of (0, 1) for which the dyadic (i.e., p = 2) 
representation determined by (a) and (b) of the preceding exercise are 
different is a countable set. 

iii. For each x e (0,1), let x = O.kıkı--- be the dyadic representation 
determined by part (a) of the preceding exercise; clearly, each k; is either 
Oor 1. Let f(x) = {n e N: k, = 1}. Show that f:(0,1) > PAN) 
is one-to-one such that P(IN) \ f((O, 1)) is countable, and conclude from 
part (i) that (0, 1) + P(N). 


Solution. (i) Let S = {a;, a2, ...} be a countable subset of A. 

(a) Assume B \ f(A) = {bi,..., bn} is a finite set. Then g: A —> B defined 
by g(x) = f(x) if x ¢ S, g(a;) = bi for 1 <i < n, and g(a;4,) = f(a;) for 
i =1,2,... is one-to-one and onto. 

(b) Assume B \ f(A) = {b;, b2, ...} is countable. Then g: A —> B defined 
by g(x) = f(x) if x ¢ S, g(@on41) = f(an) and g(a2,) = bn for each n is 
one-to-one and onto. 
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(ii) Let D be the set of all numbers of (0, 1) for which the two sequences {k,} 
and {m,} determined by the preceding problem are different. Assume x = 


O.k, k++» = O.mym2--- € D and define the natural number r = min{n: k, Æ 
Mn}. We can assume k, = 1 and m, = 0. Then the inequalities 
r—l (09) o0 
1 
wer eee Sy 
n=1 n=r n=r-+1 
sie Ae 
=F 
co r—i 
AR » ; a a kn 
— 27 ais 2n =x 2n 
n=r+1 n=l 
n 
= x — my, 


guarantee that x = 1+ %+4...4 $= + Ł. In particular, note that m, = 1 and 
kn = 0 hold for each n >r. 

On the other hand, it is not difficult to see that every x of the above type belongs 
to D. It is now a routine matter to verify that D is a countable set. (It is also 
interesting to observe that D consists precisely of the endpoints of the subintervals 
appearing during the construction of the expansions.) 

(iii) Let A € P(N). Define the sequence {m,} of {0,1} by m,=1 ifneA 
and m, = 0 if n ¢ A, and then set 


co 
ie De ma, 
n=) 
Note that A ¢ f((0,1)) if and only if x € D. Thus, P(N) \ f((@,1)) is 
countable, and so by part (i) and the fact that f is one-to-one, (0, 1) ~ P(N) 


holds. 


Problem 5.7. For a sequence {xn} of real numbers show that the following con- 
ditions are equivalent: 

The series $7; Xn is rearrangement invariant in R. 

For every permutation o of N the series ) ~~, Xo, converges in R. 

The series $7 |Xn| converges in R. 

For every sequence {Sn} of {—1, 1}, the series $; SnXn converges in R. 
For every subsequence {x;,,} of {xn}, the series $% xz, converges in R. 
For every € > 0, there exists an integer k (depending on €) such that for 
every finite subset S of N with min S > k, we have | § „eg Xn| < €. 

(Any series >>; Xn satisfying any one of the above conditions is also referred to 


as an unconditionally convergent series.) 


PP Po oO Pp 
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Solution. (a)— >(b) Obvious. 

(b)—==(c) Assume O~, |x,| = co. From our hypothesis it follows that x, > 0 
and x, < 0 both hold for infinitely many n. Split {x,} into two subsequences 
{yn} and {zn} such that y, > 0 and z, < O hold for all n. We can assume that 


den=i Yn = 00. 
Now, use induction to construct a strictly increasing sequence of natural numbers 


{k,} such that 
1. ky =1 and 7 4 Son, yi > 1; and 
2. an + rhage > 1 form = 1250... 


Then note that 


Vis sess Yki» Zi, Ykı+l» -+> Yk» Z2, Yk+l» +> 


is a permutation of {x,,} whose series is not convergent, contrary to our hypothesis. 
(c)=> (d) Obvious. 

(d)=— (e) Let {x;,} be a subsequence of {xn}. Put s; = — 
n,and Sk, = 1. Then 


1 if i Æ ką for each 


n= Aft Lise 


i w 


is a convergent series. 
(e)— (f) If (f) is false, then there exists some £ > 0 and a sequence {S,} of finite 


subsets of natural numbers such that max S, < min S„+ı and >D: r S > e€ hold 
for all n. Let 


[o.@) 


JS E a 


— 


where k, f. Then, it is easy to see that the series $` —; X, does not converge in 
R, contradicting (e). 

(f)—>(a) Let 0: IN —> N be a permutation. By our hypothesis, it is readily 
seen that the partial sums of both series $?c; x, and X>; Xo, form Cauchy 
sequences, and hence, both series converge in R. Let x = )°°2, x, and y = 


DaF Xo, A 


Now, if £ > 0 is given, then choose k so large such that 


k- Ya] <e , |y- Di <£, and [Zx] <e 
n=1 


ieS 
hold for all r > k and all finite subsets S of IN with min S > k. Fix some r > k 
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such that for each 1 < i < k there exists 1 < j < r with x; = Xoj, and note 
that 


k k r 
ea] fe Sajt [Some En, 
n=l n=1| n=) 


holds for all € > 0, and so x = y. In other words, the series } 7; xn is 
rearrangement invariant. 


, 
+E a -| CETE + é = 3e 
n=l 


Problem 5.8. A series of the form ix, (—1)""'x,, where x, > 0 for each n, is 
called an alternating series. Assume that a sequence {xp} of strictly positive real 
numbers satisfies x, | 0. Then establish the following: 
a. The alternating series $°? ,(—1)"~'Xn converges in R. 
b. If $ nai Xn = 00, then the alternating series )~°°,(—1)""!x,_ is not rear- 
rangement invariant. 


Solution. (a) Let s, = )-f_,(—1)*"!xy. We claim that 
DSA SS E S Sa- S Sp Sn- S Sn- S °° S53 SS] 


holds for each n. The proof is by induction. For n = 1, we have s2 = x; — x2 < 
xı = sı. So, assume the inequalities to be true for some n. Then taking into 
account that x2, — X2n+1 > O and X2,41 — X2n42 > 0, we see that 


1. San S Son + (X2n41 — X2n42) = S2n42 = SAn+))» 
2. Sam+i) = S2742 = San+1 — X2n42 S Santi = Santiy—-1> 
3. $2404:1)—1 = Sang = S2n—1 — (X2n — X2n+1) Í San—1, 


and our claim is established. 

Now, if sz, ¢ s and s2,-; | t hold in R, then clearly s < t. Moreover, from 
San — S2n—-1 = —X2n —> 0, we obtain s = t. But then, this implies that {s,} 
converges to s in R; see Exercise 4.3 of Section 4. Consequently, the alternating 
series converges and ) 7° ,(—1)*~'x, =lims, = s. 

(b) We must have either )°7°, x2x-1 = 00 or )2,x2% = œ. Assume 
Iga X2k—-1 = 00; the other case can be treated in a similar manner. 

Since Pe Vis = 00, there exist integers 0 = ky < ky < kp < --- such 
that [Di ,.x2-1] — xn > 1 holds for each n = 0,1,.... Consider the 
rearrangement {y,} of the sequence {(—1)"~'x,} given by 


X14¢%35 0035 Xk, -1, —X2, Xb 413 e.’ X2k.—-1) —X4, X2k+1» -<+ 


_and note that °°, Yn = 00 holds. 
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Problem 5.9. This problem describes the integral test for the convergence of 
series. Assume that f:[1, 00) — [0, 00) is a decreasing function. We define the 
sequences {on} and {Tn} by 


0, = Dre) and t= [oa 


Establish the following: 
a. 0 < On — Tr < f(l) forall n. 
b. the sequence {0n — T,} is decreasing—and hence, convergent in R. 
c. Show that the series X`? f(k) converges in R if and only if the improper 
Riemann integral "a F(x) dx = lim; h f(x)dx exists in R. 


Solution. Since f is decreasing, notice that for each k € IN we have f(x) = 
f(k+1) and f(x) < f(k) foreachk < x < k+1. So, integrating over [k, k+ 1], 
we get: 


k+1 
f(x)dx > f(k+1), and (1) 
k+l 
f(x)dx < f(k) (2) 
for each k = 1,2,.... (We remark that as a decreasing function, f is Riemann 


integrable over every closed subinterval of [1, 00); see Section 23 of the text.) 
(a) Using (1), we see that 


n n—-1 
on = f()+) fH=fM+> fe+Y 
k=l 


k=2 
n-1 pk-+l1 n 
<f0+y | fenar= says f fods 
k=l 1 
= S(1) 4+ Ty. 


This implies on — Tn < f(1) for each n. On the other hand, using (2), we see 
that 


k+1 


fixydx = | fdr =r, 
1 


n-i n—1 
on >> f= D| 
k=1 =| Yk 


and so o,, — t, > O for each n. 


k 1 Segre eddie cosh year has 365 days.) 


A pu 7 h 
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(b) Using once more (1), we get 
n+l 
On41 — Tr) = ont fintt)—t— f f(x) dx 
n+1 
=o,-%-[f f(x)dx — fin +1)| < on = tm. 
n 


This shows that {o, — T, } is a decreasing sequence—and so lim(o,, — Tn) exists in 
R. 

(c) Since {o,,} and {z,} are both increasing sequences of non-negative real num- 
bers they both converge in R*, and clearly 


co co 
Jim on = 2 f(k) and limt = i f(x) dx. 


But from part (a), we have t, < on < f(1) + Tn for each n, and therefore (by 
letting n — oo), we have 


0< / * f@dx < D f® < f+ f f(x)dx. 
1 k=1 1 


This inequality shows that )-7~, f (k) converges if and only the improper Riemann 
integral {7° f(x) dx exists. 


Problem 5.10. Use the preceding problem to show that the series $ = does 
not converge in R for 0 < p < 1 and converges in R for all p > 1. The following 
are problems related to the harmonic series } >; +. 


a. Prove with (at least) three different ways that Y% 1 = = 00. 

b. Jf a computer starting at 12 midnight on December 31, 1939, adds one 

million terms of the harmonic series every second, what was the value 
~ (within an error of 1) of the sum at 12 midnight on December 31, 1997? 


fine = jim (Ga + aga +0 + a) = In. | 
roe „padise R u alo aga egy 
| ua si fe g E: = 


> AT 
a —p af j 
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(a) We leton = > g-i L, Here are four proofs of the divergence of the harmonic 

series. 

1. Notice that Ozn — On = Htt otk > n- + = + for each n. 
This shows that {o,,} is not a Cauchy sequence, and hence, divergent. 

2. As shown at the beginning of the solution of the problem, f it dx = 00, and 
SOD se) a OO: 

3. We claim that on» > 1+ S for each n. (If this inequality is established, 
then clearly $>% + = limoy = 00.) The proof of the inequality is by 
induction. For n = 1, we have 071 = 07 = 1+ L, Now, if we assume the 
inequality true for some n, then 


T T al a a 
n n+l 
>14+-42". = ] 
on La a 2-2" T 2 


4. Note that 


oe = peiri HH taelt 


1 1 l 

ya za GO 2 ee 
>9 Tames oa loooii 
= PAn AA ig = 0 
eli, + £0 2 10 a 


(b) From Problem 5.9, we know that the harmonic series is associated with 
the function f(x) = 1 and that 0 < o, — Inn < f(1) = 1 for each n. So, Inn 
approximates o,, within an error of one. If the computer started adding the terms of 
the harmonic series at 12 midnight on December 31, 1939, then up to 12 midnight 
on December 31, 1997, there are 


57(years) x 365(days) x 24(hours) x 60(minutes) x 60(seconds) 
= 1,797,552 x 10° seconds. 
So, if the computer adds 1,000,000 = 10° terms per second of the harmonic 


series, the last number N added a second before midnight on December 31 of 
1997 is N = 1, 797, 552 x 10°. Therefore, 


N 
1 


n=1 


which shows that the harmonic series is a “very slow” divergent series. 


44 Chapter 1: FUNDAMENTALS OF REAL ANALYSIS 


(c) From Problem 5.8, we know that the alternating series $z; El is con- 
vergent in R. Also, from Problem 5.9, we know that lim(o, —Inn) = y € R. So, 
if we let x, = y — (On — Inn), then x, > 0 and o, = y + Inn + x, for each n. 
Now, note that 


(-1)*"! pig l pd aif l 
D =l¢etete to—-(s+5+--+—) 


= k ae) 2n — 1 2 8 2n 
a 1 | seg | 
= 1+-+- — —2(-+- -= 
na iu Bae “3 is fee u, 
or OTRE 
TRASI a42 TER DR 


= 02, — 07, = [y + In(2n) + xan] = [y + Inn + Xn] 


In2 + Xn — Xn, 


for each n. This implies X~? £ cia - = In2. 


Problem 5.11 (Toeplitz). Let {a,} be a sequence of positive real numbers (i.e., 
a, > 0 for each n) and put ba = )-"_, a;. Assume that bn + 32, ai = œ. If 
{Xn} is a sequence of real numbers such that x, — x in R, then show that 


jim 5 Yas Ee 
Solution. Lete > 0. Choose some k such that |x, — x| < € for each n > k. Put 
M =max{|x; — x|: i = 1,...,k}, and then select some £ > k such that Ha <€ 
for all n > £. Now, notice that if n > £, then 


1 
n i=l n i=l 
5 ‘ 
fe Oe | Hele aj |x; — x| 
$ i=l bn i=k+1 
M bk 
< +€<€+€ =2e, 


bn 


and the conclusion follows. (Note that this problem is a substantial generalization 
of Problem 4.11.) 


Problem 5.12 (Kronecker). Assume that a sequence of positive numbers {bn} 
satisfies 0 < by < by < b3 <++-and b, ¢ 00. Ifa series > Xn of real numbers 
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- converges in R, then show that 
beers e 
Jim. i dy bixi = 0. 


In particular, show that if {y,} is a sequence of real numbers such that the series 
Lra% converges in R, then == _, 0. 


Solution. “Let x = ) 07° xn. Put bo ='0, 59 = 0; and Sy = x1 "Fe + xn for 
each n > 1. Now, notice that 


2 dix; = SLAG — 5-1) = DySp — Say — b i) 
i=l i=l E2 


Therefore, 2 J; ; bixi = Sn — t Eia si—1(b; — bi). Since b; — bi—i > 0 for 
each i and (; — —b;-1) = by, t 00, it follows from the preceding problem that 
rae 1; — O-)) = *. Hence, 


_ ile l1< 
im, 5 Do bax = fim [s - y posa — bia) | =x — x =0. aa 


For the second part, notice that if } p; % is convergent in R, then let b, = n 
for each n and notice that (by the above) " 


7 ob = niota, ah 


as desired. inii riqa 
Jwt 

6. METRIC SPACES Boli ori f) 
na 2 i son 


Problem 6.1. For subsets A and B of a metric space (X, d) nied ha but 
o o $ 
a. (AN BY = A? (Be: Sein? Chee On sou A y £8 ai 


b A°UB° C(AUB). 


c. AUB=AUB. 
d. ANBCANB. Siu 0 < ® snow sanaaa pe 


Preriedf Bits opan, shen A ANB SANB.) matern bao a UN 
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(b) From A C AUB, it follows that A° C (AUB)°. Similarly, B° C (AU B)? 
vy 


and the desired inclusion follows, _ 
(c) From S$ C S and the fact that S is a closed set for any subset 5, we see that 


AUBCAUBUAUB=AUBCAUB=AUB. 


(d) Since ANB C ANB,wehave ANBCANB=ANB. 
(e) If x € ANB and r > 0, then choose some 0 < 6 <r with B(x, ô) C B, 
and note that 


Bix, r)N(ANB) 2D B(x, 8)NBNA= Bix, SNAFG. 
That is, x € A N B, andso ANB C ANB holds. 


Problem 6.2. Show that in a Euclidean space R” with the Euclidean distance, 
the closure of any open ball B(a, r) is the closed ball {x € IR": d(x, a) < r}. Give 
an example of a complete metric space for which the corresponding statement is 


false. 


Solution. Let C(a,r) = {x € R*: d(a, x) <r}. Since C(a,r) is a closed set, 


it follows that B(a,r) C C(a,r). 
For the other inclusion, let x € C(a,r). For each n let x, = +a + (1 — })x. 


The inequalities 


d(a, Xn) = (1 — +)d(a, x) < (1—4)r < r and d(x, xn) = +d(a,x) < Ł 


imply that {x,} © B(a,r) and x, —> x. Consequently, x € B(a,r), and thus 
C(a,r) © B(a,r) also holds. 

For a counterexample, consider X = {0,1} with the discrete distance, and 
note that X is a complete metric space. Also, observe that B(0, 1) = {0}, while 


CQ, 1) = {0, 1}, 


Problem 6.3. If A is a nonempty subset of R, then show that the set 
B = fa € A: There exists some ¢ > 0 with (a,a+e)NA=Q} 


is at-most countable. 


Solution. Foreacha € B pick arational numberr, > a sothat(a, ra) N A = Ø. 
We claim that if a, b € B satisfy a # b, then ra Æ rẹ. Indeed, if a < b and 
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Ta = rp hold, then—since b € (a, r,)—the open interval (a, r4) is a neighborhood 
of b € A, and so (a,ra) NA + Ø, contrary to the choice of ra. 

The above show that the mapping a +—> ra, from B into the set of rational 
numbers, is one-to-one. Consequently, the set B is at-most countable. 


Problem 6.4. Let f:(X,d) —> (Y, p) be a function. Show that f is continuous 
if and only if f~'(B°) c [ f-'(B)]° for every subset B of Y. 


Solution. Assume f continuous, and B C Y. Since B° is open, the set 
f—'(B°) is likewise open. Thus, in view of B° C B , we have 


fy OB) Self BS) |G [aera 


In the opposite direction, assume that the condition is satisfied. If B C Y is 
open (i.e., if B = B° holds), then 


i | FB) = fb ee 
shows that f—'(B) is open. Therefore, f is continuous. 


Problem 6.5. Show that the boundary of a closed or open set in a metric space 
is nowhere dense. Is this statement true for an arbitrary subset? 


Solution. Since 9A = 3AF = AN A® holds, we can assume that A is closed. 
Thus, 


(@A)° = (ANA)? = (ANAS) = APN (AC) 
Cc A°N Ae = APN(A)! =Ø 


Since 0A is closed, this shows that 0A is nowhere dense. 

An alternate proof goes as follows: If x € (0A)°, then there exists some r > 0 
such that B(x,r) C 3A = ANAS C A. This implies B(x, r)M A? = Ø, contrary 
tox € AS. 

The boundary of an arbitrary set need not be nowhere dense. An example: Let 
X =R with the Euclidean distance, and let A = Q (the set of rational numbers). 
Note that 0A = R. 


Problem 6.6. Show that the set of irrational numbers is not a countable union 
of closed subsets of R. 


Solution. Let / denote the set of all irrational numbers, and let {rj,r2,...} be 
an enumeration of the rational numbers of R. iih 
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Assume by way of contradiction that there exists a sequence of closed sets {A,} 
of R such that 7 = JP, An. Then 


R = (Üa) u (Ur). 


and by the Baire Category Theorem (Theorem 6.18), we must have (A,)° # Ø 
for some n. Thus, some A, contains an interval. However, since A, C / holds 
and each interval contains rational numbers, this is impossible, and the conclusion 


follows. 


Problem 6.7. Let(X,d)be a metric space. Show that if {xn} and {yn} are Cauchy 
sequences of X, then {d(xn, yn)} converges in R. 


Solution. Use the inequality 
|d(Xn, Yn) — d (Xm, Ym )| < d(Xn, Xm) + d(Yn, Ym). 
(Also, see the discussion before Theorem 6.19.) 


Problem 6.8. Show that in a metric space a Cauchy sequence converges if and 
only if it has a convergent subsequence. 


Solution. Let {x„} be a Cauchy sequence in a metric space (X, d). If x, > x 
holds in X, then every subsequence of {x,,} converges to x. 

For the converse, assume that there exists a subsequence {x;,} of {xn} such 
that x,, — x holds in X. Lete > 0. Choose no such that d(x;,,,x) < € and 
d(Xn, Xm) < € for n,m > no. Now, if n > no, then kn > n > no, and so 


d(xn, x) < d(Xn, xk) + d(xz,,x) < € +€ =2e. 
This shows that, lim x, = x holds in X. 


Problem 6.9. Prove that the closed interval [0, 1] is an uncountable set: 


a. by using Cantor's Theorem 6.14, and 
b. by using Baire’s Theorem 6.17. 


Solution. (a) Assume by way of contradiction that [0,1] is a countable set, 
„say [0,1] = {x1, x2,...}. We consider [0, 1] equipped with the usual distance 
d(x, y) = |x — y| so that [0, 1] is a complete metric space. 
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Subdivide [0, 1] into three closed subintervals (as in the construction of the 
Cantor set) of equal length. Remove from [0, 1] the middle open subinterval and 
consider the remaining two closed subintervals (here the subintervals [0, 1] and 
[;. 1}) and then select one of them, say /;, such that x; ¢ /;. Next, repeat this 
process with /; in place of [0, 1] and select a closed subinterval /, of J; of length 


equal to one-third of 7; such that x. ¢ J2. Inductively, assume that we have chosen 
n closed intervals /,,..., /, such that: 


ne ee Hy S* SE Hh GX, 
ZL. Se @ for k.=.1....... n, and 
3. the length of each J, is +. 


As above, there exists a closed subinterval /,,,; of J, of length equal to one-third 
of J, such that Xn41 É PREE 

Thus, there exists a sequence {J/,,} of closed subintevals of [0, 1] such that 
In41 C Ín, Xn ¢ In and d(l) = + for each n. By Theorem 6.14, we infer that 
ie, I, consists exactly of one point. But, since x, ¢ I, for each n, we see that 
ci I, = Ø, a contradiction. Hence, [0, 1] must be uncountable. 

(b) Again, assume by way of contradiction that [0, 1] = {x1, x2, . . .} and again 
we consider [0, 1] as a complete metric space. If A, = {xn}, then each A, is closed 
and has no interior points. However, Theorem 6.17 (or Theorem 6.18) applied to 
the equality [0, 1] = 72, An implies that some A, must have an interior point, 
which is impossible. This shows that [0, 1] cannot be countable. 


Problem 6.10. Let {ri, r2, ...} be an enumeration of all rational numbers in the 
interval [0,1] and for each x € [0,1] let A, = {n € N: r, < x}. Define the 
function f :[0, 1] — R by the formula 


OEDI 


neA, 
Show that f restricted to the set of irrational numbers of [0, 1] is continuous. 


Solution. Fix an irrational number a € [0,1] and let ¢ > 0. Pick a natural 
number k such that Y% , + <e and let 


ô =min{|a — rı], |a—ro|,..., la — ril} > 0. 


We claim that if x € [0,1] is an irrational number, then |a — x| < 8 implies 
\f(x) — f(a)| < e (which tells us that f is continuous when restricted to the 
irrational numbers). l i l 
To see this, let x € [0, 1] be an arbitrary irrational number satisfying |x — a| <ô. 
Let J, denote the half-open subinterval of [0, 1] which is open at left and closed 
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at right having endpoints a and x. If B, = {n € N: r, € J, }, then note that 
B, C {k,k+1,k + 2,...} (why?), and so 


If@)-f@l=)ok<) EL 
n=k 


neB, 
holds, as claimed. 


Problem 6.11. This problem concerns connected metric spaces. A metric space 
(X, d) is said to be connected whenever Ø and X are the only subsets of X that 
are simultaneously open and closed. A subset A of a metric space (X, d) is said 
to be connected whenever (A, d) is itself a connected metric space. Establish the 
following properties regarding connected metric spaces and connected sets. 


a. A metric space (X, d) is connected if and only if every continuous function 
f:X — {0, 1} is constant, where the two point set {0, 1} is considered to 
be a metric space under the discrete metric. 

b. If in a metric space (X,d) we have B C A C X, then the set B is a 
connected subset of (A, d) if and only if B is a connected subset of (X, d). 

c. If f:(X,d) — (Y, p) is a continuous function and A is a connected subset 
of X, then f(A) is a connected subset of Y . 

d. If {Aj}icz is a family of connected subsets of a metric space such that 
<1 Ai £ Ø, then U;c Ai is likewise a connected set. 

e. If A is a subset of a metric space anda € A, then there exists a largest 
(with respect to inclusion) connected subset C, of A that contains a. (The 
connected set C, is called the component of a with respect to A.) 

f. If a,b belong to a subset A of a metric space and C, and C, are the 
components of a and b in A, then either Ca = Cy or else Cg N Cy = Ø. 
Hence, the identity A = |] <4 Ca shows that A can be written as a disjoint 
union of connected sets. 

g. Anonempty subset of R with at least two elements is a connected set if and 
only if it is an interval. Use this and the conclusion of (f) to infer that every 
open subset of R can be written as an at-most countable union of disjoint 
open intervals. 


Solution. (a) Let (X,d) be a connected space and let f:X —> {0,1} bea 
continuous function. Then the set A = f~!(0) is an open and closed subset of 
X. Since X is connected either A = Ø (in which case f(x) = 1 holds for each 
x E€ X)or A= X (in which case f(x) = 0 holds for each x € X). 
_For the converse, assume that every continuous function from X into {0, 1} 
_is constant and let A be a closed and open subset of X. Then the function 
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f:X — R defined by 


l, ifxeEA; 
FENG, ee Ay 


is continuous (why?). By our hypothesis, f must be a constant function, and this 
implies that either A = Ø or A = X, i.e., X is a connected metric space. 

(b) It follows immediately from (a). 

(c) Assume that f and A satisfy the stated properties and consider the contin- 


uous functions (A, d) why (f(A), p) —> {0, 1}. By (a), the continuous function 
go f must be a constant function and from this, we see that g is also a constant 
function. By (a), ( f(A), p) is a connected metric space. 

(d) Assume the family {A;: i € I} satisfies the stated properties. Put A = 
U;cz4i and let f:(A,d) —> {0, 1} be a continuous function. Then the function 
f:(A;, d)—> {0, 1} is a continuous function and so f restricted to each A; is 
constant. Since ();.,A; # Ø, we see that f is constant on A, and so—by 
(a}the set A is connected. 

(e) Fix a € A and let 


A={B CA: B isconnected and a € B}. 


Note that {a} € A and that (|,.,B # Ø. By (d), the set Ca = Up. 4B isa 
connected subset of A that satisfies the desired properties. 

(f) If Ca NC, # Ø, then by (d) we infer that Ca UC, is a connected set 
containing a. Hence, Cp © Ca U Cp S Ca. Similarly, Ca E Cp and so Ca = Cy. 

(g) Let A be a connected subset of R and let a, b € A satisfy a < b. If 
a<x <b and x ¢ A, then the set A N (—oo, x) is a proper and closed subset 
of A (why?), a contradiction. Thus, (a, b) C A holds and this shows that A is an 
interval. 

For the converse, assume that 7 is an interval of R. Assume by way of 
contradiction that there exists an onto continuous function f:7 —> {0, 1}. Pick 
a, b € I such that f(a) =0 and f(b) = 1; we can suppose that a < b (and so 
[a,b] C I). Now, let 


co = sup{c € [a, b): f(c) = 0}. 


By the continuity of f, we see that f (co) = 0 and that co < b. Then f(x) = 1 
holds for all co < x < b, and so (by the continuity of f again) f(co) = 1 must 
also hold, which is impossible. Therefore, every continuous function from / into 
{0, 1} is constant, and so by (a) the interval 7 is a connected set. _ 
Finally, note that if / is an open subset of R, then by (f) we know that J = 
Unser Ca, where each Ca is a connected set. It easily follows (how?) that each 
-Ca is an open interval and that there are at-most countably many of them. 


2 a 
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Problem 6.12. Show that R” with the Euclidean distance is a connected metric 
space. Use this conclusion to establish that, if the intersection of two open subsets 
of R” is a proper closed set, then the two open sets must be disjoint. 


Solution. Let d denote the Euclidean distance of R”, i.e., let 


d(x, y) = pac = male 
i=l 


For each x € R”, let Lẹ denote the line segment joining 0 and x, i.e., let 
Ly = {tx: 0 < ¢ < 1}. We claim that L, is a connected set. 

To see this, note that the function f:[0,1] —> Lyx, defined by f(t) = tx, 
satisfies | f(t)— f(s)| < d(x, 0)|s —t|, and so f is (uniformly) continuous. From 
parts (g) and (c) of Problem 6.11, we see that Ly is a connected set. 

Now, use part (d) of the preceding problem and the identity R” = xer" Lx to 
infer that R” is itself a connected metric space. 

For the last part of the problem, let U and V be two open subsets of R” such 
that K = U N V isa closed set. Then K is both open and closed (and since K 
is a proper subset of R”) it must be the empty set. 


Problem 6.13. Let C be a nonempty closed subset of R. Show that a function 
f:C — R is continuous if and only if it can be extended to a continuous real- 
valued function on R. 


Solution. Let C be a nonempty closed subset of R and let f:C — R bea 
function. If f can be extended to a continuous real-valued function on R, then 
f:C — R is obviously continuous. 

For the converse, assume that f:C — R is a continuous function. Start 
by observing that the complement C° of C is an open set and so (by part (g) 
of Problem 6.11) C° can be written as an at-most countable union of pairwise 
disjoint open intervals; say C° = |),.,(a;,b;), where 7 is at-most countable. 
Since the open intervals {(a;,b;): i € I} are pairwise disjoint, it follows that all 
the endpoints a; and b; belong to C. Hence, f(a;) and f(b;) are defined for 
each i. Now, extend the domain of f by defining the graph of the function f on 
the interval (a;, b;) to be the straight line segment joining the points (a;, f(a;)) 
we (bi, o: In other words, for reach aj < x < b; we let Nehe f(a) + 


We claim that this extension of f to all of R is continuous. Clearly, f is 
continuous at every point of C° and at every point of C° (why?). We only need 
to verify that f is continuous at the boundary points of C. So, let a € ðC and 
let xn — a with {x,} G C°—if {xn} S C, then f(x,) —> f(a) is trivially 
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true. Also, we shall assume that a is not one of the endpoints a; or b;. For each 
n pick (the unique) 7, € Z with a;, < x, < b;,. Note that in this case, we must 
have lima;, = lim b;, = a (why?). From 


| fn) — f(@)| 


[ro + Af o, — a,)] = f(a)| 


< | f(bi,) — f(a) 


= See i, = 8), ) 


—> |fla) = fa) =9 


we see that lim f(x,) = f(a). A similar conclusion holds true if a is one of the 
endpoints a; or b;. This shows that f is continuous at a, as claimed. 
For an alternate proof see Problem 10.11. 


Problem 6.14. Show that a metric space is a Baire space if and only if the 
complement of every meager set is dense. 


Solution. Let X be a metric space. Assume first that X is a Baire space and 
let A be a meager set. Pick a sequence {A,} of nowhere dense sets such that 
A = (J, An- To show that A° is dense, it suffices to show that V N A° # Ø for 
each nonempty open set V. To see this, let V be a nonempty open set, and assume 
by way of contradiction that V N A° = Ø. This implies V C A, and so 


(0.0) 
V ile) Vaan 


n=) 


Hence, V is a nonempty open meager set, a contradiction. Hence, A° is a dense 
set. 

For the converse, assume that the complement ot every meager set is dense, 
and Jet V be an open meager set. Then V° is dense. So, if V is nonempty, then 
V N V° Æ Ø, which is impossible. Thus, the empty set is the only open meager 
set, and hence, X is a Baire space. 


Problem 6.15. A subset of a metric space is called co-meager if its complement 
isa Age set. For a subset A of a Baire space show that: 


~ a Ais co-meager if and only if it contains a ohana 
ig Pl if and aR sgn sia 


at 
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This implies that a subset A is nowhere dense if and only if the open set (A)° is 
dense. 

Now, assume that X is a Baire space and let A be a subset of X. 
(a) Suppose first that A is a co-meager set. Then there exists a sequence {A,)} of 
nowhere dense sets such that A = (UJS, An)“. This implies 


MENA ETA (x) 


By the above discussion, each set (Ap An) is an open dense set, and since X is a 
Baire space, the G;-set E = NZ, (A,)° is also dense (see Theorem 6.16). Now, 
a glance at (x) shows that E C A. 

For the converse, assume that A contains a dense G;-set B, i.e., B C A. So, 
there exists a sequence {V,,} of open sets such that B = ()°_, Vn. From B C V,, 
we see that each V, is also dense. This implies 


[(Vn)° 1? = [(Vn)° = (Va) = X° = G, 


and so each (V,,)° is nowhere dense closed set. Now, use the inclusion 


[o.¢) 
Ate BP Va) 


n=1 


to conclude that A‘ is a meager set, i.e., A is a co-meager set. 
(b) Assume first that A is a meager set, i.e., A° is a co-meager set. By part (a), 
there exists a dense G;-set E such that E C A‘. This implies A C E°, where now 
E is an F,,-set whose complement ( E° )° = E is dense. 

For the converse, assume that A C F holds, where F is an F,-set with dense 
complement. It follows that F° C A‘, where now F° is a dense Gs-set. By part 
(a), A° is co-meager set, which means that A is a meager set. 


7. COMPACTNESS IN METRIC SPACES 


‘Problem 7.1, Let f:(X,d) + (Y, p) be a function. Show that f is continuous 
‘if and on. bis ieee the compact subsets of X is continuous. —— 
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Problem 7.2. A metric space is said to be separable if it contains a countable 
subset that is dense in the space. Show that every compact space (X , d) is sepa- 
rable. 


Solution. Foreach n choose a finite subset F, of X suchthat X=), <p, B(x, 1). 
Let F = U2, Fn, and note that F is at-most countable. 

Now, let x € X and r > 0. Pick some n with 1 <r. Then there exists some 
y E€ F, with d(x, y) < E < r. Thus, B(x,r) 1 F Æ G, and so F is dense in 
x. 


Problem 7.3. Show that if (X, d) is a separable metric space (see the preceding 
exercise for the definition), then card X < c. 


Solution. Let {x,,x2,...} be a countable dense subset of X. Consider the 

collection of open balls {B(x;, +): i, j = 1,2,...}. Clearly, this collection is 
j f ; 

countable; let {B,, B2, ...} be one of its enumerations. Now, for each x € X 

define the set S, = {n € N: x € Ba}. Thus, a mapping x +> Sx from 

X into PQN) has been established that is clearly one-to-one. Consequently, 

card X < card PAN) = C. (See also Problem 5.6.) 


Problem 7.4. Let (X1, dı), ..., (Xn, dn) be arbitrary metric spaces, and let 
X =X, x---x X nX =n Anand y Oan Yn), define 


Dix, y) = J dm. Yn) and Dax, y) = (Y ldm m, Ym)P) 


m=1 m=1 


Show that D; and D2 are distances on X. 

Show that D; is equivalent to D2. 

Show that (X, D;) is complete if and only if each (X;, di) is complete. 
Show that (X, Dı) is compact if and only if each (X;, di) is compact. 


anog S 


Solution. (a) Routine. 
(b) Use the inequalities 


1 D(x, y) < D(x, y) < nDi(x, y). 


(c) Assume that each Xm (m = 1,...,n) is a complete metric space. Let 
{xı} be a Dı-Cauchy sequence of X, where x, = (x*,..., x*). Clearly, each 
{xk} is a Cauchy sequence of Xm, and thus there exists xm € X,, such that 
limy—co dm(x*,, Xm) = 0. Hence, if x = (x;,...,x,) € X, then we have 
lim;_. 9 D(x;, x) = 0, so that the metric space X is D,-complete. 
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Now, let X be D;-complete. Fix an element (y1,..., Yn) E X. Let {x} bea 
Cauchy sequence of Xm. If x, € X is the element whose j component equals 
y; for j #m and equals x% if j = m, then {xx} is a Cauchy sequence of X. If 
x € X is its limit, then it is easy to see that lim. oo dn (x*,, Xm) = 0, so that each 
Xm is complete. 

(d) Assume first that each X,, is compact. Then following the proof of the 
second part of Theorem 7.4, we can see that every sequence of X has a convergent 
subsequence, and so X must be a compact metric space. 

On the other hand, if X is a compact metric space, then the function fm: X —> 
Xm, defined by fm(x1,..., Xn) = Xm, is continuous and onto foreach 1 < m < n. 
Hence, by Theorem 7.5, each Xm = fi,(X) is compact. 


Problem 7.5. Let {(X,,dn)} be a sequence of metric spaces, and let X = 
Ic; Xn. For each x = {x,} and y = {yn} in X, define 
~ 1 An(Xns Yn) 
d(x, y)= — . M. 
(x, y) a 6 DPA sD 
a. Show that d is a distance on X. 
b. Show that (X,d) is a complete metric space if and only if each (Xn, dn) is 
complete. 
c. Show that (X,d) is a compact metric space if and only if each (Xn, dn) is 
compact. 
Solution. (a) Note first that if d is a distance ona set X, then p(x, y) = eS 
is likewise a distance on X, which is equivalent to d. From this observation it 
easily follows that 


oO 1 a(x Yn) 
d(x, y) = 2 2” TPA Yn) 


is a distance on X = [°° Xn. 
(b) Let {x*} be a sequence of X, where x* = (x‘, xf, ...). The proof follows 
from the following two properties (whose verifications are straightforward). 


1. x* — x holdsin X if and only if x — x; holdsin X; foreach i; and 
2. {x*} is a Cauchy sequence in X if and only if {x*} is a Cauchy sequence 
in Xi for each i. 


(c) Assume that (X, d) is a compact metric space. Then the function f;: X —> 
Xi, defined by f(x) = x; foreach x = (x1, X2,...) € X, is continuous and onto. 
By Theorem 7.5, each X; is a compact metric space. 
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For the converse, assume that each X; is a compact metric space. By (b), X 
is a complete metric space, and so by Theorem 7.8 it suffices to show that X is 
totally bounded. To this end, let e > 0. Choose n such that 2” < £, and note 
that 


d;(x;, —Gi(Xi Yi) 
Pn(X, y)= Dh 1+di(xi, yi) 


defines a distance on []/_, X;. It should be clear that p, is equivalent to the 
distances of the preceding problem, and ([]j_, Xi, Pn) is a compact metric space. 
Choose a finite subset F of [];_, X; such that the p,-balls with centers at the 
points of F and radii € cover IS X;. Next, extend each x € F to an element 
of X (i.e., add to each x € F arbitrary components xn41,%n42,---). Now, if 
y = (y1, y2,-..) € X, then pick some x € F with p,(x, y) < £, and note that 


d;(x;, yi) 


ee, Se eee 
144%), yi) 


d(x, y) = pnlx, y) + ae 


ani 


Thus, X = |J -p B(x, 2e) holds, and therefore, X is totally bounded. 


xEeF 
Problem 7.6. A family of set F is said to have the finite intersection property 
if every finite intersection of sets of F is nonempty. Show that a metric space 
is compact if and only if every family of closed sets with the finite intersection 
property has a nonempty intersection. 


Solution. Let X be compact, and let {A;: i € I} be a family of closed sets with 
the finite intersection property. If ();-; Ai = Ø, then X = (J;e; AS holds, and by 
the compactness of X , there exist i1,...,in € J such that X = U}, Af . Thus, 
(Vi-14i, = Ø, contrary to our hypothesis. Hence, ();., Ai # Ø. 

For the converse, assume that every family of closed sets with the finite in- 
tersection property has a nonempty intersection. Let X = ();.,V; be an open 
cover. Then (\;e; VF = Ø, and since {V}: i € I} is a family of closed sets, our 
hypothesis guarantees the existence of a finite number of indices i,,...,i, such 
that (Yj _,V° =Ø. Thus, X = (j_,Vi, holds, so that X is a compact metric 
space. 


Problem 7.7. Let f:X — X be a function from a set X into itself. A point 
a € X is called a fixed point for f if f(a) =a. 
Assume that (X,d) is a compact metric space and f:X —> X satisfies the 


inequality d( f(x), f(y)) < d(x, y) for x # y. Show that ki has a meigi feet 
point. 
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Solution. Note first that f has at most one fixed point. Indeed, if f(x) = x 
and f(y) = y hold with x # y, then 


d(x, y) = d(f(x), f(y)) < d(x, y) 


must hold, which is absurd. 
Now, define the function g: X > R by g(x) = d(x, f(x)). From the inequality 


|g(x) — g(y)| < d(f(&), fO)) +4, y) < 2d, y) 


(see the discussion preceding Theorem 6.19), it follows that g is continuous. 
Since X is compact, g attains its minimum at some point a € X. If f(a) # a, 
then the inequality 


g(f(a)) =d(f(a), f(f@)) < d(a, f(@) = g(a) 


shows that g does not attain a minimum at a. Thus, f(a) = a must hold, and so 
a is a (unique) fixed point for f. 


Problem 7.8. Let (X,d) be a metric space. A function f:X — X is called a 
contraction if there exists some 0 < a < 1 such that d( f(x), f(y)) < ad(x, y) 
for all x, y € X; a is called a contraction constant. 

Show that every contraction f on a complete metric space (X, d) has a unique 
fixed point; that is, show that there exists a unique point x € X such that f(x) = x. 


Solution. Note first that if f(x) = x and f(y) = y hold, then the inequality 
d(x, y) = d(f(x), f(y)) < ad(x, y) easily implies that d(x, y) = 0, and so 
x = y. That is, f has at-most one fixed point. 

To see that f has a fixed point, choose some a € X, and then define the 
sequence {x,} inductively by 


ey =a “and! X,41 = ((X,) 108 n = 1s2.... 
From our condition, it follows that 
A(Xn+1, Xn) = d(f (xn), f (%n-1)) < ad (Xn, Xn-1) 
holds for n = 2,3,.... Thus, as in Problem 4.15, we can show that {x,} is 
a Cauchy sequence. Since X is complete, {x,} is a convergent sequence. Let 
x = limx,. Now, by observing that f is (uniformly) continuous, we obtain that 
x = lim xn = lim fxn) = f(x), 


and so x is a (unique) fixed point for f. 
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Problem 7.9. A property of a metric space is called a topological property if it 
is preserved in a homeomorphic metric space. 
a. Show that compactness is a topological property. 
b. Show that completeness, boundedness, and total boundedness are not topo- 
logical properties. 


Solution. (a) It follows from Theorem 7.5. 

(b) Consider (0, 1] and [1, 00) as metric spaces under the usual Euclidean 
distance d(x, y) = |x — y|. Clearly, (0, 1] is not complete but it is bounded and 
totally bounded. Also, [1, 00) is complete (because it is a closed subset of R), but 
is neither bounded nor totally bounded. On the other hand, f: (0, 1] — [1, 00), 
defined by f(x) = L, is a homeomorphism, and the claims in (b) follow. 
Problem 7.10. Let(X,d)bea metric space. Define the distance of two nonempty 
subsets A and B of X by 


d(A, B) = inf{d(x, y): x € A and y € B}. 


a. Give an example of two closed sets A and B of some metric space with 
A N B = Ø and such that d(A, B) = 0. 

b. If ANB = Ø, A is closed, and B is compact (and, of course, both are 
nonempty), then show that d(A, B) > 0. 


Solution. (a) Let X = R° with the Euclidean distance, and consider the closed 
subsets of X 

A= f ae 1) and E ENC 1}. 
Note that A N B = Ø, while d(A, B) = 0. 

(b) Let A and B be as stated in the problem. If d(A, B) = 0, then pick two 
sequences {x,} C A and {yn} C B with d(xn, yn) — 0. Since B is compact, 
by passing to a subsequence (if necessary), we can assume that y, —> y holds 
for some y € B. The inequality 


d(Xn, Y) < d(Xn, Yn) + d(yn, Y) 


shows that d(x,, y) —> 0. Since A is closed, y € A, and hence ANB # G, 
contrary to our hypothesis. Therefore, d(A, B) > 0 must hold. 


Problem 7.11. Let (X,d) be a compact metric space and f: X —> X an isome- 
try; that is, d( f (x), f(y)) = d(x, y) holds for all x, y € X. Then show that f is 
onto. Does the conclusion remain true if X is not assumed to be compact? 
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Solution. Let y €e X. Define the sequence {x,} of f(X) by 
m f(y) nd Ana = fF a) TOF AS12065. 


Note that d(xn,Xn4p) = d(Y, Xp) holds for all n and all p. Since f(X) is 
compact, {xn} must have a limit point in f(X). Let a be a limit point of {x,}. 

Now, let ¢ > 0. Pick n > 1 and p such that d(x,, a) < € and d(Xn4p, 4) < €. 
Then 


d(y, FX) < d(y, Xp) = d(Xn, Xnt-p) < dln, a) + d(Xn4p, a) < 26 


holds for all £ > 0, and so d(y, f(X)) = 0. Thus, y € f(X) = f(X), so that 
f(X) =X holds. 

If X is not supposed to be compact, then the conclusion is no longer true. A 
counterexample: Take X = N with d(n, m) = |n—m| and consider the function 
f:N— N defined by f(n) =n +1. 


Problem 7.12. Show that a metric space X is compact if and only if every con- 
tinuous real-valued function on X attains its maximum value. 


Solution. Let (X,d) be a metric space. Assume that X is compact and that 
f:X — R is a continuous function. By Theorem 7.5, we know that f(X) isa 
compact subset of R, and so (by Theorem 7.4) f(X) is closed and bounded. The 
maximum of f(X) is the maximum value of f on X. 

For the converse, assume that every continuous real-valued function on X 
attains a maximum value. Clearly, every continuous real-valued function on X 
attains also a minimum value. 

We shall establish first that X is a complete metric space. Let (X,d) denote 
the completion of (X, d) and let Ê € Ê. The function f: X — R, defined by 
f(x) = å, x), satisfies inf{ f(x): x € X} = 0. So, there exists some xo E X 
satisfying f(xo) = d(%, xo) = 0. It follows that 2 = xọ € X and so Ê = X. 
This means that X is a complete metric space. 

Next, we shall show that X is totally bounded. To establish this, assume 
by way of contradiction that X is not totally bounded. Then an easy inductive 
argument shows that there exist some £ > 0 and a sequence {x,} of X such that 
d(Xn, Xm) = 3e holds for n # m. For each n consider the nonempty closed set 


Cn = [B (xn, €) = {x € X: d(x, xn) > €}, 
and then define the function fn: X — R by 


fn(x) = d(x, Cn) = inf{d(x, y): y € Cy}. 
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So, f, is a bounded function, f,(x) = 0 holds for each x € C, and f,(xn) > 0. 
Multiplying by a constant c,, we can assume that sup{f,(x): x € X} > n holds 
for each n. Now, define the function f: X —> R by 
_ | fax), if x € BOXn, €) 
ae a if x ¢ U%, Btn, €), 


and we claim that f is a continuous function. Clearly, f is continuous at the points 
of the balls B(x, €). If xo ¢ eb B(x, €), note that B (xo, 7) N B(xn, €) FD 
holds for at-most one n (why?). If B(xo, §) Btn, £) = Ø for each n, then 
f(x) = 0 for each x in B(xo, £), and so f is continuous at xo. Thus, we can 


assume that B(xo, $) N B(x,, £) Æ Ø for some n. We distinguish two cases. 
CASE I: d(xo, Xn) > €. 


In this case, there exists some 0 < r < 5 such that B(xo, r) N B(xn, £) = Ø. 
Clearly, f(x) = 0 holds for each x € B(xọ,r), and from this we see that f is 


continuous at Xo. 
CASE II: d(xo, Xn) = €. 
Let {z} be a sequence of X satisfying z, —> xo; we can assume that Zz% 


belongs to B(xo, 5) for each k. Note that if z: ¢ B(xn, £), then f(z) = 0. On 
the other hand, if z4 € B(xn, €), then 


0 < f (Zk) = Cnd (zk, Cn) < Cnd (Zk, xo). 
Thus, 0 < f (zk) < Cnd(zx, xo) holds for each k. In view of 


lim d(z;, xo) = 0, 
k—> o0 


we see that lim f (z4) = 0 = f (xo) and so f is continuous at xọ in this case too. 
To contradict our hypothesis, note that f does not attain a maximum value. 

Thus, X must also be totally bounded. By Theorem 7.8, we see that X is acompact 

metric 

space. 


Problem 7.13. This exercise presents a converse of Theorem 7.7. Assume that 
(X,d) is a metric space such that every real-valued continuous function on X is 
uniformly continuous. 
a. Show that X is a complete metric space. 
b. Give an example of a noncompact metric space with the above property. 
c. If X has a finite number of isolated points (an element a € X is said to 
be an isolated point whenever there exists some positive r > O such that 
B(a,r)N (X \ {a}) = Ø), then show that X is a compact metric space. 
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Solution. Let (X,d) be a metric space such that every continuous real-valued 
function on X is uniformly continuous. 

(a) If £ € X (the completion of X) is an element that does not belong to X, then 
the function f: X — R defined by f(x) = mea x € X, is a continuous real- 
valued function on X that fails to be uniformly continuous (why?), a contradiction, 
Hence, X = X holds, which means that X isa complete metric space. 

(b) Let X = {1, 2, ...} equipped with the discrete distance d. Then every set is 
open and so every real-valued function f on X is continuous. Since d(x, y) < 1 
implies x = y (and so f(x) — f(y) = 0), we see that every real-valued function 
on X is uniformly continuous. Now, note that X is not a compact metric space. 

(c) In view of (a), we need to establish that X is totally bounded. To this 
end, assume that X is not totally bounded. Then, there exist some € > 0 and 
a sequence of elements {x,} of X such that d(x,, Xm) > 3e for n Æ m. From 
our hypothesis, we can suppose that each x, is an accumulation point of X. For 
each n pick an element y, such that O < d(Xn, Yn) < Ê and let r, = d(xXn, Yn). 
Put 


CENE X (0) hal 


and define the functions f, and f as in the solution of Problem 7.12 (the open 
ball B(x, €) is now replaced by B(x,,r,)). Then f is a continuous function 
and satisfies f(y,) = 0 for each n. Pick zn E€ B(xn,rn) such that f(x,) > n, 
and note that 


[fn)— f@n)| > and lim dOn, Zn) = 0. 


This shows that the continuous function f is not uniformly continuous, contrary 
to our hypothesis. Hence, X is totally bounded, as desired. 


Problem 7.14. Consider a function f:(X,d) —> (Y, p) between two metric 
spaces. The graph G of f is the subset of X x Y defined by 


G = {(x,y)E X xY: y= f)}. 


If (Y, p) is a compact metric space, then show that f is continuous if and only if 
G is a closed subset of X x Y , where X x Y is considered to be a metric space 
under the distance D((x, y), (u, v)) = d(x, u) + p(y, v); see Problem 7.4. Does 
the result hold true if (Y , p) is not assumed to be compact? 


Solution. Observe that an arbitrary sequence {(x,, Yn)} of X x Y satisfies 
(%n» Yn) > (x, y) in X x Y if and only if x, —> x and y, > y both hold. 


INE 
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Assume (Y, p) compact and G closed. If f is not continuous, then there exists 
a sequence {x,} of X and some £ > 0 such that x, > x and p(f(xn), f(x)) = 
€ for all n (why?). Since (Y, p) is compact, by passing to a subsequence, we can 
assume that f(y,) > y holds in Y. Now, observe that (xn, f(«,)) € G holds 
for each n and (xn, f(%n)) > (x, y) holds in X x Y. Since G is closed, it 
follows that (x, y) € G andso y = f(x). This implies 


P(n), F(x) > o( fœ), f@)) = 9, 


which contradicts p(f(x,), f(x)) > e for all n. Hence, f is a continuous 
function. 

If (Y, p) is not compact, then a function with closed graph need not be contin- 
uous. For an example, consider the function f:R —> R defined by 


Je ifx 0; 
OS hh ee 


Problem 7.15. A cover {V;}ic; of a set X is said to be a pointwise finite cover 
whenever each x € X belongs at-most to a finite number of the V;. 

Show that a metric space is compact if and only if every pointwise finite open 
cover of the space contains a finite subcover. 


Solution. Clearly, if X is compact, then every pointwise finite open cover of 
X contains a finite subcover. For the converse, assume that every pointwise finite 
open cover of X contains a finite subcover. To establish that the metric space X 
is compact, it suffices to show that every sequence in X contains a convergence 
subsequence. 

Let {xn} be a sequence in X. We can suppose (why?) that the sequence 
consists of distinct elements. Suppose by way of contradiction that {x„} has no 
convergence subsequence, Then x; is not in the closure of the set {x,: n 4 1} and 
thus, there exists an open ball V; = B(x;, ô1) about x; with radius 0 < 5, < 1 
and satisfying x, ¢ V, for all n Æ 1. Also, x2 is not in the closure of the set 
{x,: n # 2} and thus, there exists an open ball V} = B(x, 52) about x, with 
radius 0 < 5) < } and such that x, ¢ Vz for all n # 2. Proceeding inductively, 
we see that for each k there exists an open ball Vij = B(x,, ô) with radius 
0 < ôk < % satisfying x, ¢ Vy forall n Æ k. 

Since the set F = {x1, x2, ...} contains no convergent subsequences, the set 
F must contain all of its closure points. Thus, F is a closed set, and hence, the 
set G = X \ F is an open set. Then, the collection C = {G, V1, Vo,...} is an 
open cover of X. In fact, the collection C is a pointwise finite open cover of X 
because if a point x belongs to an infinite number of sets in C, then x belongs to 
an infinite number of the sets V,. However, this would imply that a subsequence 
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of {xn} converges to the point x. Since the sequence {x,} contains no convergent 
subsequences, we infer that C is a pointwise finite open cover. 

Therefore, C contains a finite subcover of X, say Vi, ..., Vm, G. Since G 
does not intersect {x1, x2, ...}, it follows that (x1, x2,...} © UjL, Vi. However, 
this contradicts the fact x, ¢ Vp for n 4 k. Conclusion: The sequence {x,} must 
have a convergent subsequence—and hence, the metric space X is compact. 
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CHAPTER 2 


TOPOLOGY AND CONTINUITY 


8. TOPOLOGICAL SPACES 


Problem 8.1. For any subset A of a topological space show the following: 


A= CAC). 
b @A=A\A°. 
biriga AP) =. 


Solution. (a) Note that 


x € A? <=> there exists a neighborhood V of x with V CA 
<=> there exists a neighborhood V of x with V N AS = Ø 
=> x¢ A 4 x (AY. 


(b) Using (a), we see that 3A = AN AS = A \ (AS) =A \ AP. 
(c) If x € (A \ A°)°, then for some open set V we have 


xEVCA\A°CA. 
This implies x € A \ A? and x € A°, a contradiction. Hence, (A \ A°)® = Ø. 


Problem 8.2. Jf A and B are two arbitrary subsets of a topological space, then 
show the following: 

a AUB=AUB. 

b. (AUB) =A’UB’. 


Solution. (a) See Problem 6.1. 


(b) Clearly, A C B implies A’ C B’, and so A'U B’ C (AU BY. For the reverse 
inclusion, let x € (A U BY’. If x ¢ A’ U B’, then there exist two neighborhoods 
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V and W of x such that 
ANV \ (x}) = BOW \ (x) =. 
Now, note that the neighborhood U = V NW of the point x satisfies 
(AU B)NU \ (x}) =@, 
proving that x ¢ (A U B)’, a contradiction. 


Problem 8.3. IfA is an arbitrary subset of a Hausdorff topological space, then 
show that its derived set A’ is a closed set. 


Solution. Let A be an arbitrary subset of a Hausdorff topological space X. We 
shall establish that (A’)° is an open set (and this will guarantee that A’ is a closed 
set). To this end, let x € (A’)°, i.e., let x ¢ A’. This means that there exists a 
neighborhood V of x such that 


VAA ESA: (x) 


We claim that V C (A')° holds. To see this, let y e V with y # x. Since X 
is a Hausdorff topological space, there exist neighborhoods U and W of y and 
x, respectively, such that U N W = Ø. Now, note that V NU is a neighborhood 
of y with x ¢ VNU and so from (x), we see that (V NU) N A = Ø. The latter 
shows that y ¢ A’. Hence, V C (A’)° holds proving that every point of (A’)° is 
an interior point, as desired. 


Problem 8.4. Let X = R, and let t be the topology on X defined in Example 8.4. 
In other words, A € t if and only if for each x € A there exist € > 0 and an 
at-most countable set B (both depending on x) such that (x —€,x+€)\ BCA. 

a. Show that t is a topology on X. 

b. Verify that 0 € (0, 1). 

c. Show that there is no sequence {x,} of (0, 1) with lim x, = 0. 


Solution. (a) Straightforward. 

(b) Since for each € > O and each countable set B the set (—e, £) \ B is 
uncountable, we must have ((—e, £) \ B) N (0, 1) # Ø. This easily implies that 
0e (0,1). 

(c) If {x,} is a sequence of (0, 1), then V = (—1, 1) \ {x1, x2,...} is a neigh- 
borhood of zero, and x, ¢ V forall n. This shows that no sequence of (0, 1) can 
converge to 0. 


Problem 8.5. Jf A is a dense subset of a topological space, then show that 
oh AN O holds for every open set O. Generalize this conclusion as follows: If 
A is open, then A N B C ANB for each set B. 
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Solution. Let x € © and let V be a neighborhood of x. Since O is open, 
V NO is a neighborhood of x, and so the denseness of A implies 


VON(ANO)=(VNO)NA FG, 


which means that x € AN Ø. 

For the general case, assume A is an open set and let x € ANB. If V isa 
neighborhood of x, then V N A is also a neighborhood of x. Since x € B, it 
follows that V N (A N B) = (V N A) AN B Æ Ø. This shows that x € A N B, and 
hence, ANB C ANB. 


Problem 8.6. If {O;}ic; is an open cover for a topological space X, then show 
that a subset A of X is closed if and only if AQ O; is closed in O; for eachi € I 
(where O; is considered equipped with the relative topology). 


Solution. If A is closed, then clearly A N O; is closed in O; for each i. For 
the converse, assume that A N O; is closed in O; for each i. Put 


V= 0O \WAMO; =O Neh. 


and note that—by our hypothesis—each V; is open in O;. Since each O; is an 
open subset of X, it follows that each V; is likewise an open subset of X. Now, 
note that 


a =X\A=(JO)\4=YO\4=Uy 
iel iel 


iel 
is an open subset of X, and so A is a closed set. 


Problem 8.7. /f (X, t) is a Hausdorff topological space, then show the follow- 
ing: 

a. Every finite subset of X is closed. 

b. Every sequence of X converges to at-most one point. 


Solution. (a) Let A= {x} be a one-point set. If y¢A, then (since X is a 
Hausdorff space) there exists a neighborhood V of y with x ¢ V,andso V C A°. 
Thus, A° is open, and hence A, is closed. Now, observe that every finite set is a 
finite union of one-point sets. 

(b) If x # y, then there exist neighborhoods V, and V, of x and y respec- 
tively, such that V; N V, = Ø. Now, a sequence of X cannot converge to x and 
y at the same time simply because its terms cannot be eventually in both V, and 
Ve: 
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Problem 8.8. For a function f:(X,t) — (Y, t1) show the following: 


a. If t is the discrete topology, then f is continuous. 
b. Jf t is the indiscrete topology and 1 is a Hausdorff topology, then f is 
continuous if and only if f is a constant function. 


Solution. (a) Note that every subset of X is open. Thus, f~'(A) is an open set 
for every subset A of Y, and so f is continuous. 

(b) Recall that the indiscrete topology is the topology t = {Ø, X}. If f isa 
constant function, then f~'(A) is either Ø or X, and so f is continuous. For 
the converse, let f be a continuous function. If for some x, y € X we have 
f(x) # f(y), then there exists a neighborhood V of f(x) such that f(y) ¢ V. 
Now note that f~!(V) is neither equal to Ø nor equal to X, and so f—'(V) is 
not open, a contradiction. Thus, f must be a constant function. 


Problem 8.9. Let f and g be two continuous functions from (X, t) into a Haus- 
dorff topological space (Y, tı). Assume that there exists a dense subset A of X 
such that f (x) = g(x) for all x € A. Show that f(x) = g(x) holds for all x € X. 


Solution. Suppose that for some x € X we have f(x) # g(x). Pick a neigh- 
borhood V of f(x) and another W of g(x) such that V NW = Ø. Since 
f—1(V)Ng7!(W) is aneighborhood of x and A is dense in X, there exists some 
y e f'(V)N g—!(W) NA. Now, note that f(y) = g(y) Ee VOW = Ø must 
hold, which is absurd. Thus, f(x) = g(x) holds foreach x € X. 


Problem 8.10. Let f:(X,t) — (Y, tı) be a function. Show that f is continuous 
if and only if f-\(B°) C [f~'(B))° holds for every subset B of Y. 


Solution. Repeat the solution of Problem 6.4. 


Problem 8.11. Jf f:(X,t) — (Y, tı) and g:(Y, tı) —> (Z, t2) are continuous 
functions, show that their composition g o f : (X, t) —> (Z, 12) is also continuous. 


Solution. Use the identity (g o f)~'(V) = f~'(g7~'(V)). (See Problem 1.8.) 
Problem 8.12. Let X be a topological space, let a € X, and let N, denote the 


collection of all neighborhoods at a. The oscillation of a function f: X —> Rat 
the point a is the extended non-negative real number 


wla) = inf, { sup 1f()— FOI]. 


a x,ye 
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Establish the following properties regarding the oscillation: 


a. The function f is continuous at a if and only if ws(a) = 0. 
b. Jf X is an open interval of R and f: X — R is a monotone function, then 
wla) =| lim f(x) — lim f(x) |. 


Solution. (a) Assume that f is continuous at a. Fix €e > 0. Then there exists 
some W e€ WN, (i.e., some neighborhood W of a) such that x € W implies 
f(a) — f(x)| < €. So, if x, y € W, then 


Iœ- FO) < |f@) — F@I+1f@ — fO)| < € +6 = 2e, 


and thus 
0 < ws (a) < sup | f(x) — fQ)| < 2e 
X,ye 


for each € > 0. This implies ws(a) = 0. 

For the converse, assume w;(a) = 0. Lete > 0. Then from the definition 
of the oscillation, we see that there exists some neighborhood V of a such that 
SUP, yev | f(x) — fiy)| < €. In particular, we have | f(x) — f(a)| < e€ for all 
x € V, and this shows that f is continuous at a. 

(b) We can assume that f is an increasing function. Note that we can consider 
neighborhoods of a of the form (c, d) with a € (c,d). Consider first a neigh- 
borhood (c, d) of a and assume that x, y € (c, d) satisfy x < a < y. Since f is 
increasing, it follows that 0 < lim;.a+ f(t) — lim;a- f(t) < f(y) — f(x), and 
from this, we infer that 


lim f(t) -— lim f(t) < @j(@), 


On the other hand, if € > 0 is given, then there exists some 5 > 0 such that the 
open interval J = (a — ô, a + ô) satisfies J C X and 


ws(a) < sup |f@)- fO) < [lim f — lim fo] +e. 


x,yEJ 
This implies wp (a) < lim,;a+ f(t) — lim;a- f(t), and so 
wy(a) = lim f(t) — lim f(t) 
holds true. 


Problem 8.13. Show that a finite union of nowhere dense sets is again a nowhere 
dense set. Is this statement true for a countable union of nowhere dense sets? 
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Solution. Let A and B betwonowhere dense sets. Using the identity S° = §°—¢ 
(see Problem 8.1), we have 


(AUG) € AUS) eas’) E (A ANEY 
= A= uB = (A) U(B)” =ġUġ=ø. 
An easy induction argument can now complete the proof. 
The countable union of nowhere dense sets need not be nowhere dense. An 
example: Take X = R, and let E, = {ra}, where {r;, 72, ...} is an enumeration 


of the rational numbers. Clearly, each E, is nowhere dense, while J”, E, = 
{ri, 72, ...} is not nowhere dense. 


Problem 8.14. Show that the boundary of an open or closed set is nowhere 
dense. 


Solution. Repeat the solution of Problem 6.5. 


Problem 8.15. Let f:(X,t) — R, and let D be the set of all points of X where 
f is discontinuous. If D° is dense in X , then show that D is a meager set. 


Solution. From D° = X, it follows that D° = (D*)° = Ø. Now, the proof can 
be completed by observing that D is an F,-set (Theorem 8.10). 


Problem 8.16. Show that there is no function f:R — R having the irrational 
numbers as the set of its discontinuities. 


Solution. Let / denote the set of all irrational numbers of R. If Z is the set of 
discontinuities of a function f: R —> R, then (by Theorem 8.10) Z is an F,-set. 
However, this is impossible by Problem 6.6. 


Problem 8.17. Show that every closed subset of a metric space is a Gs-set and 
every open set is an F,-set. 


Solution. Let A be a nonempty closed subset of a metric space X. Then the 
function f: X — R, defined by 


f(x) = d(x, A) = inf(d(x, y): y € A}, 
is continuous (see the proof of Lemma 10.4) and satisfies 


A= f-'((0)) = PCH. 3) = Ge a). 


n=1 
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(See the discussion at the end of Section 6 of the text.) Thus, A is a G;-set. By 
Theorem 8.9 every open set is an F, -set. 


Problem 8.18. Let B be a collection of open sets in a topological space (X, T). 
If for each x in an arbitrary open set V there exists some B € Bwithx eBCYV, 
then B is called a base for t. In general, a collection B of subsets of a nonempty 
set X is said to be a base if 


i Ore © = xX, Ona 
2. for every pair A,B € Band x € AN B, there exists some C € B with 
xEC CANB. 


Show that if B is a base for a set X , then the collection 
tT={V CX: Vx EV there exists B e Bwithx € BCV} 
is a topology on X having B as a base. 


Solution. Obviously, B C t holds. Clearly, Ø € t, and from condition (1) 
it follows that X € z. Also, it should be clear that t is closed under arbitrary 
unions. 

Now, let V, W ert and x e V NW. Choose two sets A, B e B with 
x € ACV and x eB C W. By condition (2), there exists some C € B with 
xECCANBCVNW, that is, VAW ert. Thus, t is a topology. 

The verification that B is a base for t is straightforward. 


Problem 8.19. Let (X, t) be a topological space, and let B be a base for the 
topology t (see the preceding exercise for the definition). Show that there exists a 
dense subset A of X such that card A < card B. 


Solution. If B e B and B Æ Ø, then fix some xg € B and consider the set 
A = {xg: B € B \ {Ø}}. We claim that: 


1. A is dense in X, and 
2. cardA < card B. 


To see (1) let V be a nonempty open set. If x € V, then there exists some 
B e B with x € B C V. It follows that xg € V, and so V N A Æ Ø. This shows 
that A is dense in X. 

For (2) note that the function f:B \ {Ø} — A, defined by f(B) = xz, is 
onto. By the Axiom of Choice there exists a subset C of B such that CN f~!({x}) 
consists precisely of one point foreach x € A. Then f:C — A is one-to-one 
and onto, proving that card A = cardC < card B. | 
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Problem 8.20. Let f: xX — Y bea function. Ift is a topology on X , then the quo- 
tient topology t; determined by f onY is definedby ts =(O CY: f-'(O) er). 


a. Show that ty is indeed a topology on Y and that f:(X,1t) —> (Y, Tf) is 
continuous. 

b. Ifg:(¥, tr) > (Z, %1)isafunction, then show that the composition function 
go f:(X, t) > (Z, tı) is continuous if and only if g is continuous. 

c. Assume that f: X — Y is onto and that t* is a topology on Y such that 
f: (X,t) > (Y, t*) is an open mapping (i.e., it carries open sets of X onto 
open sets of Y) and continuous. Show that t* = tr. 


Solution. a. (1) Since f~-'(Z) = Ø e t and f-'(Y) = X € t, we see that 
Ø, Y € Tf. 

(2) If V, W € tp, then the identity f-'(V NW) = f-'(V) N f-!(W) implies 
that V AW e Tf. 

(3) If {V;: i € I} is a family of tẹ, then in view of the identity f- G Vi) = 
U f~} (V:), we see that LJ V; € tp. 

b. Assume go f is continuous. If V is an open subset of Z, then f—'(g~'(V)) = 
(go f) '(V) Et shows that g~'(V) € ty. That is, g is continuous. 

c. Since f is continuous, it is easy to see that t* C tf holds. On the other hand, 
let V € ty. Then f—!(V) € t, and moreover, since f is an open mapping and 
onto, we have V = f(f—'(V)) € t* (see Problem 1.7). That is, tf © t* also 
holds, and so ts = t*. 


Problem 8.21. This exercise presents an example of a compact set whose closure 
is not compact. Start by considering the interval (0, 1] with the topology t gener- 
ated by the metric d(x, y) = |x — y|. It should be clear that ([0, 1], t) is a compact 
topological space. Next, put X = [0, 1] UN = (0, 1] U {2, 3, 4, ...}, and define 


C =T U([0,1]UA: A CN}. 


a. Show that t* is a non-Hausdorff topology on X and that t* induces t on 
[0, 1]. 

Show that (X, t*) is not a compact topological space. 

Show that (0, 1] is a compact subset of (X, t*). 

Show that [0, 1] is dense in X (and hence, its closure is not compact. 

Why doesn’t this contradict Theorem 8.12(1)? 


ill aS 


Solution. a. (1) Clearly, Ø, X € t*. 
(2) Let V, W € t*. Then we have the following cases: 
CASEI. V, W € r. In this case, V NW Er Ct’. 
CASEII. V € t and W ¢ t (and vice versa). Note that VAW = Ves Gt 
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CASE IM. V ¢t and W ¢ rt. In this case, we have V MW = [0,1] UA for 
some A C N. That is, V OAW e t*. 
(3) Let {V;: i € I} be a family of t*. If V; € t holds for each i, then clearly 
(JV; € t C t* holds. On the other hand, if some V; is of the form [0, 1JUA, 
then |] V; is of the same type, and hence, it belongs to t*. 

Thus, t* is a topology on X that induces t on [0, 1]. 
b. The cover X = Les (10) I]U {n}) cannot be reduced to a finite cover. 
c. Since ([0, 1], t) is a compact topological space and t* induces t on (0, 1], 
it follows that [0, 1] is a compact subset of X. 
d. If x € X \ [0,1], then every neighborhood V of x is of the form V = 
[0,1] UA for some A C N. Thus, V N [0,1] = [0,1] 4 Ø holds for every 
neighborhood V of x. Therefore, [0, 1] = X holds. 
e. This does not contradict Theorem 8.12(1) because (X, t*) is not a Hausdorff 
topological space. 


Problem 8.22. A topological space (X, t) is said to be connected if a subset of 
X that is simultaneously closed and open (called a clopen set) is either empty or 
else equal to X. 


a. Show that (X,t) is connected if and only if the only continuous functions 
from (X, t) into {0, 1} (with the discrete topology) are the constant ones. 

b. Let f:(X,t) —> (Y, t*) be onto and continuous. If (X, t) is connected, 
then show that (Y, t*) is also connected. 


Solution. (a) If f:X —> {0,1} is a nonconstant continuous function, then 
f~!({O}) is a nonempty clopen set which is different from X, and so X is not 
connected. 

For the converse, assume that every continuous function from X into {0, 1} is 
constant. If A is a clopen subset of X different from Ø and X, then the function 
f:X — {0,1}, defined by f(x) = 1 if x € A and f(x) = 0 if x ¢ A, 
is a nonconstant continuous function, a contradiction. Thus, X is a connected 
topological space. 

(b) Let A be aclopen subset of Y. By the continuity of f, the set f-'(A) is 
a clopen subset of X. Since X is connected, f~'(A) = Gor f~'(A) = X. Also, 
since f is onto, f(f~'(A)) = A holds (Problem 1.7). Thus, A = Ø or A=Y¥, 
proving that Y is a connected topological space. 


9. CONTINUOUS REAL-VALUED FUNCTIONS 
Problem 9.1. Jf u, v, and w are vectors in a vector lattice, then establish the 


following identities: 
a uVvu+udAv=ut+n0; 
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u — v V w = (u — v) ^ (u — w); 
u — v Aw = (u — v) V (u — w); 
a(u A v) = (au) A (av) ifa > 0; 
lu — v| =uVu—UurAnd; 

u V v = į(u + v + |u — vl); 

u ^v = į(u + v — |u — v|). 


mPmoan g 


Solution. We use the identities (a), (b), and (d) in Section 9 of the text. 
(a) Replace w by —(u +v) inuAv+w = (u + w) A (v + w) to get 


u ^v — (u + v) = (—v) A (—u) = —u V v. 


(b) u — v V w =u + (—v) A (—w) = (u — v) A (u — w). 
(c) u — v ^A w = u 4+ (—v) V (—w) = (u — v) V (u — w). 
(d) If a > 0, then 
a(u ^ v) = a[—(—u) v (—v)] = —a[(—u) v (—v)] 
= —(—au) V (—av) = (au) A (av). 


(e) Using (a), we see that 
uVvu—uAv=uvvu+[uvu—(utv)] = 2u v v) — (u + v) 
= (2u) V (2v) — (u + v) = (u — v) V (v — u) = |u — vl. 
(f) Using (e) and (a), we get 


u +v + |u —v|= (uv v+u ^ v)+ (uv v-un v) = 2u v v). 


(g) As in (f), we get — 


ut+v—|u—vj=uvutuav—(UuVvu—uAv)= 2 Av). 


Problem 9.2. If u and v are elements ina vector lattice, then show hat: mye 
a lu vl Vv fu —v| = ul + Lali ai E ok 
4 = lu +v] A^ lu — v| = llul = loll 


aige j 
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(b) Using the distributive law, we see that 

ju + v| A ju — v| = [(u + v) v (—u — v)) A [(u — v) V (—u + v))] 
= [(u+v) A (u—v)] v [((—u—v) A (u—v)] v [(u+v) A (~u +v)] V- 
-V [(—u — v) A (—u + v)] 
= [u +v A (—v)] v [(—u) A u — v] V [u ^ (—u) + v] v [v A (—v) = u] 
= (u — |v|) v (—u — [v|) v (v — lul) v (~v — lul) 
= [u v (~u) — |u|] v [v v (~v) — lul] = (lul — lvl) v (lvl — lul) 
= | po]: 


Problem 9.3. Show that |u| A |v| = 0 holds if and only if |u + v| = |u — v| 
holds. 


Solution. If |u|^|v| = 0, then using parts (a) and (b) and part (e) of Problem 9.1, 
we get 
ju + v| A ļu — v| = |lu] — Jul] = lul v lvl — lul A lvi = lul v lol 
= |u| + |v| — lul] A |v] = |u| + lv] = |u + v| v |u — vl. 
This easily implies that |u + v| = |u — v| holds. 


For the converse, assume that |u + v| = |u — v|. Then by parts (a) and (b) of 
Problem 9.2, we have 


ju] + |v] = |lul — lvl] = lul v lvl — lul A lvl 
= (\u| + |v| — lul A jul) — lul A lvl = lu| + |v| — 2(ul A lvl), 


from which it follows that |u| A |v| = 


Problem 9.4. Show that the vector space consisting of all polynomials (with 


real coefficients) on R is not a function space. Prove a similar result for the 
vector space of all real-valued differentiable functions on R. 


Solution. If p is the polynomial defined by p(x) = x, then |p|(x) = |p(x)| = 
|x| holds. Clearly, |p| is not differentiable (and hence, it is not a polynomial 
either). 


Problem 9.5. Let X be a topological space. Consider the collection L of all 
real-valued functions on X defined by 


= {f €R*: 3 {fa} © C(X) such that lim fy(x) = fo) Vx eX). 
Show that L is a function space. Fy 
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Solution. Clearly, L is a vector space. Now, let f, g € L. Choose two se- 
quences {fn} and {gn} of C(X) with lim f,(x) = f(x) and lim g,(x) = g(x) 
for all x. Then fa V gn € C(X) foreach n and 


1 
lim fn V 8n(x) = lim zla) +ga) + | fn(x) — 8n(x)I | 


1 
SLAE) + a(x) + IFE) -= 8l] = f V goa), 
so that f V g € L. Similarly, f A g € L, so that L is a function space. 


Problem 9.6. Let L be a vector space of real-valued functions defined on a set 


X. If for every function f € L the function |f | (defined by | f \(x) = |f(x)| for 
each x € X) belongs to L, then show that L is a function space. 


Solution. Use the identities 


1 1 
foe a TS +s = gi) and SARS TF ENS ae 


Problem 9.7. Consider each rational number written in the form “where n > 
0, and m and n are integers without any common factors other than +1. Clearly, 
such a representation is unique. Now, define f:R — R by f(x) = O if x is 
irrational and f(x) = E if x = * as above. Show that f is continuous at every 
irrational number and discontinuous at every rational number. 


Solution. The proof will be based upon the following property: Let {r,} be a 
bounded sequence of distinct rational numbers. If r, = T (where k, > 0, and 
m, and k, do not have common factors), then lim k, = œ. 

To see this, pick some number M > 0 such that |r,| < M for each n, and so 
|lm,| < Mkn. Now, if for some C > 0 we have |k,| < C for infinitely many 
n, then |m,| < MC must also hold for the same infinitely many n. However, 
this contradicts the fact that there is a finite number of rational numbers =% with 
|m| < MC and |n| < C. 

Now, let x be an irrational number. If {x,} is a sequence of irrational numbers 
with x, — x, then 0 = f(x,) — 0 = f(x). Thus, if f is not continuous 
at x, then there exists a sequence {r„} of rational numbers with r, —> x and 
lim f(r,) # 0. Since x is irrational, we can assume ra Æ Fm Whenever n # m. 
Write r, = a , and note that f(r,) = È 7 0 implies k, 7 00, a contradiction. 
Therefore, f is continuous at every irrational number. 

Now, let r be a rational number. Choose a sequence {r,} of distinct rational 
numbers with r, = 7* — r. Now, note that lim f(r,) = lim 7 = =0¢ f(r) 
holds, which shows that f is not continuous at r. That is, f is discontinuous at 
every rational number. 
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Problem 9.8. Let f:[a, b] > R be increasing, i.e. x < y implies f(x) <= f(y). 
Show that the set of points where f is discontinuous is at-most countable. 


Solution. Let f:[a,b] —> R be increasing, and let D be the set of dis- 
continuities of f. For each x € D choose a rational number ry such that 
lim,sx f(t) < ry < lim,), f(t). Since x, y € D with x < y implies 


r, < limf(t) < limf (t) < ry, 
thx ity 


it follows that ry # r, whenever x # y. Thus, x +> rx is a one-to-one function 
from D into the set of rational numbers, and so D is at-most countable. 


Problem 9.9. Give an example of a strictly increasing function f: [0,1] > R 
which is continuous at every irrational number and discontinuous at every rational 
number. 


Solution. For each t e [0,1], let f;:[0,1] —> [0, 1] be a strictly increasing 
function which is continuous everywhere except at x = t. For instance, for 
v= = Me 


0:5, if Ore 
3 if. t <= 


fix) = | 


and fo(x) = 0.5 + 0.5x if 0 < x < 1 and fọ(0) = 0. 
If {r1, r2, ...} is an enumeration of the rational numbers of [0, 1], then define 
the function f:[0, 1] — [0, 1] by 


S d 
FO) = Dap ful) 
n= 
and note that f satisfies the desired properties. 


Problem 9.10. Recall that a function f:(X,t) — (Y, 1%) is called an open 
mapping if f(V) is open whenever V is open. Prove that if f:R > Risa 
continuous open mapping, then f is a strictly monotone function—and hence, a 
homeomorphism. 


Solution. Let (a, b) bea finite open interval of R. Since f attains a maximum 
value on [a,b] and f ((a, b)) is an open set, it is easy to see that the extrema of 
f on [a,b] take place at the end points. In particular, this implies f(a) Æ f(b). 
(If f(a) = f(b), then f((a,b)) must be a one-point set, contradicting the fact 
that f is an open mapping.) Next, we claim that f is strictly monotone on 
(a, b). To see this, assume f(a) < f(b), and a < x < y < b. Then note first that 
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f(a) < f(x) < f(b) must hold. Indeed, if f(x) < f(a) holds, then f attains its 
minimum on [a, b] at some interior point. Similarly, if f(x) > f(b) holds, then 
f attains its maximum value on [a, b] at some interior point. However, (since f 
is an open mapping) both cases are impossible, andso f(a) < f(x) < f(b) holds. 
By the same arguments, f(x) < f(y) < f(b). Thus, f is strictly increasing on 
(a, b). Similarly, if f(a) > f(b) holds, then f is strictly decreasing on (a, b). 

Now, assume that f is strictly increasing on (0, 1), and let x < y. Choose 
some n with (0, 1) C (—n, n) and x, y € (—n, n). Since f is strictly monotone 
on (—n,n), and strictly increasing on (0, 1), it is easy to see that f must be 
strictly increasing on (—n,n). Thus, f(x) < f(y) holds, and this shows that f 
is strictly increasing on R. (We remark that the function f need not be onto. 
However, the mapping f:R —> /(R) is a homeomorphism.) 


Problem 9.11. Let X be a nonempty set, and for any two functions f, g € R* 
let 


VOKO 
f= p O TN 
oD a a 


Establish the following: 


a. (R* , d) is a metric space. 
b. A sequence {fn} C RŽ satisfies d( fa, f) > 0 for some f € RÝ if and 
only if { f,} converges uniformly to f. 


Solution. (a) Clearly, d(f, g) > 0 for all f, g € R* and d(f, g) = 0 if and only 
if f = g. Moreover, it should be clear that d( f, 8) = d(g, f) for all f, g € RŽ. 
What needs verification is the triangle inequality. To do this, we need the following 
two properties: 


1. 0<x < y implies i = Ty and 


x+ x 
2; rs S a: t+ iy for all x, y > 0. 


Property (1) follows from the fact that the function f(t) = qiz (t = 0) is strictly 
increasing on [0, 00); notice that f’(t) = (1 + t)? > 0 for each t > —1. For (2) 
fix x, y > 0, and note that 


HILEN Hy) = x(1+x)(1+ y)+ yl +x) + y) 
S [x +x) + y) +20 + y)] + [yd +x + y) +291 +2)] 
=x(l+y(l+x+y)+yl+x\l+x4+y). 


_ Dividing across by (1 +x)(1 + y)(1 +x + y), the validity of (2) can be established. 
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Now, let f,g,h € R* and x € X. From 
If Œœ) — g(x) < ISa) — AC) + IAG) — 8@)I 
and (1) and (2), we get 


fœ- sO Ifa) — hw) + lha) — gw) 
1+ 1 f(x) — 8go ~ 1+ 1 fC) - AG) + lh) — ga) 
| f(x) — A@)I |n(x) — g()| 
~ 1+ f(x) —A@)| 1+ IAQ) — 8G) 
d(f,h) + d(h, 8), 


lA 


for all x € X. This implies 


lf) — g@)I 
d(f,g)= —— ~ < d(f,h) + d(h, 8). 
(f, 8) SUP TS f@)—2@l = (f, h) + dh, 8) 


(b) Let {fn} © R*. Assume first that { f,,} converges uniformly to some function 
f e R*, and lete > 0. So, there exists no such that | fn(x) — f(&)| < € holds for 
all n > no and all x € X, and hence, #4-L0_ < | f,(x) — f(x)| < € for all 
n > no and all x € X. It follows that 


Ifa(x) — fEl 
af, = — 
a DD SUD 5 ee) = RIE 


for all n > no. This shows that d( fa, f) > 0. 
For the converse, assume d(f,, f) — 0, and let € > 0. Then there exists some 
No such that 


poe CC 
Hin J) PP Tee Fee aN aed 


for all n > no, and hence, STAGES < Tix for all n > mo and all x € X. This 
implies | f,(x) — f(x)| < € for all n > no and all x € X, which means that {fa} 
converges uniformly to f. 


Problem 9.12. Let f, fi, f2,... be real-valued functions defined on a com- 
pact metric space (X , d) such that x, —> x in X implies fa(xn)—> f(x)inR. If f is 
continuous, then show that the sequence of functions { fa} converges uniformly to f . 


Solution. Assume that the functions f, fi, fo, ... satisfy the stated proper- 


ties and that the function f:X —> R is continuous. Also, assume by way of 
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contradiction that the sequence {fn} does not converge uniformly to f. Then an 
easy argument shows (how?) that there exist £ > 0, a subsequence {g,} of {fa}, 
and a sequence {x,} of X such that 


lnn) — f(Xn)| > € foreach n. (x) 
Since X is compact, the sequence {x,} has a convergent subsequence in X, 


say xg, —> x. By the continuity of f, we see that f(x,,) — f(x). Also, from 
our hypothesis, it follows that g;,(x;,) —> f(x), and so 


| $k, (Xr) — — | f(x) — f(x)| =0, 


contrary to (x). Therefore, the sequence { f,,} converges uniformly to f. 


Problem 9.13. For a sequence { f,} of real-valued functions defined on a topo- 
logical space X that converges uniformly to a real-valued function f on X establish 
the following. 
a. If x, —> x and f is continuous at x, then f,(xXn) > f(x). 
b. Jlfeach f,, is continuous at some point xo € X, then f is also continuous at 
the point xo and 


lim lim fna) = jim, jim fn(x) = f (xo). 


XI—>X NEF 


Solution. (a) Assume f is continuous at x, x, — x and let € > 0. Choose 
some k with | f,(y) — f(y)| < £ forall n > k andall y € X. By the continuity 
of f at x, there exists some m > k with |f(x,) — f(x)| < e forall n > m. 
Thus, 


| fan) — L| < | fan) — fE) + | F On) FE] < 2e 


holds for all n > m, so that lim f,(x,) = f(x). 

(b) Assume that each f, is continuous at x) € X and let €e > 0. Since {fn} 
converges uniformly to f on X, there exists some k satisfying | f(x) — f(x)| < € 
for all x € X. Now, the continuity of fy at xo guarantees the existence of a 
neighborhood V of xo such that | f;(x) — f;(xo)| < € for all x € V. Then 


IF) — Fol < FC) — fe) + fe) — feo) Ife) — Fro) 
<€+e+e=3e 
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holds for all x € V, which shows that f is continuous at Xo. For the equality, note 
that 
lim lim fr(x) = lim f(x) = fo), 
X—> X0 


x—> xo n> 
while 


lim lim fa(x) = lim fa(xo) = f (xo). 
Problem 9.14. Let f„: (0, 1] —> R be defined by fa(x) = x" for x € [0,1]. 
Show that { f„} converges pointwise and find its limit function. Is the convergence 
uniform? 


Solution. Clearly, 


i 0s % =< 1; 


ful) FO) |S wtp pal 


Since f is not continuous, the convergence cannot be uniform; see Theorem 9.2. 


Problem 9.15. Let g:[0, 1] — R be a continuous function with g(1) = 0. Show 
that the sequence of functions {fa} defined by f,(x) = x"g(x) for x e [0,1], 
converges uniformly to the constant zero function. 


Solution. Let € > 0. Choose some 0 < ô < 1 with |g(x)| < € whenever 
ô< x < 1. Now, pick some M > 0 with |g(x)| < M for all x € [0, 1), and 
then select some k with Mô” < e whenever n > k. Thus, for each n > k we 
have |x"g(x)| < Mô” < e for 0 < x < ô and |x"g(x)| < |g(x)| < « for all 
ô < x < 1. That is, the sequence {fn} converges uniformly to the constant zero 
function. 


Problem 9.16. Let {f,} be a sequence of continuous real-valued functions 
defined on [a,b], and let {an} and {bn} be two sequences of [a,b] such that 
lim a, = a and lim b, = b. If { fa} converges uniformly to f on [a, b], then show 
that 


bn b 
tim, f hadaz = f f(x) dx. 


Solution. Let ¢ > 0. Pick some k such that for all n > k we have: 


1. a,—a<e and b—b, < £; and 
2. | fn(x) — f(x)| < £ forall x € [a, b]. Cee. 
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Also, since f is continuous (Theorem 9.2), there exists some M > 0 satisfying 
| f(x)| < M forall x € [a, b]. Thus, 


p) “Rade = / “f(xy dx| 
2 [f hoax- f rwar- f" peas - f toa 


b an b 
f IR) — f(x)| dx + | |f |dx + | |fœldx 
b= a) + M(a, — a) + M(b bp < 62M +b A 


lA 


IA 


holds for all n > k, and our conclusion follows. 


Problem 9.17. Let {f„} be a sequence of continuous real-valued functions on a 
metric space X such that { f,} converges uniformly to some function f on every 
compact subset of X. Show that f is a continuous function. 


Solution. Let x, —> x in X. Put K = {x1, x2,...} U {x}, and note that K 
is a compact set—every open cover of K can be reduced to a finite cover. Since 
{fn} is a sequence of continuous functions that converges uniformly to f on K, 
it follows from Theorem 9.2 that f is continuous on K. Since x, —> x holds 
in K, we get f(x,) —> f(x). That is, f is a continuous function. 


Problem 9.18. Let { f,} and {gn} be two uniformly bounded sequences of real- 
valued functions on a set X. If both { fn} and {g,} converge uniformly on X, then 
show that { fn2n} also converges uniformly on X. 


Solution. Assume that {f,} and {g,} converge uniformly to f and g, respec- 
tively. Let e > 0. Choose some k with | f,(x)—f(x)| < £ and |g,(x)—g(x)| < € 
for all n > k and all x € X. Also, pick some M > 0 so that | f,(x)| < M and 
|2n(x)| < M hold for all n and all x. Now, note that 


| falx)Bn(x) — f(x)g(x)| 
< | ful) « |an(x) — g(x)| + |g@x)| - | fa(x) — | < 2Me 


holds for all n > k and all x e X. 


Problem 9.19. Suppose that {fn} is a sequence of monotone real-valued func- a 
tions defined on [a,b] and not necessarily all increasing or decreasing. Show 
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that if { fa} converges pointwise to a continuous function f on [a, b], then {fn} 
converges uniformly to f on [a, b]. 


Solution. Letse > 0. Since f is uniformly continuous (Theorem 7.7), there 
exists some ô > 0 so that | f(x) — f(y)| < e holds whenever |x — y| < 6. Fix 
a finite number of points a = x9 < xı < ++: < x, = b with x; — xi-1 < ô for 
1 <i < k, and then pick some m such that | f,(x;) — f(xi)| < £ holds for each 
0 <i <k andall n>m. 

Now, let n > m. Assume that f, is decreasing. If x € [a, b], then xj-1 < 
x < x; holds for some 1 <i < k, and so 


| fn(x) — fnxi)| = fax) — falxi) < faQxi-1) — fn) 
= (fai) — fi) + [Ff i-1) — FO) + [FD — AAG] 


<e+é+6 < 3e. 
A similar inequality holds true if f, is increasing. Therefore, 


|fn(x) — f(x)| < | fr) h + | fra) — F@d| + |F@i) — F@| 
< 3et+e+e=Se 


holds for all x € [a, b] and all n > m. That is, { fn} converges uniformly to f. 


Problem 9.20. Let X be a topological space and let { fn} be a sequence of real- 
valued continuous functions defined on X . Suppose that there is a function f: X > 
R such that f(x) = lim f,(x) holds for all x € X. Show that f is continuous at 
a point a if and only if for each € > 0 and each m there exist a neighborhood V 
of a and some k > m such that | f(x) — fi(x)| < € holds for all x € V. 


Solution. Assume that f is continuous at some point a. Let £ > O and an 
integer m be given. Pick a neighborhood U of a such that | f(x) — f(a)| < € 
holds for all x € U. Since lim f,(a) = f(a) holds, there exists an integer r > m 
such that | f(a) — f,(a)| < e holds for all n > r. Fix any integer k > r and 
note that k > m. Since f, is a continuous function, there exists a neighborhood 
W of a such that | f,(a) — f,(x)| < £ holds for all x € W. Now, note that if 
x E€ V =U NW, then 


[FE = A| < |f@) -— F@|+|F@ — fla)| + | fela) — f| < 3e. 
, aah 


For the converse, assume that f satisfies the stated condition at the point a aa 
and let € > 0. Since f(a) = lim f,(a) holds, there exists an integer m such 


ara 
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that | f(a) — f,(a)| < © holds for all n > m. By the hypothesis, there exist a 
neighborhood V of a and an integer k > m such that | f(x) — fe(x)| < £ holds 
for all x € V. By the continuity of fg, there exists another neighborhood U of 
a such that | f(a) — fk(x)| < £ holds for all x € U. Now, note that x € U AV 
implies . 


| F(a) — F(x) < |F — A| + | fala) — fe] + | fe) — FOOD] < 3e, 
which shows that f is continuous at the point a. 


Problem 9.21. Let { f,} be a uniformly bounded sequence of continuous real- 
valued functions on a closed interval [a, b]. Show that the sequence of functions 
{bn} defined by $,(x) = f i fa(t)dt for each x € [a,b], contains a uniformly 
convergent subsequence on [a, b]. 


Solution. Since the sequence { fọ} is uniformly bounded, there is some M > 0 
such that | f,(x)| < M holds for all x € [a, b] and all n. Clearly, 


la] =| f fa(t)at | < Mb — a) 


holds for all x € [a,b] and all n. So, the sequence {¢,} is uniformly bounded 
and we claim that it is an equicontinuous sequence. 

To see this, let € > 0 and put 6 = €/M. Now, note that x, y € [a,b] and 
|x — y| < ô imply 


lh) — dn] = | s) “fal dt — | fadt | 
< [co at | < |f mar = M|x — y| < €. 


Thus, the set A = {, %2, , ...} is equicontinuous. If A denotes the (uniform) 
closure of A in C[a, b], then A is bounded, closed, and equicontinuous (why?). 
By the Ascoli—Arzela theorem (Theorem 9.10), the set A is acompact set. Since 
{Øn} is a sequence of A, it follows that {#,} has a subsequence that converges 
uniformly on [a, b]. 


Problem 9.22. For each n let fn: — R be a monotone (either increasing or 
decreasing) function. If there exists a dense subset A of R such that lim f,(x) 
exists in R for each x € A, then show that lim f,(x) exists in R at-most for all 
_ but countably many x. , BE doiana a ele 


wee! | 
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Solution. Assume that the functions f, and the dense subset A of R satisfy 
the properties of the problem. Also, assume at the beginning that all but a finite 
number of the f, are increasing functions. 

Define the function f:R — R by 


_ f(x) = limsup f, (x), x ER. 


Note that f(x) is a real number for each x € R. Indeed, if x € R, then there 
exist a, b € A with a < x < b, and so f,(a) < fa(x) < fa(b) holds for all 
sufficiently large n. Consequently, 


—0o < lim f,(a) = limsup frla) 
< limsup f,(x) = f(x) 
< lim sup f,(b) = lim f,(b) < 00 


Clearly, f(x) = lim f,(x) holds for each x € A. Next, note that f is an increas- 
ing function. Indeed, if x < y holds, then from f,(x) < f,(y) for all sufficiently 
large n, we see that f(x) = limsup f,(x) < limsup f,(y) = f(y). By Prob- 
lem 9.8, we know that f has at-most countably many discontinuities in every 
closed subinterval of R. Hence, f has at-most countably many discontinuities 
(why?). Now, we claim that 


lim f,(x) = f(x) 


holds at every point of continuity of f. To see this, let xo be a point of Sint 
of f and let € > 0. Pick some ô > 0 such that x) — ô < x < xo +ô implies 
| f(x) — f(xo)| < £, and then choose a, b € A with x» —5 < a < x0 <be< 
x9 +ô. Also, pick some nọ such that foreach n > no the function Sn isi 
and satisfies 


j a> od 
b 


|fn(b) — f(b)| <e and |f,(a) — Piaj) È gee di seit eats a 


no aft oof 

Now, note that for n > no, we have O Winwineepes edt Oe ent 
rait CORTE fi + 2) eat ee 
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Thus, | f,(%0) — f(xo)| < 2e holds for all n > no, proving that lim f,(x9) = 
f (Xo). 

For the general case, assume that there are infinitely many increasing and in- 
finitely many decreasing fa. Split the sequence { f,) into two subsequences {g,} 
and {h,} such that each g, is increasing and each h,, is decreasing. Put 


g(x) = lim sup g,(x) and A(x) = liminfh,(x) = — lim sup[—h,(x)], 


and note that g(a) = h(a) holds for each a € A. By the above conclusion, g and 
h are continuous except possibly at the points of an at-most countable subset C 
of R, and for each point x ¢ C we have 


lim g (x)= g(x) and limh,(x) = h(x). 


Now, let c ¢ C and fix € > 0. Pick some 5 > 0 such that |x — c| < 5 implies 
g(x) — g(c)| < £ and |h(x)—h(c)| < £. Pick a € A with |a —c| < ô and note 
that from g(a) = h(a), it follows that 


|g(c) — h(c)| < |g(c) — g(a)| + |h(a) — h(c)| < £ +e = 2e. 


Since £ > 0 is arbitrary, we see that g(c) = h(c) holds for each c ¢ C. This 
implies (how?) that lim f„(c) exists in R foreach c ¢ C. 


Problem 9.23. Consider a continuous function f:{0,00) — R. For each n 
define the continuous function fn: (0,00) > R by f,(x) = f(x"). Show that the 
set of continuous functions { f, f2, ...} is equicontinuous at x = 1 if and only if 
f is a constant function. 


Solution. Let f €e C[0,00), let f,:[0,00) — R be defined by f,(x) = 
f(x"), and let E = {fi, fo, ...}. If f is a constant function, then it should be 
clear that the set E is equicontinuous at x = 1. 

For the converse, assume that the set E is equicontinuous at x = 1. Fix a > 0 
and let e > 0. The equicontinuity of E at x = 1 guarantees the existence of some 
0 <ô <1 such that |x — 1| < ô implies | f,(x) — fa(1)| < £ foreach n. From 
lim </a = 1 (why?), we see that there exists some no such that |./a — 1| < ô 
holds for each n > no. Thus, if n > no, then we have 


If(@) — FAN = | f(a") — FA")|= faa) - fa) < E. 


Since E > 0 is arbitrary, it follows that f(a) = f(1) holds for each a > 0. By 
> we see that f(a) = f(1) for each a > 0, and so f is a constant 
ction. 


Section 9: CONTINUOUS REAL-VALUED FUNCTIONS 87 


Problem 9.24. Let (X,d) be a compact metric space and let A be an equicon- 
tinuous subset of C(X). Show that A is uniformly equicontinuous, i.e., show that 
for each € > Q there exists some ô > 0 such that x, y € X and d(x, y) < ô imply 


f(x) = fQ)| < € forall f € A. 


Solution. Let (X,d) be a compact metric space, let A be an equicontinuous 
subset of C(X), and let € > 0. Foreach x € X there exists (by the equicontinuity 
of A) some 5, > 0 such that d(x, y) < ôx implies | f(x) — f(y)| < £ for all 
f € A. From X = U,ex B(x, $) and the compactness of X, we see that there 
exist Xj,...,X, E X such that X = a B(xi, say 

Let ô = + min{d,,, ...,5x,} > O and let x, y € X satisfy d(x, y) < ô. Now, 
pick some 1 <i < n with d(x, xi) < u and observe that | f(x) — f(x)| < € 
for all f € A. In addition, from 


OG Oe. 
d(y, xi) < d(y, x) + d(x, x;) < at + 7- =O 


we see that | f(y) — f(x:)| < £ holds forall f € A. Therefore, from the above, 
if d(x, y) < ô, then 

| f(x) — fQ)| < |f@) -— |+ e- o| < e+e = 2e 
holds for all f € A. That is, A is a uniformly equicontinuous subset of C(X). 


Problem 9.25. Let X be a connected topological space (see Problem 8.22 of 
Section 8 for the definition) and let A be an equicontinuous subset of C(X). If for 
some xo € X, the set of real numbers { f (xo): f € A} is bounded, then show that 
{ f(x): f € A} is also bounded for each x € X. 


Solution. Let X be a connected topological space, let A be an equicontinuous 
subset of C(X), and let x9 € X bea point such that the collection of real numbers 
{f (xo): f € A} is bounded. Consider the set 


E = {x € X: The set (f(x): f € A) is bounded }. 


Since x9 € E, we see that E is nonempty. We claim that E is both open and 
closed. If this is the case, then by the connectedness of X we must have E = X, 
and the desired conclusion follows. 

We shall show first that E is a closed set. To this end, let y € E. By the 


i 
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each f € A. In particular, we have 
FOIs |fO) — F@|+|F@| <1+M 


for all f € A. This means that y € E, and so E = E, i.e., E is a closed set. 

Next, we shall establish that E is an open set. To this end, let y € E. Pick 
some C > 0 such that | f(y)| < C holds for each f € A. By the equicontinuity 
of A, there exists a neighborhood W of y such that | f(x) — f(y)| < 1 holds 
for each x € W and all f € A. In particular, if x € W, then 


|f(x)| < |F@) — fO)| + |fO)| < 14+C 


holds for all f € A, and so x € E. That is, W C E holds, which shows that y 
is an interior point of E. Therefore, E is also an open set. 


Problem 9.26. Let { f,,} be an equicontinuous sequence in C(X), where X is not 
necessarily compact. If for some function f: X — R we have lim f,(x) = f(x) 
for each x € X, then show that f € C(X). 


Solution. Let x € X and let £ > 0. Since {fn} is an equicontinuous sequence, 
there exists a neighborhood V of the point x such that | f,(y) — f,(x)| < £ holds 
for all n and each y € V. 

Now, let y € V. Pick some k with | fk(x)— f(x)| < £ and | f(y) — f(y)| <e, 
and note that 


IF- FO < |F@) a| + k — AO)| O- FO)| < 3e. 
That is, f is continuous at the arbitrary point x. 


Problem 9.27. Let X be acompact topological space, and let { f,} be an equicon- 
tinuous sequence of C(X). Assume that there exists some f € C(X) and some 
dense subset A of X such that lim f,(x) = f(x) holds for each x € A. Then show 
that { fn} converges uniformly to f. 


Solution. Let £ > 0. By the equicontinuity of { f,} and the continuity of f, for 
each x € X, there exists some neighborhood V, of x such that 


1. Ifa) — fn(x)| < £ holds for all y € V, and all n; and 
2. |f(y)— f(x)| <£ holds for all yeV,. 


By the compactness of X, there exist Xi,...,X~ E X such that X =U, Vi- 
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Now, let y € V,,. Choose some x € A N V,,, and then pick some m; with 
| fn(x) — f(x)| < e for all n > m;. Clearly, | f(x) — f(y)| < 2e. Thus, 


lAo) — FOI 
< | f(y) — fri) | +] fri) — fa] + | fale) — FOD|+] FQ) — FO)| 
= SÈ 


holds for all y € Vy, and all n > mj. 
Finally, put m = max{m;: 1 <i < k}, and note that | f,(y) — f(y)| < 5e for 
all ye X andall n >m. 


Problem 9.28. Show that for any fixed integer n > 1 the set of functions f in 
C[0, 1] such that there is some x € [0, 1 — 1] for which 


|\f(x +h) — f(x)| < nh whenever O <h < L, 


is nowhere dense in C[0, 1] (with the uniform metric). 
Use the above conclusion and Baire’s theorem to prove that there exists a con- 
tinuous real-valued function defined on [0, 1] that is not differentiable at any point 


of [0, 1]. 


Solution. Let D(f,g) = |f — glloo = sup{I f(x) — g(a)I: x € [0, 1] }. For 
n > 2 define 


„n = {f € C[0, 1]: 3 x € [0,1 — }] with |f@œ +A) — fœ@| < nh 


whenever 0 < h < I }. 


We claim that: 


1. Each A,, is closed; and 
2. Each A, is nowhere dense in C[0, 1] (i.e., (A,)° = Ø). 


To see that each A, is closed, let { fk} & An satisfy lim D( fk, f) = 0 (ie, { fe} 
converges uniformly to f on [0, 1]). For each k choose some x, € (0, 1 — +] 
with | fe(xx +h) — fr(xx)| < nh for all 0 < h < 4. Since [0, 1 — +) is compact, 
there exists a subsequence of {x} that converges to some x € [0,1 — 1). We 
can assume that lim x, = x. By Problem 9.13, lim f(x + h) = f(x +h) and 
lim f(x) = f(x), and so |f(x +h) — f(x)| < nh holds for all 0 < h < }. 
Thus, f € A,, and hence, A, is a closed subset of C[0, 1]. 

Now, let f € A, and let € > 0. Consider the function g € C[0, 1] whose 
graph is shown in Figure 2.1. Note that for each x € [0, 1) we have |g(x + h) — 
g(x)| = 3nh for all sufficiently small h > 0. Put fı = f + g, and note that 
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FIGURE 2.1. The Construction of a Nowhere Differentiable Function 
D(f, fi) = ligilo = £. On the other hand, if x € [0, 1) is fixed, then for all 
sufficiently small h > 0 we have 

nh < 2nh = 3nh — nh <|g(x +h) — 9(x)| — | fœ +A) — f@)| 
< |g +h) — g(x) -ifa — fe +A)]| =|fi@ +4) — A). 


Thus, fı ¢ An, and so B(f,2£) Z A, forall e > 0. This shows that (A,)° = Ø. 
Now, for each n > 2 let 


B, = {f € C[0, 1]: 3x € [4,1] with |f@ —h)— f(x) < nh 


whenever 0 < h < ‘ }. 


By the same arguments, each B, is closed and nowhere dense. Consequently, 
from Baire’s Theorem 6.17, we have 
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b. the sequence of derivatives {f!} converges uniformly to a function 
g:(a,b)> R. 
Then the sequence { f,} converges uniformly to a function f: (a,b) —> R which is 
differentiable at xo and satisfies f'(xo) = g(x). 


Solution. First, we shall show that { f,,} is a uniformly Cauchy sequence. To this 
end, let € > 0 and pick some M > 0 such that |x — xol < M for each x € (a, b). 
Next, choose some k such that 


| A(x) — Ta) <e forall m,n > k andall x E€ (a, b) (x) 


and 


| fn(X0) — fm(xo)| < € forall m,n>k. (x) 


Using the Mean Value Theorem, (*) and («*), we see that for each x € (a, b) and 
each pair n,m > k there exists some t € (a, b) such that 


|fn(x) — fm(x)| < | [h — fn(x)] — [fao — fm(x0)] | + | fro) — fm(xo)| 
= |, — FO] - lx — xol + | fro) — fm (0)| 
< Me+e=(14+ Moe. 


This shows that { f,,} is a uniformly Cauchy sequence, and hence, {fn} converges 
uniformly to a function f: (a,b) > R. 

Next, for each n we consider the continuous function ¢,: (a, b) > R defined 
by n(x) = La- foo) if x # xo and ġn(xo) = f,(x0). Using the Mean Value 
Theorem and (x), we see that for each x € (a, b) there exists some cx € (a, b) 
such that 
Ufn(x)— fm (x)]—L fn 0) = fm (X0)] 


lonx) — bm(x)| = a = |F) — filex)| < €, 


for all n, m > k. This shows that {@,} is a uniformly Cauchy sequence, and hence, 
it converges uniformly to the function ¢: (a, b) > R defined by (x) = Fo) 
if x # xo and P(xo) = 8(x0). 
Finally, from Problem 9.13, we obtain 
pes . / worn . _k L 
g(o) = lim, faxo) = Jim, lim a(x) = lim lim u(x) 
= lim im POE AE lim LOLE) 
x—>xo n= 00 XH = XH x—> Xo X — XO 


This shows that f is differentiable at xo and that f’(xo) = g(Xo). 
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10. SEPARATION PROPERTIES OF CONTINUOUS FUNCTIONS 


Problem 10.1. Let (X, d) be a metric space and let A be a nonempty subset of 
X. The distance function of A is the function d(., A): X — R defined by 


d(x, A) = inf{d(x, a): a € A}. 
Show that d(x, A) = 0 if and only if x € A. 


Solution. Clearly, d(x, A) > Oforeachx € X. Assume that x € Aandlete > 0, 
Then B(x, ©€)NA +Æ Ø, and so there exists some y € A such that d(x, y) < €. From 
the definition of the distance function, we see that 0 < d(x, A) < d(x, y) < €. 
Since € > 0 is arbitrary, this implies d(x, A) = 0. 

For the converse, assume that d(x, A) = 0. If e > 0, then it follows from 
d(x, A) = inf{d(x, a): a € A} < e that there exists some a € A with d(x, a) < e. 
Hence, B(x, €) N A # Ø for each € > 0, and this implies that x € A. 


Problem 10.2. Let (X,d) be a metric space, let A and B be two nonempty 
disjoint closed sets and consider the function f:X — [0,1] defined by 
fœ) = aan. Show that: 
a. f isa continuous function, 
b. f —'({0}) = A and f—'({1}) = B, and 
c. if d(A, B) = inf{d(a,b): a € A and b € B} > Q, then f is uniformly 
continuous. 


Solution. Let C be an arbitrary nonempty subset of X. We shall show first that 
the function x +> d(x,C) is uniformly continuous. To see this, fix x, y € X. 
Choosing some c € C, we see that 


d(x, C) < d(x, c) < d(x, y)+d(y,c) < d(x, y) +d(y, C), 


or d(x, C) — d(y, C) < d(x, y). Exchanging the roles of x and y in the last 
inequality, we get d(y, C) — d(x, C) < d(x, y). Therefore, 


|d(x,C) — d(y, C)| < d(x, y), 


and the uniform continuity of x > d(x, C) follows. 

(a) Observe that since A and B are disjoint closed sets, it follows from the 
Problem 10.1 that d(x, A) + d(x, B) > 0 for each x € X. This, in connection 
with the (uniform) continuity of the functions d(-, A) and d(-, B), guarantees that 
f is a continuous function. 

(b) Note that f(x) = 0 if and only if d(x, A) = 0. Now, by Problem 10.1, we 
have d(x, A) = 0 if and only if x € A = A. In other words, we have f(x) = 0 if 
and only if x € A. This means f~!({0}) = A. 
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Similarly, notice that f(x) = TER = 1 if and only if d(x, B) = 0. As 


above, this shows that f—'({1}) = B 
(c) Fix some € > 0 such that d(u, v) > € forall u € A and v e B. Ifa € A 
and b € B are arbitrary, then for each z € X we have 


€ < d(a,b) < d(z,a) + d(z, b) < d(z, A) + d(z, B). 
Now, if x, y € X, then the inequalities 
| d(x, A) me d(y, A) 
d(x, A)+d(x,B) d(y, A)+d\y, B) 
|ld(y, A) + d(y, B)}d(x, A) — [d(x, A) + d(x, BJjd (y, A)| 
(d(x, A) + d(x, B)}id(y, A) + d(y, B)] 
\[d(x, A) — d(y, A)]d(x, B) + [d(y, B) — d(x, B)ld(x, A)| 
[d(x, A) + d(x, B)]I[d(y, A) + d(y, B)] 
[d(x, B)+ d(x, A)]d(x, y) 
[d(x, A) + d(x, B)][d(y, A) + d(y, B)] 
d(x, y) 
€ 


Fœ- fo) = 


IA 


< 
guarantee that f is uniformly continuous. 


Problem 10.3. Let A and B be two nonempty subsets of a metric space X such 
that AN B = ANB = Ø. Show that there exist two open disjoint set U and V 
such that A C U andB C V. 


Solution. From the solution of Problem 10.2, we know that for each nonempty 
subset C of X the function x > d(x, C) is (uniformly) continuous. Now, consider 
the function f:X — R defined by 


fiam d(x, A) —d@ JB), 


By the above, f is a continuous function. From ANB = Gand Problem 10.1, we 
see that f(x) = —d(x, B) < 0 holds for each x € A. Similarly, f(x) > 0 holds 
for each x € B. Consequently, the two disjoint open sets U = f~'((—oo, 0)) 
and V = f—!((0, 00)) satisfy ACU and B E V. 


Problem 10.4. Show that a closed set of a normal space is itself a normal space. 
Solution. Let C be a closed subset of a normal space X. We consider C equipped 


with the topology induced by X. Now, assume that A and B are two disjoint closed 
subsets of C. Since C is closed, it is easy to see that A and B are also closed subsets 
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of X. Pick two open subsets V; and W; of X satisfying A C Vi, B C W; and 
Vi NAW = Ø. Now, if V = CNV, and W = C N W,, then V and W are two 
disjoint open subsets of C satisfying A C V and B C W. This shows that C 
equipped with the relative topology is a normal space. 


Problem 10.5. Let X be a normal space and let A and B be two disjoint closed 
subsets of X. Show that there exist open sets V and W such thatACV,BCW 
and V AW =@. 


Solution. Assume that A and B are two disjoint closed subsets of a normal space 
X. Pick two disjoint open sets V and W; satisfying A C V and B C W;. We 
claim that V N W) = Ø. Indeed, if x € V N W,, then on one hand W; is a 
neighborhood of x, and on the other hand, x belongs to the closure of V, which 
imply W, NV Æ Ø, a contradiction. 

Now, since V N B = G and X is normal, there exist two disjoint open sets V; 
and W such that V C V, and B C W. As before, V, nW = Ø, and clearly the 
open sets V and W satisfy the desired properties. 

Alternatively: If a continuous function f: X — [0, 1] satisfies A C f—!({0}) 
and B C f—'({1}), then the open sets V = f~! ([0, $)) and W = f-!((3, 1}) 
satisfy A C V, B C W,and V NW =G. 


Problem 10.6. Show that a topological space is normal if and only if for each 
closed set A and each open set V with A C V, there exists an open set W such 


tht ACW CWCV. 


Solution. Let X be a topological space. Assume first that X is a normal space 
and let a closed set A and an open set V satisfy A C V. Then AN V° = Ø 
and V°“ is a closed set. Pick two disjoint open sets W and U such that A C W 
and V° C U. In particular, W N U = Ø. This implies W N V° = Ø, and so 
WCY. 

For the converse, assume that the property is satisfied and let A and B be two 
disjoint nonempty closed sets. If V = B°, then V is an open set such that A C V. 
By our hypothesis, there exists an open set W such that ACW C W C V = B°. 
If U = W", then U is an open set disjoint from W and satisfies B C U. This 
shows that X is a normal space. 


Problem 10.7. For a closed subset A of a normal topological space X , establish 
the following: 
a. There exists a continuous function f : X — (0, 1] satisfying f-({0}) = A 
if and only if A is a G5-set. 
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b. If A is a Gs-set and B is another closed set satisfying A N B = Ø, then 
there exists a continuous function g: X —» [0,1] such that g~'({0}) = A 
and g(b) = 1 for eachb € B. 


Solution. Let A be a closed subset of a normal topological space X. 


(a) If there exists a continuous function f: X — [0, 1] such that f —1((0}) =A 
then the identity 


A= f-"({0}) = r(A 1) y N f ([0 5) 


shows that A is a Gs-set. 

For the converse, assume that A is a Gs-set. Pick a sequence {V,,} of open sets 
such that A = (\>-_, Vn. Since AN V$ = Ø, it follows from Uryson’s lemma that 
there exists a continuous function f,: X — (0, 1] satisfying f,(a@) = O for each 
a € A and f,(x) = 1 for all x € V,°. Now, consider the function f: X — [0, 1] 
defined by 


fe) =) > & fax). 


n= 


From the Weierstrass’ M-test (Theorem 9.5) and Theorem 9.2, it is easy to see = 
f is a continuous function, and we claim that f~'({0}) = A. Clearly, f(x) = 
for each x € A. Now, assume f(x) = 0. Then f,,(x) = 0 for all n, and so (in view 
of f,(v) = 1 for each v ¥ V,,) we have x € V, for each n, i.e., x € (£, Vn =A. 
Therefore, f~! ({0}) = 

(b) Assume now that 0 is a closed G3;-set and B is another closed set such that 
A N B = Ø. So, there exist two disjoint open set V and W such that A C V and 
B C W. This implies that the sequence {V,,} introduced in part (a) can be assumed 
to satisfy V, C V for each n. In particular, each f, satisfies f,(b) = 1 for each 
b € B. Now, it is easy to see that the continuous function f constructed in the 
preceding part satisfies the desired property. 


Problem 10.8. Show that a compact subset A of a Hausdorff locally compact 
topological space is a Gs-set if and only if there exists a continuous function 
f:X — [0,1] such that A = f~'({0}). 


Solution. If A = f~'({0}), then—as in the solution of part (a) of the a 
problem—the set A is a Gs-set. For the converse, assume that A = (Vo, Vn, where 
each V, is an open set. By Theorem 10.8, for each n there exists a continuous 
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function f,: X — [0,1] such that f,(x) = 1 for each x € A and f,(x) = 0 for 
each x ¢ V,. Now, as in the the solution of part (a) of the preveeine problem, 
notice that the function f: X — [0, 1] defined by f(x) = aay wn fn(x) satisfies 
the desired properties. 


Problem 10.9. A topological space X is said to be perfectly normal if for every 
pair of disjoint closed sets A and B, there is a continuous function f: X — [0,1] 
such that A = f~'({0}) and B = f—'({1}). (Part (b) of Problem 10.2 shows that 
every metric space is perfectly normal.) 

Show that a Hausdorff normal topological space is perfectly normal if and only 
if every closed Set is a G5-set. 


Solution. Let X be a Hausdorff normal topological space. Assume first that X 
is perfectly normal and let A be a proper closed subset of X. If a € X satisfies 
a ¢ A, then AN {a} = Ø and {a} is a closed set. So, there exists a continuous 
function f: X — [0, 1] with f~'({0}) = A. This implies (as in the solution of 
Problem 10.7), that A is a G;-set. 

For the converse, assume that every closed set is a Gs-set. Let A and B be 
two closed disjoint sets. By Problem 10.7 there exist two continuous functions 
g,h: X — [0, 1] such that: 


i. g—'({0}) =A and g(b) = 1 for each b € B, and 
ii. A-'({0}) = B and h(a) = 1 for eacha € A. 


Now, let f = 4g + 3(1 — h), and note that f:X — [0,1], A = f~'({0}) and 
B= f~'({1)). 


Problem 10.10. Show that a nonempty connected normal space is either a sin- 
gleton or uncountable. 


Solution. Let X be a (nonempty) Hausdorff connected normal space. If X is 
not a singleton, then there exist a,b € X witha # b. Since X is Hausdorff, 
singletons are closed sets, and we have {a} N {b} = Ø. Now, pick a continuous 
eel X — [0, 1] such that f(a) = 0 and f(b) = 1. The assumption that z 
is connected guarantees (according to Problem 6.11(g)) that f(X) is here E 
and so f(X) = [0, 1]. This easily implies that X is uncountable—in fac fac e2 
cardinality greater than or equal to the rien of the continuum, jed i P 
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Solution. Assume that C is a closed subset of a normal space X and that f: X —> 
I is a continuous function, where / is an interval. The interval / must be one of the 
following type: (a, b), [a, b], [a, b), (a, b]. So, we shall establish the continuous 
extension of f by steps. 


STEP I: / is either of the form (a, b) or (b, a]. 


In this case, there exists a geu h:1 — [0,1). For instance, if 
—co <a < b < œ, then h(x) = }= is a homeomorphism between (a, b] and 
[0, 1). Likewise, ifa € R, then ages Trax defines a homeomorphism between 
(—oo, a] and [0, 1). 

Fix a homeomorphism h: 7 —> [0, 1) and consider the continuous (composition) 
function ho f:C — [0, 1) C [0, 1]. By Tietze’s extension theorem, there exists a 
continuous function g: X — [0, 1] satisfying g(x) = h(f (x)) for all x € C. The 
continuity of g guarantees that the set A = g~'({1}) is a closed subset of X. Also, 
since for each x € C, we have g(x) = h(f(x)) € [0, 1), we see that CN A = Ø. 
By Uryson’s lemma, there exists a continuous function 0: X — [0, 1] such that 
O(a) = 0 for each a € A and 0(c) = 1 for each c EC. 

Now, consider the function ¢@: X — [0, 1] defined by (x) = O(x)g(x). We 
claim that @(X) C [0, 1). To see this, letx € X. Ifx € A, then d(x) = O(x)g(x) = 
0-1 =0, andifx ¢ A, then0 < g(x) < landso d(x) = 0(x) g(x) < 1 is also true. 

Next, define the function f: X > I by 


f(x) = (h! 0 b)(x) = h (O(a)gQ(x)). 
If x € C, then 0(x)g(x) = g(x) = h(f(x)), and hence, 
f(x) =h" (h(f(x))) = fF). 


This shows that f: X — I is a continuous extension of f to all of X. 
STEP II: J = [a, b] with —oo < a <b < oo. 


The function h: [a, b] — [0, 1), defined by h(x) = 3-4, is a homeomorphism. 
By Tietze’s extension theorem, there exists a continuous function g: X — [0,1] - 
satisfying g(x) = (h o f)(x) for each x € C. Then the continuous function 

f =h"0g:X > [a, b) satisfies f(c) = f(c) for each c € C. 


STEP III: Assume I = (a, b) with —o0 < a < b < o. 


In this case, there exists a homeomo “ea h: (a, b) > (—1, 1). (For D. 
for Pid <a<b < o let h(x) = == — 1 and if (a, b) = (—00, 00) take 
h(x) = 2 arctan x.) Now, consider the poatiingus function ho f:C — (=1,1) c 
[—1, 1] and note that by STEP Il there exists continuous functions: Xioak {-1, 1] 
satisfying g(c) = (ho f Xc) for eachc e C. > k> oe tee 
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Next, let B = g~'({—1, 1}). Then B is closed and B NC = Ø. By Uryson’s 
lemma, there exists a continuous function 0: X —> [0, 1] satisfying 0(b) = 0 for 
eachb € B and @(c) = 1 foreachc € C. As before, define the continuous function 
@:X > [-1, 1] by d(x) = O(x)g(x). Then it is easy to see that P(X) © (—1, 1) 
and the function f: X —> (a, b), defined by f = h™' oġ, is a continuous extension 
of f. 


11. THE STONE-WEIERSTRASS APPROXIMATION THEOREM 


Problem 11.1. Let X be a compact topological space. For a subset L of C(X), 
let L denote the uniform closure of L in C(X). Show the following: 


a. If L is a function space, then so is L. 
b. IfL is an algebra, then so is L. 


Solution. Let f, g € L. Pick two sequences {fn} and {gn} of L that converge 
uniformly to f and g, respectively. Also, pick some M > 0 so that || fnlloo < M 
and ||gnllo < M hold for all n. 

(a) The inequality || f,|—||| < Ifa — f| shows that {| f,|} converges uniformly 
to |f|. Since | f,| € L for each n, it follows that |f| € L. This implies that L 
is a function space. 

(b) From the inequalities 


WSn8n — f8llo < llglloo : fn — f llo + lfa llo + Il8&n — Blloo 
< M (| fn 0h lares Billoo), 


it follows that the sequence {f,gn} of L converges uniformly to fg. Thus, 
fg € L, and so L is an algebra. 


Problem 11.2. Let L be the collection of all continuous piecewise linear func- 
tions defined on [0, 1}. That is, f € L vor only if f € C[0, 1] and there exists a 
finite number of points 0 = xo < xı < +++ < Xn = 1 (depending on f) such that 
_ f is linear on each interval {xm—1, Xm). Show that L is a function space but not 
_ analgebra. ee Hitt that L is dense inC 0, 1] with renee to the uniform — ; 
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foreach 1 <i < n. The function g, defined on each subinterval [x;—1, x;] by 
g(t) = f (x1) + VLE — xia), 


belongs to L and satisfies || f — gllo < £. 

An alternate way of proving the denseness of L is the following: Note that 1 € 
L and L separates the points of [0, 1] (why?). Thus, by the Stone—Weierstrass 
theorem, L is dense in C{0, 1]. 


Problem 11.3. Show that a continuous function f:(0, 1) —> R is the uniform 
limit of a sequence of polynomials on (0, 1) if and only if it admits a continuous 
extension to [0, 1]. 


Solution. Let f:(0,1) —> R be a continuous function. Assume first that f 
has a continuous extension to [0, 1]—which we denote by A . Then, by Cor- 
ollary 11.6, the function f is the uniform limit of a sequence of polynomials 
on [0, 1], and consequently f:(0, 1) —> R is likewise the uniform limit of a 
sequence of polynomials on (0, 1). 

For the converse, assume that there exists a sequence of polynomials {p,} that 
converges uniformly to f on (0, 1). Let € > O and then pick some nọ such that 
|Pn(x) — f(x)| < £ holds for all x € (0, 1) and all n > no. From the triangle 
inequality, we see that 


| pn(x) — Pm(x)| < |Pa(x) — F()| + |Pm(x) — f| < e+e =2e 
for all x €e (0, 1) and all n > no. By continuity, we infer that 


|Pn(X) — Pm(x)| < 2e 
brig 
holds for all x € [0, 1] and all n > no. The above show that {pn} is a Cauchy 
sequence of C[0, 1], and so (by Theorem 9.3) the sequence {p,} converges in 
C[0, 1], say to g € C0, 1]. It follows that f(x) = g(x) forall x € (0, 1), and so : 
g is a continuous extension of f:(0, 1) —> R to [0, 1). al ee ai 
Problem 11.4. ia f is a continuous function on [0, 1] such that hx n fag 
forn=0,1,. ++ Bia ROM TS ORR ae ae 5 00 Meee iii 


uiai to 


Solution. By Corollary 11.6, there exists a 
orbiter aera to + pi a tos hat (paf) at 
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Problem 11.5. Show that the algebra generated by the set {1, x*} is dense in 
C[O, 1] but fails to be dense in C{—1, 1). 
Solution. Since the function f(x) = x? separates the points of [0,1], the 
algebra generated by {1, x7} also separates the points of [0,1]. Thus, by the 
Stone—Weierstrass, this algebra must be dense in C[0, 1]. 

To see that the algebra generated by {1, x7} is not dense in C[—1, 1], note that 
for every f in the closure of this algebra, we have f(—1) = f(1). Thus, this 
algebra is not dense in C[—1, 1]. 


Problem 11.6. Let us say that a polynomial is odd (resp. even) whenever it 
does not contain any monomial of even (resp. odd) degree. 

Show that a continuous function f:{0, 1] —> R vanishes at zero (i.e., f (0) = 0) 
if and only if it is the uniform limit of a sequence of odd polynomials on [0, 1). 


Solution. If f is the uniform limit of a sequence of odd polynomials, then it 
should be clear that f vanishes at zero. For the converse, assume that f € C[0, 1] 
satisfies f(0) = 0 and let £ > 0. Define the function g:[—1, 1] —> R by 


re): if OSes 
zi) = —f(—x), if -l<x <0, 


and note that g € C[—1, 1]. By the Stone—Weierstrass theorem there exists a 
polynomial p such that |g(x) — p(x)| < € foreach x € [—1, 1]. 

Next, write p = q +r, where q is the odd polynomial consisting of the sum of 
all odd terms of p and r is the even polynomial consisting of the sum of all even 
terms (including the constant term) of p. In particular, note that g(—x) = —q(x) 
and r(—x) = r(x) hold for each x. Thus, if 0 < x < 1, then 


|F — g(x) = ra) = |s% — pœ] < e, 
and g(—x) = — f (x) implies 
Lœ -= g(x) +r | = |p(—x) - g(—x)| < e. 
from which it follows that | f(x) — q(x)| < e. (Here we use the elementary 
Property: if|a+b| < € and ja—b| < e, then |a| = |4 +5] < |42|+|5%| < 


€ and |b| < £.) In other words, the odd polynomial q is e-uniformly close to f 
-on [0, 1], and the desired conclusion follows. 
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Problem 11.7. if f:(0, 1] > R is a continuous function such that fy f ("8/x) 
dx = 0 for n =0,1,2,..., then show that f(x) = 0 for all x € [0, 1]. Does the 
same conclusion hold true if the interval [0, 1] is replaced by the interval {[—1, 1]? 


Solution. Assume that a continuous function f € C[0, 1] satisfies fy PEUR 
dx = 0 for each n = 0,1,2,.... Then the change of variable u = "yx 
(or x = u?”+t!) yields 


l 1 
| fev@ax= ent f u” f(u)du =0 
0 0 


and so fx?” f(x)dx = 0 holds for all n = 0, 1,2, .... The conclusion now 
follows immediately from Problem 11.5. 

The conclusion is not valid if we replace the interval [0,1] by the inter- 
val [—1,1]. For instance, if f(x) = x for all x €e [—1, 1], then note that 
ff CYx) dx =0 holds for all n = 0, 1,2,.... 


Problem 11.8. Assume that a function f :[0, 00) — R is either a polynomial or 
else a continuous bounded function. Then show that f is identically equal to zero 
(i.e., show that f = 0) if and only Pl if (xe dx = 0 foral n= 2 


Solution. Let f:[0, 00) —> R be a continuous bounded function. If f = 0, 
then clearly fy" f(x)e~™ dx = 0 holds for all n = 1,2,3,.... 
For the converse, assume that 


[0.0] 
/ f(xje™™ dx =0 holds forall n= 1,2,3;.... (x) 
0 
Using the change of variable u = e™, it follows from (x) that 
o0 l 
/ faye dx = | f(—Inu)u""! du =0, n=1,2,.... (xx) 
0 0+ 


In particular, [,,g(u)u" du = 0 holds for each n = 0,1,..., where g(u) = 
uf(—Inu). Since f is bounded, note that lim,—»o+ g(u) = 0 holds, and so g 
defines a continuous function on [0, 1]. From (*«), we see that So gan" dx =0 
holds for all n = 0, 1,2,.... Problem 11.4 implies that g = 0, and consequently 
f =0. 

A closer look at the above arguments reveals that we have sotoally proven the 
following result. 
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e Assume that f:[0,00) — R is a continuous function such that 
CO 
/ faj ™ dx =0 forallonsikikt ii ka 
0 


where k is a positive integer. If lim, o+ u” f (— Inu) = 0 for some natural 
number m, then the function f is identically equal to zero. 


Indeed, replacing n by n +k +m + 1 in (x+), we get 


1 
i, u™+* §(—Inu)u" du =0, n=0, 1 Zye 
0t 


which implies (as above) that f = 0. The reader can verify easily that any function 
f that satisfies |f (x)| < Ce** for some C > 0 and œ > 0 and all x > xọ also 
satisfies lim,_,o+ u” f (— ln u) = 0 for some natural number m. In particular, the 
reader should notice that every polynomial p satisfies an estimate of the form 
[p(x)| = Ce™. 

One more comment regarding the above discussion is in order. Recall that if 
Ff: (0, œœ) — R is a “nice” function, then the formula 


HODE Í eft) dt 


is called the Laplace transform of f. The Laplace transform is a linear operator 
and plays an important role in a wide range of applications. The reader should 
notice that in actuality property (e) asserts that the Laplace transform is a one-to- 
one operator when defined on an appropriate linear space of functions. (See also 
Example 30 of Chapter 5 in the text.) 


Problem 11.9. Show that a continuous bounded function f:[1, 00) > R is 
identically equal to zero if and only if fe x" f(x)dx = 0 for each n = 8,9, 
Tee 


Solution. The “if” part only needs verification. Therefore, assume that the fur c- i 
tion f:[1, 00) — R satisfies Spx" f(x)dx = 0 for each n = 8,9, 10, . e 
Using the change of variable u = x~ —! we see that TECT Eo 

iri AHO UN A 


af NE tiid =o e 


gW padig yilni wan y Pip ape ri 2 HIATT 


_ where 0 = pes es 
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yx" g(x) ax = 0 holds for each n = 0,1,2,.... By Problem 11.4, it follows 
that g = 0, and consequently, f = 0. 


Problem 11.10. Let A be an algebra of continuous real-valued functions defined 
on a compact topological space X and separating the points of X. Show that the 
closure A of A in C(X) with respect to the uniform metric is either all of C(X) or 
else that there exists a € X such that A = {f €C(X): f(a) = 9}. 


Solution. Let A C C(X) be an algebra, where X is compact. Now, consider 
the sequence of polynomials {P,,(x)} on [0, 1] defined by 


Py(x) =O and P(x) = Pa(x) + [x — (P,(x))] forn srln 


An easy inductive argument shows that each polynomial P,(x) has a constant 
term equal to zero. This guarantees that if f € A, then P,(f) € A for each n. 
Also, by Lemma 11.4, we know that the sequence {P,,(x)} converges uniformly 
to ./x on [0, 1]. Thus, if f € A is non-zero, then put c = || f loo, and note that: 


1. The sequence [P] C A converges uniformly to A, Hence, | f | € A. 
2. Since {P,(/)} <€ A converges uniformly to „/ Hl, we see that / 18 € A. 


Thus, if f € A, then both |f| and ./{f] belong to A. In particular, A is an 
algebra and a function space. 

Now, suppose that A is not of the form {f € C(X): f(a) = 0} for some 
a € X. This implies that for each x € X, there exists some f € A with 
f(x) #0. Thus, for each x € X, there exists some f, € A and a neighborhood 
V, of x with f,(y) #0 for all y € Vy. By the compactness of X, there exist 
Xi, ---sXn E€ X with X = Uj_, Vy- Note that the function g = f? ++ f2 
of A satisfies g(x) > 0 for each x € X. Multiplying by an appropriate constant, 
we can assume that g(x) > 1 holds for all x. Put h, = %/g, and note that 
h, € A and that h,(x) | 1 foreach x € X. fe Dini’s theorem, {hn} converges 
uniformly to the constant function 1, and so 1 € A. Theorem 11.5 no me 
that A = C(X) must hold. es datini a i 


l quips x A Tome acim ; > hae 
Problem 11.11. Let A be the vector space generated by the fi thoa * 
OME LA) oe Ley S SANIEN Bee 
ri: 


1, sinx, sin? X, sin? x, tee gra 
s> aa aa ae 
f : S E SCT PU eee 
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for each x € [0, 1}. Show that A is an algebra and that A is dense in C[0, 1] with 
respect to the uniform metric. 


Solution. Clearly, A is an algebra of functions that contains the constant function 
L. Also, since the function f(x) = sin x separates the points of [0, 1], the algebra 
A likewise separates the points of [0, 1]. By the Stone—Weierstrass theorem, A 
is dense in C[O, 1). 


Problem 11.12. Let X be a compact subset of R. Show that C(X) is a separable 
metric space (with respect to the uniform metric). 


Solution. The polynomials with rational coefficients form a countable set (why?). 
By Corollary 11.6, this set is dense in C(X). 


Problem 11.13. Generalize the previous exercise as follows: Show that if 
(X, d) is a compact metric space, then C(X) is a separable metric space. 


Solution. By Problem 7.2, we know that X is a separable metric space. Fix a 
countable dense subset {x;, x2,...} of X and for each n let f,:X —> R be 
the function defined by f,(t) = d(t,x,) for each t € X. 

Now, let x, y € X satisfy x Æ y. Put d(x, y) = 26 > 0. Choose some n 
with d(x, xn) < ô, and note that 


fa) = d(y, Xn) Ze d(x, y) =a, xe) = 26 —-) = 36 > d(x, Xn) = EJ: 


so that fa(x) Æ f,(y). This implies that the algebra generated by {1, fi, fo, ...} 
separates the points of X. By the Stone—Weierstrass theorem (Theorem 11.5), this 
algebra must be dense in C(X). 

Next, consider the collection C of all finite products of the countable collec- 
tion {1, fı, f2,...} and note that C is a countable set, say C = {g), g2,...}. To 
complete the proof note that the finite linear combinations of {1, g;, g2,...} with 
rational coefficients form a countable dense subset of C(X). 


Problem 11.14, Let X and Y be two compact metric spaces. Consider the 
Cartesian product X x Y equipped with the distance D, given in Problem 7.4, so 
that X x Y is a compact metric space. Show that if f € C(X x Y) ande > 0, then 
there exist functions { f\,..., fa} © C(X) and {g1,..., 8a} E C(Y) such that 


IF, ») — > AWL) < € 


isl 


holds for all (x, y) € X x Y. 


Section 11: THE STONE-WEIERSTRASS APPROXIMATION THEOREM 105 


Solution. Consider the set 


A= {hec(x xY): Iffin Sap SEH, (Sis «vy Ba} SEHD 


with h(x, y) = D> fiedgi(y) ¥ (ty) EX xY |. 
i=\ 


Then, A is an algebra of functions of C(X x Y) and 1 € A. On the other hand, if 
(x1, y1) # (X2, y2), then either xı # x2 or yı # y2. If xı # X2, then select some 
f €C(X) with f(x) Æ f(x), and let F(x, y) = f(x) forall (x, y) € X xY. If 
yı Æ J2, then pick some g € C(Y) with g(y,) # g(y2), and put F(x, y) = g(y). 
In either case, F € A and F(x, y1) Æ F(x, y2) holds, so that A separates the 
points of X x Y. Now, by the Stone—Weierstrass theorem (Theorem 11.5), we 
have A = C(X x Y), and the desired conclusion follows. 


CHAPTER 3. hid aa A AAA 


THE THEORY OF MEASURE 


12. SEMIRINGS AND ALGEBRAS OF SETS 
Problem 12.1. Jf X isa topological space, then show that the collection 
S = [C N O: C closed and O open} = {C1 \C2: C1, C2 closed sets} 


is a semiring of subsets of X. 


Solution. From Ø = ØNØ and X = X N X, we see that Ø, X €e S. Next, 
notice that Cı N O1, C2 N O2 € S imply 


(Ci N O1) N (C2 N 02)= (Ci NC2)N (O01 N Oa) ES. 
Now, if Ci N O,, C2 N O2 € S, then 


C1 N 01 \ C2003 = (C1 N 02) N (C2 N 02) 
= (Cı N ODN (CSU OS) 
= (Cı N ODN [CSU (0SN C] 
= [C1N(01NC5)]U[(C1:NC2N 09) N Oy] 
= AUB, 


where A = Ci N (0: N C$) € S and B = (Cı NC2 N 0$)N O; € S satisfy 
ANB =¢. 


Problem 12.2. Let S be a semiring of subsets ofa set X, and let Y C X. Show 
that Sy = {Y N A: A e S} is a semiring of Y (called the restriction semiring of 
S toY). 
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Solution. The conclusion follows from the identities: 


a YnNn@=G; 
O AAMO NB) = AAN) sha 
SG THA\ NB Sy AVAN Bi 


Problem 12.3. Let S be the collection of all subsets of [0, 1) that can be written 
as finite unions of subsets of [0, 1) of the form [a, b). Show that S is an algebra of 
sets but not a o-algebra. 


Solution. Let A = \J*_,[a;,b;) and B = Uj-ile j, dj). Then, we have 


a AUBeS; 
. ANB = Uiz Uja lai, bi) A (cj, dj) € S; and 
c. [0, 1) \ A = (Nia (10, 1) \ [a;, b;)) € S, where the last membership holds 
since each [0, 1) \ [a;, b;) can be written as a finite union of sets of the 
form [a, b). 


To see that S is not a o-algebra note that N72; [0, 1) = {0} ¢ S. 
Problem 12.4. Prove that the o -sets of the semiring 

S ={[a,b): a DER] 
form a topology for the real numbers. 


Solution. Let t be the collection of all o-sets of S. Clearly, Ø € t and R = 
Ur ,[—n, n) € t. It should be clear that t is closed under finite intersections. 
Thus, in order to establish that t is a topology, we need to show that t is closed 
under arbitrary unions. That is, if {{a;,b;): i € I} is a collection of nonempty 
members of S, then we must show that A = (),.,[a;, bi) belongs to zt (i.e., that 
A is ao-set). 

To see this, let V = (J;e; (a;i, bi). Then, V is an open set, and thus, there exists 
an at-most countable collection of pairwise disjoint open interval {(cj, dj): j € J} 
(see part (g) of Problem 6.11) such that V = U jez(cj, dj). For each j € J, let 
Aj = [cj,dj) if cj = a; for some i € I and let Aj = (cj, dj) if cj Fa | 
i € 1. Clearly, each Aj is a ø-set. Moreover, it is easy to see that A = Uje; Aj 
_ hold: which shows that A is a o-set. Bart ae 
ee APES. A aan y pagans. hie? | 


z > 


eo A 
ay oF 


4 iP. 
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Solution. Since S is already closed under finite intersections, it follows from 
the definition of a base that S will be a base if and only if U,esA = X: 

Now, assume that (_),.¢A = X holds. Note first that if A, B € S, then (since 
S is a semiring) A \ B can be written as a finite union of (disjoint) members 
of S. It follows that A \ B belongs to the topology generated by S. Thus, if 
B e S, then the relation 


BS =X \ Be (A) A 8 =U \ 8). 


AES AES 


shows that B° belongs to the topology generated by S. That is, in this case, every 
B € S is a closed and open set. 


Problem 12.6. Let A be a fixed subset of a set X. Determine the two o -algebras 
of subsets of X generated by 


a. {4}, and i 
b JB. AG B.C X}. aO 


Solution. (a) {Z, A, A°, X} and (b){B: ACB or AC B9}. 


af 
Problem 12.7. Let X be an uncountable set, and let ; ; 
i 
S= {E CX: E or E° is at-most countable}. $ of 
i i vituie’ 
Show that S is the o -algebra generated by the one-point subsets of X. 


Solution. Clearly, S contains the one-point subsets of X, and every member of 
S must be a member of the o-algebra generated by the one-point hs Thus, 
remains to be shown that S is a ø-algebra. 7 -a 
Clearly, Ø, X € S and S is closed under complement t on. Th 
{An} C S. If each A, is at-most countable, then ba | Ár is at-m ost cou 
and consequently LJ% A, € S. On the other hand, if some Ay fait ned 
then (A,)° is at-most countable and the inclusion An 5A 
that UZ, A, es. miy ion (Una 4 ffa 


Problem 12.8, Chae the metric spaces Hai 
Fy hh gid ined ite Papaa mnoo i 
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{x} = NZ, B(x, +) shows that {x} is an open set. This easily implies that every 
subset of X is open (i.e., t = P(X) holds). 


Problem 12.9. Determine the o -algebra generated by the nowhere dense subsets 
of a topological space. 


Solution. Let X be a topological space. Define 
A={ACX: A is meager or A° is meager}. 


Recall that a set is called meager if it can be written as a countable union of nowhere 
dense sets—a set A is nowhere dense if (A)? = Ø. We claim that A is the ø- 
algebra generated by the nowhere dense sets of X. Clearly, every nowhere dense 
set belongs to A, and every member of A belongs to the o -algebra generated by 
the nowhere dense sets. So, it suffices to establish that A is a ø -algebra of sets. 
Clearly, Ø, X € A. Also, it should be obvious that A is closed under comple- 
mentation. Now, let {A} C A. Ifeach A, is meager, then clearly >”, An € A. 
On the other hand, if (A,)° is a meager set for some k, then the set inclusion 
(UZ, An) C (Ax)® implies JS; An € A. Therefore, A is a o-algebra. 


Problem 12.10. Let X be a nonempty set, and let F be an uncountable collection 
of subsets of X. Show that any element of the o -algebra generated by F belongs 
to the o -algebra generated by some countable subcollection of F. 


Solution. Assume F to be uncountable. Let A be the o-algebra generated by 
F. Denote by {A;: i € I } the family of all o -algebras each of which is generated 
by a countable subset of F. It suffices to show that B = |);., A; is a o-algebra 
(because if this is the case, then A = B must hold, and the conclusion follows). 
Clearly, Ø € B. Also, if A € B, then it is easy to see that A° € B likewise 
holds. Now, let {A,} C B. Since each A, belongs to a o-algebra generated 
by a countable subset of F, it easily follows that there exists some i € 7 with 
{An} C Ai. Thus, °°, A, € A; C B. That is, B is a o-algebra, as required. 


Problem 12.11. Show that every F,- and every G5-subset of a topological space 
is a Borel set. 


Solution. The Borel sets are the members of the o -algebra generated by the open 
sets. So, a countable intersection of open sets (or a countable union of closed sets) 
is always a Borel set. | 


Problem 12.12. Show that every infinite o -algebra of sets has uncountably many 
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Solution. Let A be an infinite o-algebra of subsets of a set X. If A contains a 
sequence {A,} of nonempty pairwise disjoint sets, then A has uncountably many 
members. Indeed, if this is the case, then for each subset s of natural numbers 
let As = Une, An € A, and note that A, # A; if st. By Problem 5.6, the 
collection {A,: s € P(IN)} has uncountably many members, and so A must 
likewise have uncountably many members. 

Next, we shall show that there exists a sequence {B,} C A with Ba+ı © Bn 
and B,.; + Bn for all n. If this is done, then put A, = Bn \ B,+1, and use the 
above arguments to see that A is an uncountable set. 

Using induction, we shall establish the existence of a sequence {Bẹ} such that: 


l. Bri © Bn and B,4, Æ Bn for all n, and 
2. {Ba NA: A € A} isan infinite set. 


The basic step of the induction is the following: Assume that B, € A has been 
chosen so that {Bn NA: AE A} has infinitely many members. Choose C € A 
so that Ø C Ba, NC C B,, is a proper inclusion at both ends. In view of 


B,NA=[(B,NC)NA|U[(B, \C)N A], 


we see that either {(B,C)MA: A € A} or {(B, \ C)NA: A € A} isinfinite. If 
{(B,C)NA: A € A} is infinite, put B,+1 = Ba NC. If {(B,NC)NA: A € A} 
is finite, put B,+,; = B, \ C. 

Start the induction with B, = X. 


Problem 12.13. Let (X, t) be a topological space, let B be the o -algebra of its 
Borel sets, and let Y be an arbitrary subset of X. If Y is considered equipped with 
the induced topology and By denotes the o -algebra of Borel sets of (Y, t), then 
show that 

By ={ANY: Ae B}. 


Solution. Let (X,t), Y, and By be as in the problem, and let 


A={ANY: AeB} 


We have to show that By < both l d. i 
Clearly, A is a o-alge ay wi ' Y and ONY € A holds f 
O ert. Thus, A contains she opan set sof Y, and so B BEAN 


aien aes, , r 
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It is easy to see that C is a o-algebra of subsets of X satisfying t C C. Hence, 
C = B, and this implies that A C By. Therefore, By = A, as claimed. 


Problem 12.14, Let Ai,..., An be sets in some semiring S. Show that there 
exists a finite number of pairwise disjoint sets B,, ..., Bm of S such that each A; 
can be written as a union of sets from the B,,..., Bm. 


Solution. We use induction on n. For n = 1 the result is trivial. Thus, assume 
that the result is true for some n, and let Aj,..., An, An41 be members of S. 
Pick a finite number of pairwise disjoint members B,,..., Bm of S such that 
each A;, | <i < n, can be written as a union of sets from B,,..., Bm. Clearly, 
Use: Ai S UF, Bj. The sets By N Anı, ---, Bm Anyi are pairwise disjoint 
members of S. On the other hand, foreach 1 < i < m there exists a finite pairwise 
disjoint collection F; C S with B; \ Anyi = Uce, C (by the definition of the 
semiring). Thus, the collection 


FAU OFr Ü {BN Anti, ---) Bm | Age ee 


is finite and pairwise disjoint. Moreover, each A; (1 <i < n) can be written as a 
union of members of F. Now, observe that 


m 
Ansa = (Amst \ (J By) U (BEA Anti) U---U (Bm 0 Anat). 
j=l 


Ki Thecrem 12.2(1) there exist pairwise disjoint sets D,,..., Dy in S such that 

An+i \ U= Bi = Lt_, D,. Finally, the collection F U (Ds , Di} © S is 
finite and pairwise eaten and each set A; (1 < i < n + 1) can be written as a 
union from these sets. 


13. MEASURES ON SEMIRINGS 
Problem 13.1. Let {an} be a sequence of non-negative real numbers. e y u (G D i 


0, and for every nonempty subset A of N put BA) = peer = 
u: PON) > [0, 00] is a measure. 
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Problem 13.2. Let S be a semiring, and let u: S — [0, 00] be a set function 
such that (A) < oo for some A e S. If m is o -additive, then show that m is a 
measure. 


Solution. Write A= AUØUØU..-.. Then, 


u(A) = (A) + WG) + uD) + °°: 


If u(Ø) > 0, then (A) = 00, contrary to our hypothesis. Thus, a(Ø) = 0, and 
so u is a measure. 


Problem 13.3. Let X be an uncountable set, and let the o -algebra 
= {E C X: E or E° is at-most countable} ; 


see also Problem 12.7. Show that u: S —> [0, 00), defined by (E) = 0 if E is 
at-most countable and u(E) = 1 if E° is at-most countable, is a measure on S. 


Solution. Clearly, (Ø) = 0. For the o-additivity of u let {En} C S bea 
pairwise disjoint sequence. Let E = |); En. If each E, is at-most countable, 
then E itselfis at-most countable, and so w(E) = pnas (En) = 0 holds. On the 
other hand, if Ef is at-most countable for some k, then (in view of En N E; =Ø 
for n # k) we must have E, C Ey for n Æ k, and so E, is at-most countable 
for each n Æ k. Thus, 


1 = w(E) = WE) = En: 


n=l 


It is interesting to observe that if X = [0, 1], then S is a o-subalgebra of the 
Lebesgue measurable subsets of [0, 1], and « is the restriction of the Lebesgue 
measure to S. 


Problem 13.4. Let X be a nonempty set, and let f: X — [0, co] be a function. 
Define u: P(X) —> [0,00] by (A) = $ xea f(x) if A # Ø and is at-most 
countable, (A) = œ if A is uncountable, and u(Ø) = 0. Show that u is a 
measure. 


Solution. For the o-additivity of jz, let {A,} be a pairwise disjoint sequence of 
subsets of X. Let A = Kp An. If some A, is uncountable, then A is likewise 
uncountable, and hence, in this case 4(A) = $>; (An) = 00 holds. On the 
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other hand, if each A, is at-most countable, then A is also at-most countable, 
and so 


WA) = > FG) = | S709] = 2 An) 
i=l 


reEA h=] xéEAp 
also holds. 


Problem 13.5. Let S be a semiring, and let u: S —> [0, 00] be a finitely additive 
measure. Show that if u is o -subadditive, then u is a measure. 


Solution. Let {A,} C S bea pairwise disjoint such that A = J, A, € S. By 
hypothesis, 4(A) < }*° , (An) holds. On the other hand, if k is fixed, then there 
exist pairwise disjoint sets B,,..., Bm € S such that A \ U$; An = UM, Bi 
(see Theorem 12.2). Since A = lene An] U [U Bi] is a finite union of 
pairwise disjoint members of S, the finite additivity of 4 implies 


k k m 
>| MAn) < D> w(An) + D> H(Bi) = uA). 
n=1 n=1 i=l 


Since k is arbitrary, $`% u(An) < (A) also holds, and so yz is a measure. 


Problem 13.6. Let {un} be an increasing sequence of measures on a semiring 
S; that is, pn (A) < Un41(A) holds forall A € S andalln. Define u: S — [0, o0] 
by (A) = sup{un(A)} for each A € S. Show that u is a measure. 


Solution. Clearly, u(Ø) = 0. Now, let {A„} € S bea pairwise disjoint sequence 
such that | J, A, = A € S. Since each u; is a measure, 


n=] 


pi(A) = S pi(An) < J u(An) 


n=1 n=1 
holds, and so u(A) < $`, u(A,). On the other hand, for each k we have 
P E Jim n uan = = lim ui (Ùa. ) < (A). 
n=1 


Thus, P nci H(An) < u(A) also holds, which shows that the measure p is g- 
additive. 
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Problem 13.7. Consider the semiring S = {A C R: A is at-most countable}, 
and define u:S — [0, co] by u(A) = 0 if A is finite and (A) = œœ if A is 
countable. Show that u is a finitely additive measure that is not a measure. 


Solution. Let Aj,..., An be pairwise disjoint members of S. Put A = Jj, Ai- 
Ifeach A; isa finite set, then A is likewise a finite set, and )>/_, “(A;) = (A) = 
0 holds. On the other hand, if one of the A; is countable, then A itself is also 
countable, and }*"_, u(A;) = (A) = co holds. Thus, is a finitely additive 
measure. 

To see that u is not o-additive, note that N = J°2,{n}, while 


0= > udn) < WON) = 00 
n=] 


Problem 13.8. Show that every finitely additive measure is monotone. 


Solution. Assume that u: S — > [0, co] is a finitely additive measure. Let 
A, B e S satisfy A C B . Choose a finite collection of disjoint sets C;,..., Cn 
of S such that B \ A = U; C;. Then, 


B= AUC) Ua Uies 


is a finite union of pairwise disjoint sets of S. Thus, by the finite additivity of u, 
we have 


pA) < w(A) + W(C1) +--- + W(C,) = p(B). 


Problem 13.9. Consider the set function u defined in Example 13.6. That is, 
consider a nondecreasing and left-continuous function f:R — R and then define 
the set function 4:S —> [0, 00) by u(la,b)) = f(b) — f(a), where S is the 
semiring S = {[a, b): —oo < a < b < 00}. Prove alternately the fact that p is a 
measure. 


Solution. An alternate way of proving the o-additivity of yu is as follows. Let 
a < b and let [a, b) = Badri EA b„) with the sequence {[a,, bn)} pairwise 
disjoint. For each a < x < b let 


ss = X [f6 = fa], 
i 


where the sum (possibly a series) extends over all i for which [a;, bi) e oe x) 


holds; we let sy = 0 if there is no such interval. Since f is nondecreasing, we 
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have s, < f(x) — f(a). Next, note that the set antag 
A = {x € (a,b): sx = f(x) — f(a)} 


is nonempty. Let t = sup A, and note that a < t < b. Now, for x € A, we have 


E 


fx) -— fla) = sx <5 < ft)-f@, 
and so, by the left-continuity of f, we get s, = f(t) — f(a). That is, t € A. 
Our objective is to establish that t = b holds. Assume by way of contradiction 
that a < t < b. Then a < t < by, must hold for some k. Since the sequence 
{[an, bn)} is pairwise disjoint, observe that [a;, bi) C [a, t) holds if and only if 
[a;, bi) C [a, ay). Thus, St = Sa, holds. In particular, the relation 
fO-f@O=s =sy < fad-f@OsIO-f@ 


guarantees that a, € A. However, this implies by; € A, which is impossible. There- 
fore, t = b holds, which guarantees that 


y([a, b)) = > (lan. bn)). 


n=l 


14. OUTER MEASURES AND MEASURABLE SETS foil W 


Problem 14.1. Show that a countable union of null sets is again a null set. 


Solution. The conclusion follows from the inequality CEA emake s 
i con p (Shee 
wu sae SA 


n=1 n=l 


co co i 
»(\J4s):< Ao A a 


£ 5. (iv innate 
Problem 14.2. Jf is an outer measure on a set X and A is a 
that oles. > ae 
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Solution. The conclusion follows from the inequalities: 


u(B) < (BU A) = p(B \ A)U A) 
< m(B \ A) + u(A) = (B \ A) < p(B). 


A 


Problem 14.3. Let u be an outer measure on a set X. If a sequence {An} of 
subsets of X satisfies $` >, u(An) < 00, then show that the set 


= {x € X: x belongs to A, for infinitely many n } 
is a null set. 
Solution. Assume that a sequence {A,} satisfies $o , (An) < 00. For each n 
let En = U, Ai, and note that E C E, holds for each n. Therefore, 
(0.9) 
0 < WE) < u(En) < È (Ai) — 0, 
i=n 
and hence (E) = 0. 


Problem 14.4. If E is a measurable subset of X , then show that for every cubes 
A of X the following equality holds: 


u(E N A) + WE U A) = WE) + u(A). 


Solution. The measurability of E gives o sift scat 
WE UA) = p((E U A)N E) + u((E TAR D) t AE 

| NO 
Consequently, we have bee 2 


WE U A) + WE N A) = WE) + ANE) + HANE = ad ui 
Problem 14.5. Let p be an outer measure ona C. If 
able subset ble set such í 
HEN 2 0 sala plein ‘i Ma 


sib oe ees 
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Problem 14.6. Let A be a subset of X, and let {E,} be a disjoint sequence of 


measurable sets. Show that 
oO (0,6) 
u( (Jan En ) = YMAN En). 
n=1 n=l 
Solution. From the o-subadditivity of u, we see that 
[e.0) (0,0) o0 
u(an [U E]) =u(U An En) < JuAn E. 
n=) n=] n=1 


On the other hand, Lemma 14.5 implies 


Dua NEn = "(AN [Ù En|) su(an [Ù E, |) 


for each k, and so °°, u(AN En) < (A N [UZ E,]) also holds. 


Problem 14.7. Let {A,} be a sequence of subsets of X. Assume that there exists 
a disjoint sequence {B,} of measurable sets such that A, © B, holds for each n. 
Show that 


u( Ú An) = See 
n=1 n=1 


Solution. Put A = J%, A, and note that A N B, = A, holds for each n. 
Thus, using the preceding problem, we see that 


„(Ü An) =u(An [Ú B, |) = » MAN By) =) uA). 
n= n= n= n=l 


Problem 14.8. Let p be an outer measure on a set X. Show that a subset E of 
X is measurable if and only if for each € > 0 there exists a measurable set F such 
that F C E, and WE \ F) < €. 


Solution. If E is measurable, then F = Æ satisfies the condition foreach e > 0. 
For the converse, assume that the condition is satisfied. 

Start by choosing for each n a measurable set F, with F, C E andu(E \ Fa) < Ł. 
Put F = J". F, C E, and note that F is measurable. Consequently, 
ME \ F) < WE \ F,) < + for each n implies u(E \ F) = 0, and so 
E \ F is measurable. The measurability of E now follows from the identity 
E=FUC(E \ F). 
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An alternate proof of the preceding part goes as follows. Let A be a subset of 
X with u(A) < oo. If € > 0 is given, pick a measurable subset F with F C E 
and u(E \ F) < €. Then 


u(A N E) = u(A N [F U(E \F))) 
< MANF)+u(AN(E\F)) < WANF) +e 


implies u(A N F) — u(A N E) > —e, and so 


u(A) = WAN F) + WAN F’) 
> WAN F)+ WAN ES) 
= MANE) ++u(ANE)+[u(AN F)— WAN E)] 
> MAN E)+ WANE‘) —e 


for all € > 0. This implies w(A) > u(A N E) + (A N E°), which shows that £ 
is a measurable set. 


Problem 14.9. Let u be an outer measure ona set X. Assume that a subset E 
of X has the property that for each € > 0, there exists a measurable set F such 
that u(E AF) < €. Show that E is a measurable set. 


Solution. Let € > 0. According to the preceding problem, it suffices to show 
that u(E \ G) < £ holds for some measurable set G with G C E. 

For each n choose F, € A with W(EAF,) < 2~"e. Put F = Joon Kew 
Since F \ E C F, \ E holds, we have 


WF \ E) Sula \ E) < 28 


for each n, and so (F \ E) = 0. Thus, F \ E € A, and hence FN E = 
F \ (F \ E) is also a measurable set. Now, note that F N E C E holds and 


ME \ EN F) = uE \ F) = "(UE \ Pa) < YO uE \ Fa) < e. 
n=1 n=l 


Problem 14.10. Let X = {1,2,3}, F = {Ø, {1}, {1, 2} } and consider the set 
function p: F —> [0, 00] defined by (Ø) = 0, w({1}) = 2 and p({1, 2}) = 1. 
a. Describe the outer measure p* generated by the set function p. = 


b. Describe the o -algebra of all u*-measurable subsets of X (and conclude me | 


that the set {1} € F is not a measurable set). 
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Solution. (a) The outer measure u*: P(X) — [0, oo] is given by 


mO =v, u“) sji *({2} = u*({3} ki 
PL2 = 1, L S aal = 


(b) The o -algebra of all measurable sets is A = (Ø, {ahi G2 X}. 


Problem 14.11. Letv: P(X) — [0, co] be a set function. Show that v is an outer 
measure if and only if there exista collection F of subsets of X containing the empty 
set and a set function u: F —> [0, œo] with (GZ) = 0 satisfying v(A) = w*(A) 
forall A € P(X). 


Solution. Assume first that v: P(X) —> [0, oo] is an outer measure. Let F = 
P(X) and u = v. We claim that v(A) = u*(A) holds for each A € P(X), where 


u*(A) = inf (An): {A,} CF and AC Ü An}, 
n=1 


n=1 


and inf Ø = oo. To see this, let A € P(X). From A = AUGUGUG.:---, we see 
that u*(A) < (A) = v(A). On the other hand, if A € (J™, A, holds true, then 
from the o-subadditivity of v, we see that 


v(A) < D v(An) = YHA) 


n=1 =| 


and so v(A) < p*(A) is also true. Hence, v(A) = u*(A) for each subset A of X. 

For the converse, assume that the outer measure u* generated by a set function 
ut: F — [0, oo] satisfies u(Ø) = 0 and v(A) = u*(A) for each A € P(X). We 
shall show that v is an outer measure by verifying the three properties required to 
be satisfied by v in order to be a measure. 


od 0 < WD) = u*(Ø) < WG) + UG) + u(Ø) +--+ = 0, we see that 
v(Ø) 

(2) ) (Monotonicity) Let A C B and let {A,} be a sequence of F with B G 
Una An- Then, A S (°°, An, and so u*(A) < E2, u(An). Therefore, 


v(A) = p*(A) < ins uan: (An) S F and B E Ù) An } = u*(B) = v(B). 


n=1 


(If there is no sequence {A,} of F with B C UZ; An, then u*(B) = oo, and 
v(A) < v(B) = u*(B) is trivially true.) i ihe 
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(3) ee a eee Let {E,} be a sequence of subsets of X and let E 
Upsi En. If rn B*(En) = 00, then WA) = UEN S aN) 
>, V(E,) is trivially true. So, assume J `p; U*(En) < 00 and let e > 0. 
For each n pick a sequence {Af} of F with En C U2, Ax and 


DHA) < H(En) +2 = V(En) +28. 
Si 


Clearly, E CU”, U2, A% holds, and so 


v(E) = pE) < Sh y5 u(Ak) < DELA pai = 3 v(En) + £. 


nS kE n=1 n=1 
Since £ > 0 is arbitrary, v(E) < $7; v(En), and we are done. 


Problem 14.12. Consider an outer measure u ona set X and let A be the 
collection of all measurable subsets of X of finite measure. That is, consider the 
family A= {A € A: u(A) < ov}. 
a. Show that A is a semiring. 
b. Define a relation =~ on A by A = B if p(AAB) = 0. Show that ~ is an 
equivalence relation on A. 
c. Let D denote the set of all equivalence classes of A. For A € A let 
A denote the equivalence class of A in D. Now, for A,B € D define 
d(A, Š) = u(AAB). Show that d is well defined and that (D, d) is a 
complete metric space. 


Solution. Note that if A, B, and C are three arbitrary sets, then 


AAC S (AAB) U (BAC). y 


(a) Straightforward. (Note that in actuality A is a ring eee 
(b) If A, B, and C in Ar eatisty- Ae B ‘and 'B'ce C, then the re 
ett TO 1og%G sails ba ed 
WAAC) < (AB) U (B ae) < Maas) + MBAC): 
Misas i 
shows that PLTA TETT E ARM 
OKAZA ang ahoka 
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Similarly, w(A;AB,) < “(AAB), and so (AAB) = w(A;AB;). This shows 
that d(A, B) = (AAB) is well defined. 
For the triangle inequality, note that 


d(A, B) = u(AAB) < u(AAC) + (CAB) = d(A, C) + d(C, É). 


Thus, (D, d) is a metric space. What remains to be shown is that (D, d) is a 


complete metric space. 
To this end, let {A,,} be a Cauchy sequence of D. By passing to a subsequence, 
we can assume that 


d(Ans1, An) = MAn AA) <2 


holds for each n. Set A = QZ, UFS; Ai € A. Now, let n be fixed and note that 
ACU, Ai = An U (UZ, (Aii \ A;)) holds. Thus, 


H(A) < W(An) + 9 M(Aist \ Ai) < (An) +2™ < 00, 


i=n 


and so A € D. Moreover, we have 


WA \ An) < w(( Jia \ Ad) < Ys ularn \ Ad < 27% 


i=n i=n 


On the other hand, if x € A, \ A, then x € A, and x ¢ A = Mem ire Ai- ’ 
Consequently, there exists some k > n with x ¢ A; foreach i > k. This i 

A, \ A C Uz, (Ai \ Aisi), and so (A, \ A) < Xien MCA: \ Aisa) <27 
also holds. Therefore, — 


d(A,, A) = (A, AA) = p(An \ A) + UCA \ An) < 21" y 

bolda for each 2, This shows that lim d( An sA) = Dand no (Onai is AR 

metric space. Gree s odternata proof fA i E. 
SAAI + Sich DAA 


RATED BY A MEASI URE. 


É 
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Solution. Let E be a measurable subset of X and let {A,} be a sequence of 
A such that 


a. {An O E} is a pairwise disjoint sequence; and 
b. there exists some A € S such that AN E =U), An NE. 


Using the fact that u*: A —> [0, oo] is a measure, we see that 
(0.6) (0,0) 
u*(A Q E) = (UG, N E)) = 2p AE): 
n=1 n=1 
and so u* is a measure when restricted to the semiring Sz. 
Problem 15.2. Let (X, S, u) be a measure space. Show that 
u*(A) = inf{u*(B): B is ao-set such that A C B} 
holds for every subset A of X. 


Solution. Let {A,} C S and let B = UP, An. By Theorem 12.2(3), there 
exists a pairwise disjoint sequence {B,} of S such that B = J”, Bn. Thus, 
for A C X, there exists a sequence {A,} of S with A C UES An if and only if 
there exists a o-set B with A C B. The desired equality now follows from the 


relation 


n(A) w(Br) = HB) SY A 


n=l n=1 


Problem 15.3. Show that every interval I of R is Lebesgue measurable and 
A*(1) = |I | (=the length of 1). 


Solution. In Example 15.5, we established that the intervals 7 of the form [a, b] 
and [a, 00) are Lebesgue measurable and that 4*(/) = |7| holds for these cases. 
We shall consider the other cases separately. Assume —o0 < a < b < œ. 


a. I = (a,b]. Choose a sequence {x,} of real numbers with x, | a and 
a < Xn <b foreach n. Thus, by Example 15.5, we have 


A*((a, b}) = lim A*([xn, b]) = lim (b — x,) = b —a = |. 


b. Z= (a,b). Pick a < Xn < b with x, | a and observe that [x,, b) ¢ (a, b). 
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c. J =(—oo,a). Note that [a — n,a) t (—00, a) and so 
A*((—00, a)) = Jim A(la —n,a)) = Jim n =00 = |/|. 
d. I =(—o, a]. Note that (—oo, a) C (—0v, a] and so from the inequality 
00 = |(—00, a)| = A*((—00, a)) < A*((—00, a]), 


we see that |Z| = A*(/) = oo 

e. J =(a,0o). The conclusion follows immediately from the obvious inclu- 
sion [a + 1, œo) C (a, 00). 

f. I =(—oo, 00). Note that [0, 00) C (—09, 00). 


Problem 15.4. Show that every countable subset of R has Lebesgue measure 
zero. 


Solution. Let a € R. Then, {a} C [a — e,a + £) holds for each € > 0 and so 
A*({a}) < A*([a — €,a + €)) = 2e forall € > 0. Therefore, A*({a}) = 0 holds 
for all a € R. If A = {a;, a, ...} = U£ {an} is a countable set, then note that 
A*(A) < EZ, A*({an}) = 0 so that A*(A) = 0. 


Problem 15.5. For a subset A of R and real numbers a and b, define the set 
aA +b = {ax +b: x € A}. Show that 

a. A*(aA +b) = |alA*(A), and 

b. if A is Lebesgue measurable, then so is aA + b. 


Solution. Let A C Rand fix tworeal numbers a andb. Since A C J, lan, bn) 
holds if and only if A +b C Ulan + b, bn +b) holds, it is easy to see that 
A*(A + b) = 4*(A). The identities 7 sale 


as 
A 


EN(b+A)=b+(E—b)NA and EN@+AY =b+E- bna 


imply TALE ri = Hit rel (28) 
* 9489 FSAIG airi aaf 

A (EN +A) +A (E neran) = AU =b) N A) - 

ie S MANAT iDan i ia 


wich shovs at A isn 
bek 


f Th EM 
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a eR and since A*([ap, bn)) = A*((an, bn)), it follows that 4*(aA) = |a|A*(A) 
for each a € R. Now, the identities 


ENaA =a((a E)NA) and EN(aA) = a((a™'E)N A‘) (a #0), 


imply 
A*(E NaA) + A*(E N (aA¥) = Jal[a* (a7 E)n A) +a* (a7! E)N A°)], 


which shows that A is measurable if and only if aA is measurable for each 
aeéR. 
Now, (a) and (b) follow from the preceding discussion. 


Problem 15.6. Let S be a semiring of subsets of a set X , and let p: S — [0, co] 
be a finitely additive measure that is not a measure. For each A C X define (as 
usual) 


wa) =int{ $ mAn): (Ay) G Sand A cl JA }. 


P=) 


Show by a counterexample that it is possible to have u + u* on S. Why does this 
not contradict Theorem 15.1? 


Solution. Consider the finitely additive measure u of Problem 13.7. Clearly, 
HAIN) = œ. Since IN = Vrait”) e S, we have u*(N) < E% w({n}) = 0, and 
so 0 = u*(N) < uN) = 

This conclusion does not OANE Theorem 15.1, since the rni 
measure was essential for its proof. LM ited 


Problem 15.7. Let E be an arbitrary measurable subset of a measure space E 
(X, S, u)and consider the measure space (E, Sg, v), where Sp = {ENA: Ae pons 

and v(E N A) = u*(E N A), see Problem 15.1. Establish ihe folie roperties 
regarding the measure space (E, Sg, v): 


a. The outer measure ey: ct wks 
bela Sie pe kia 
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Solution. Let (X, S, m), E, and v be as defined in the problem. 
(a) Let B be an arbitrary subset of E. If {A,} is a sequence of S satisfying 
B C (JS, An, then note that B C 72, E N An and so 


oO 


v"(B) < SS 0B An) = So U'EN An) $ Ý lAn) 


n=1 n=l n=! 


This implies v*(B) < u*(B). On the other hand, if {A,} is a sequence of S 
satisfying B C LJ, E N An, then we have 


u*(B) < DU u*(E N An) = 9 (EO An). 
n=l n=l 


Thus, u*(B) < v*(B) also holds, and so v*(B) = yu*(B) for each subset B 


of E. 
(b) Let F be a subset of E. Assume first that F is v-measurable. If A € S, 


then note that 


u*(AN E) + u*(AN (X \ E)) 
v*(ANE)+u*(AN(X \ E)) 

= v*((ANE)NF)+v*((ANE)N(E \ F))+u* (A N (X \ B)) 
u*(AN F)+u*([AN(E \ F)]U[AN(X \ EJ) 
w(ANF)+pu*(AN(X \ F)), 


L(A) 


IV 


which shows that F is z-measurable. 
For the converse, assume that F is yz-measurable. If A is an arbitrary subset 


of E, then note that 


v*(A) = u*(A) = (ANF) +p*(AN(X \ F)) 
u(ANF)+u*(ANCE \ F)) 
v*(ANF)+v*(AN(E \ F)), 


which means that F is also v-measurable. 

Problem 15.8. Show that a subset E ofa measure space (X, S, u) is measurable 
if and only if for each € > O there exists a measurable set A, and two subsets Be 
and Ce satisfying 


E = (Ae U Be) \ Ce, u*(Be) <€, and u*(C,) < €. 
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Solution. Let E bea subset of a measure space (X, S, m). If E is a measurable 
set and £ > 0 is given, then let A, = E and B, = C, = Ø, and note that these 
sets satisfy the desired properties. 

For the converse, assume that for each € > 0 there exist a measurable set A, 
and subsets B, and C, satisfying 


= (As U Be) \ Ces u*(Be) <e, and p*(Ce) <€. (*) 


Replacing C, by (A, U Be) N Ce, we can assume that C, is a subset of A, U Be. 
From (*), we see that 


EUC, = Ag U Bp. (wx) 


Now, by Theorem 15.11, there exists a measurable set D, such that Be C De 
and 4*(D,) = u*(B,). Using (*«), we get 


EOC UD: \ Bo =A BUD. Be) eee 
Clearly, A, U D, is a measurable set and 
p(C, U(D, \ B.)) = 2" (Ce) + wo We) = 22. 


In other words, the preceding show that for each ¢ > 0 there exist a measurable 
set F, and a subset G, such that 


EUG,=F, and u*(G,) <e. 


Now, for each n pick a measurable set F, and a subset G, with u*(G,) <à 4 
and E UG, = F,. Clearly, the set F = (pı Fn is measurable. Also, the set 
G = (2: Gn is a null set—and hence G \ E is also measurable. In view of 


EUG (EU REF, 


n=l n=1 


we see that E UG is a measurable set. Finally, the measurability of E ps 
immediately from the identity 


E=(EUG)\(G\ E) =F \ (G \ B). 


Problem 15.9. Let (X, S, 4) be a measure space, and let A be a subset of X. 
Show that if there exists a measurable subset E of X such that A C E, u*(E) < ©, 
and *(E) = u*(A) + u*(E \ A), then A is measurable. 
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Solution. By Problem 15.7, we know that the outer measure generated by the 
measure space (E, Sg, *) coincides with u* and the ø -algebra of all measurable 
sets of the measure space (E, Sg, u*) is {A E€ Ay: A G E}. 

Now, to complete the proof, assume E € A, and that a subset A of E satisfies 
u*(A) + w*(E \ A) = u*(E). If u*(E) < of holds, then it follows from 
Theorem 15.8 that A is a measurable set for (E, Sz, *). Thus, by the preceding 
discussion, A € A,. 


Problem 15.10. Let A be a subset of R with 4*(A) > 0. Show that there exists 
a nonmeasurable subset B of R such that B C A. 


Solution. If A is nonmeasurable, then there is nothing to prove. So, assume that 
A is measurable. Since some [n,n +1] A must have nonzero measure (why?), 
by translating appropriately (and using Problem 15.5), we can also assume that 
A C (0, 1). 

As in Example 15.13 define an equivalence relation ~ on A by saying that 
x œ y whenever x — y is a rational number. By the Axiom of Choice, there exists 
a subset B of A containing precisely one member from each equivalence class. 
Let {r;, r2, ...} be an enumeration of the rationals of [—1, 1] and let B, =7,+B. 
Then: 


a. The sequence {B,} is pairwise disjoint; 
b. A*(B,) = A*(B) holds (by Problem 15.5) for each n; and 
e ACU Bci 2). 


Now, note that if B is a measurable set, then each B, is likewise a measurable 
set (see Problem 15.5 again). Thus, from (c), it follows that 


a*(Ua) = oe 
i=l i=l 


ee. 
jim, 25,2"(3)) a Mig nae 


0 < A*(A) 


IA 


which is impossible. Therefore, B is a nonmeasurable subset of A. 


Problem 15.11. Give an example of a disjoint sequence {En} of subsets of some 
measure space (X, S, p) such that 


u( UJ Ex ) < 5 u* (En). 


aa A D 
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Solution. Let E, be the disjoint sequence of nonmeasurable sets described in 
Example 15.13, where E, =r, + E. Since E is anonmeasurable set, A*(E) > 0 
holds, and so A*(E,) = A*(E) > 0. In particular, }- p; A*(E,) = 00. On the 
other hand, J~, En € [—1, 2] implies 4* (UZ; En) < 3 < 00. 


Problem 15.12. Let (X,S, u) be a measure space, and let {An} be a sequence 
of subsets of X such that An © An4, holds for all n. If A = p1 An, then show 
that u*(An) t u*(A). 


Solution. Choose some E € A with A C E and p*(A) = w*(E). (This is 
possible by Theorem 15.11.) By the same theorem, for each n there exists some 
E, € A with A, C E, C E and p*(A,) = u*(En). Now, for each n put 
Fn = (Veen Ex € A, and then let F = |, Fn € A. Then, we have: 


a. “A, CF, and U A) = U (Er) for eaci 7, ama 
b, &, }¥F aad A) = AF): 


By Theorem 15.4, it follows that 


U*(An) = W*(Fn) t u*(F) = u* (A). 


Problem 15.13. For subsets of a measure space (X, S, u) let us define the fol- 
lowing almost everywhere (a.e.) relations: 


a AC Baesfim(A\B) =O; idora 

b. A= B a.e. if p*(AAB) = 0; 

c. A, t Aae. if An © Anti a.e. for aln and A = US A, a.e. (The 
meaning of An | A a.e. is similar.) 


Generalize Theorem 15.4 by establishing the following properties for a AUA 

{En} of measurable sets: E 
, me Asi seh. 
i IfE, t Eae., then w*(E,) t u*(E). ee wo el 
ii. IfE, | E ae. and L*(Ex) < 00 for some k, then lst 


ral le AE 


Is (i) true without assuming measurability for the sets E,? 3 Ora 


Solution, (i) Assume that (Ey) isa sequence of measurable sets s ad a 
E a.e. holds. Let ie mie pe fi 
a) aera ey bebe wey a 


eyo 
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Clearly, u*(E) = w*(F) and u*(En) = w*(Fy) for each n (see Problem 14.2) 
and F,, ft F. 
Now, apply Theorem 15.4(1) to get 


(En) = (Fn) t u*(F) = u*(E). 


(ii) Assume that {E,} is a sequence of measurable sets such that E, | E 
ae. and u*(Ex) < œo holds for some k. Define B = [(N% En) AE] U 
(Us. (Enut \ En)]. Clearly, *(B) = 0. Now, apply Theorem 15.4(2) to 
E,VUEUBJEUB. 

Statement (i) is also true without assuming measurability for the E,. This 
follows from the arguments of (i) previously and Problem 15.12. 


Problem 15.14. Give an example of a sequence {En} of measurable sets of some 
measure space (X, S, u) such that Ey, C En holds for all n and 


co 
lim w*(En) > 1*( N E,). 


Solution. Consider R with the Lebesgue measure, and let E,, = (n, 00) foreach 
n. Then, E,, | Ø holds, while \*(E,,) = œœ for each n. 


Problem 15.15. For a sequence {An} of subsets of a set X define 


CO OO Co co 
liminf A, =|_J()Ai and limsup A, = (|]J Ai. 


n=l i=n n=l i=n 
Now, let (X, S, u) be a measure space and let {E,,} be the sequence of measurable 
sets. Show the following: 


a. y*(liminf £,) < lim inf u*(En). 
b. Jf u*(\, En) < 00, then u*(lim sup £n) > lim sup y* (En). 


Solution. (a) Note that 2, E; + liminf E, and P2, E; E En holds for each 
n. By Theorem 15.4(1), we get 


"(lim inf E,,) = Jim u* (A Ei) < liminf y*(Eņ). 


(b) Use similar arguments and Theorem 15.4(2). 
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Problem 15.16. Give an example of a sequence {An} of subsets of some measure 
space (X, S, m) such that An; © An holds for each n, *(A\) < 00, and 


co 
lim m*(An) > 1" (N An): 


Solution. Let A, = UŠ, E;, where {En} is the sequence of Example 15.13. 
Note that A, | Ø holds. Indeed, if x € A,, then x € E, for some k > n. Since 
E; N Ej = Ø whenever i Æ j, it follows that x ¢ Ax+ı so that A, | Ø holds. 
Now, observe that A*(A,) > A*(E,) = A*(E) > 0 holds for all n. 


Problem 15.17. Let (X, Sı, 4) and (X, S2, u2) be two measure spaces. Show 
that u and uz generate the same outer measure on X if and only if pı = p} on 
Sı and u = u) on Sy both hold. 


Solution. If jz; and u2 generate the same outer measure, then clearly w, = 113 
on Sı and u = u} on S both hold. 

For the converse, assume that u; = u} on Sı and u2 = pj on & both hold. 
Let A C X. If (A) = œ, then wj(A) < 3(A) holds. If 45(A) < oo, then 
given £ > 0 there exists a sequence {A,} of Sz such that A C |), A, and 
D H2(An) < u3(A) + £. Thus, 


n=1 


uy(A) < Sut (An) = 5. watAy) < u3(A) + 


n=1 n=1 


holds for all £ > 0, and so w{(A) < 143(A). 
Similarly, ~j(A) > 43(A) holds, and therefore 4}(A) = 45(A) holds for all 
A c x. 5 (73) 


Problem 15.18. Let (X, S, 4) be a measure space. A measurable set A is called 
an atom if .*(A) > 0 and for every measurable subset E of A we have either 
u*(E) = 0 or u*(A\ E) = 0. If (X, S, u) does not have any atoms, ioe al 


called a nonatomic measure space. 
a. Find the atoms of: i D ed baimanag siog- ait (6) 
i. the counting measure, and 9 a 
ii. the Dirac measure based ata 
b. Show a ie the real line with the Le 
raong pate Faeries rE) 
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(ii) The atoms of the Dirac measure based at a point a are precisely the sets 
containing the point a. 

b. Let A C R be measurable with A*(A) > 0. Pick some integer n such 
that à*([n, n + 1] A) = ô > 0. Subdivide [n,n + 1] into a finite number of 
subintervals all of the same length less than ô. For one of them, say J, we must 
have 


A*([n,n + 1]N ANT) > 0. 


Now, note that the set E = [n,n +1]M ANI C A is measurable and satisfies 
0 < A*(E) < ô < A*(A). This shows that A is not an atom, and hence R 


with the Lebesgue measure is nonatomic. (For more about this problem, see 
Problem 18.19.) 


Problem 15.19. This exercise presents an example of a measure that has in- 
finitely many extensions to a measure on the o-algebra generated by S. Fix a 
proper nonempty subset A of a set X (i.e., A # X) and consider the collection of 
subsets S = {Ø, A}. 
a. Show that S is a semiring. 
b. Show that the set function u: S—[0, co] defined by (Ø) = O and p(A) =1 
is a measure. 
c. Describe the Carathéodory extension u* of m. 
Determine the o -algebra of measurable sets A. 
e. Show that has uncountably many extensions to a measure on the o- 
algebra generated by S. Why doesn’t this contradict Theorem 15.10? 


Solution. The validity of (a) and (b) should be obvious. 
(c) The Carathéodory extension of u is given by 


0 if B=ġ; 
w*(B)=41 if B#D andBCA; 
œo if BZA. 


(d) The o-algebra generated by S is 
A ={@, A, A’, X}. 


(e) If a is any non-negative extended real number, then the set function 
v: A — (0, oo], defined by 


v(Z)=0, v(A)=1, v(A°)=a, and v(X)=1+a, i a 
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is a measure which is an extension of jz to all of A. This shows that there are 
uncountably many extensions of u to the o-algebra generated by S. 

The latter conclusion does not contradict Theorem 15.10 because p is not a 
o -finite measure, 


16. MEASURABLE FUNCTIONS 


Problem 16.1. Let (X, S, m) be a measure space. For a function f: X > R 
show that the following statements are equivalent: 


a. f is a measurable function. 
b. f~ '((—o0, a)) is measurable for eacha € R. 
c. f-!((a,0o)) is measurable for eacha ER. 


Solution. (a)==>(b) Note that f—'((—oo, a)) isameasurable set simply because 
the interval (—oo, a) is an open set. 
(b)= >(c) Observe that the identity 


f~ ((—o0, a]) = () f7'((-00, a+ 1)) 


n=1 


implies that f—'((—oo, a]) is a measurable set for each a € R. Consequently, 
the set f—!((a, 00)) = X \ f~'((—c0, a]) is also measurable for each a € R. 
(c)=>(a) Clearly, f~'((—00,a]) = X \ f-'((a,00)) is measurable for 
each a € R. Thus, by condition (5) of Theorem 16.2, the function f is measur- 
able. 


Problem 16.2. Let (X,S, m) be a measure space, and let A be a dense subset 
of R. Show that a function f:X —> R is measurable if and only om the set 
{x € X: f(x) = a} is measurable for eacha € A. 


Solution. Only the “if” part needs proof. Let a € R. Since A is dense in R, 
there exists a sequence {an} of A with a, < a foreach n and a, + a. Now, 
note that the identity VOUMINGS at li 908i) Side wesom ži z9 dose tel) ten bam 


: tech àpi mo wae £ nou awollot i A 3L dons sei Yy A 
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Problem 16.3. Give an example of a nonmeasurable function f such that | f | is 
a measurable function and f~' ({a}) is a measurable set for eacha € R. 


Solution. Take anon-Lebesgue measurable subset E of [0, 1] and consider the 
function f:[0, 1] — R defined by 


x, if xeB; 
foe | à, if x e [0,1] \ E. 


It is straightforward to verify that the function f satisfies the desired properties. 


Problem 16.4. Show that if f:R — R is continuous a.e., then f is a Lebesgue 
measurable function. 


Solution. Let f:R —> R bea function that is continuous almost everywhere. 
Put E = {x e R: f is continuous at x} and note that 4*(R \ £) = 0. Hence, 
R \ E and E are both measurable sets. 

Now, let © be an arbitrary open subset of R. Clearly, the set f—'(O)N(R \ E) 
(as a null set) is measurable. Since f restricted to E is continuous, f~!(O)NE 
is an open set in E, and consequently there exists an open subset V of R such 
that f-'(O) 0 E = V N E. In particular, note that f-'(O)N E is a measurable 
set. Therefore, 


fO) = [FONE] U [FONR \ E)] 
is likewise measurable, so that f is a measurable function. 


Problem 16.5. Let f:R — R be a differentiable function. Show that f’ is 
Lebesgue measurable. 


Solution. For each n define 


gax) = nf f(x +4) — fx] = LO 


and note that each g,, is measurable (since it is continuous). In view of g,(x) > 


f'(x) for each x € R, it follows from Theorem 16.6 that f’ is a measurable 
function. 


Problem 16.6. Let (X, S, u) be a measure space and let f: X —> R be a mea- 
surable function. Show that: 


a. |f|? is a measurable function for all p > 0, and 
b. if f(x) #0 for each x € X, then 1/f is a measurable function. 
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Solution. Let f: X —> R bea measurable function. 

(a) Assume p > 0. By Theorem 16.5, |f| is measurable. The conclusion 
now follows from the identities {x € X: |f|?(x) > a} = X ifa < 0, and 
{x € X: |f|P(x) > a} = {x € X: [f(x)| >a?) if a > 0. 

(b) Assume that f(x) 4 0 holds for each x € X. Note that 


ReX: 7(x) > 0} = {x € X: f(x) > 0), 
{x € X: +(x) > a) = {x E f(x) < 4) if a >0, and 
(x eX: (x) > a} = (ve X: f(x) < 1} Ulx EX: f(x) > 0) if a <0. 


The preceding identities guarantee that F is measurable. 
Problem 16.7. Let { f,,} be a sequence of real-valued measurable functions on a 
measure space (X, S, u). Then show that the sets 

a A={xeX: f,(x) > oo}, 

b. B={x eX: f,(x) > —oo}, and 

Cc. C= {x € X: lim f,(x) exists in R} 


are all measurable. 


Solution. (a) For each m and k let Am k = {x E€ X: fr(x) > k forall n > m}. 
From Am = m {x € X: fn(x) = k}, we see that Amx € A, for each m, k. 
Now, note that A = a Ur Amk: 

(b) Put Bm = {x € X: fa(x) < —k foreach n > m} and note that B = 
Mias aa! Bm,k. 

(c) Let Y = X \(A U B) and consider the measure space (Y, Sy, u*). Also, 
consider all functions restricted to Y. In view of Problem 15.7, all functions are 
measurable with respect to this space. By Theorem 16.6, both functions lim inf fn 
and lim sup f, are measurable. The conclusion now follows from Theorem 16.4(c) 
by observing that 


C = {x e X: lim f,(x) exists in R} 
= {x eY: limsup f,(x) = liminf f,(x) }. 


Problem 16.8. Let (X,S, m) be a measure space. Assume that f:X > Risa 
measurable function and g: R —> R is a continuous function. Show that go f is 
a measurable function. 


Solution. Consider the functions X > R $> R with f measurable and g 


continuous, and let O be an open subset of R. Since g is continuous, we know 
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that ¢~'(©) is an open set, and the conclusion follows from the identity 


(go f) ()=f'(g-(O)). 


Problem 16.9. Let F be a nonempty family of continuous real-valued functions 
defined onR. Assume that there exists a function g:R — R such that f(x) < g(x) 
for each x € Rand ail f € F. Show that the supremum function h:R > R, 
defined by h(x) = sup{ f(x): f € F}, is (Lebesgue) measurable. 


Solution. We shall show that h~'((a, oo)) is an open set for each a € R (and 
hence, a Lebesgue measurable set). 

To see this, let a € R and fix x9 € h~'((a, 00)), i.e., h(xo) > a. So, there exists 
some f € F such that f(xo) > a. Since f is a continuous function, there exists 
some neighborhood V of xo such that f(x) > a for each x € V. This implies 
h(x) > f(x) > a for each x € V, and so V C h`! ((a, 00)). This shows that xo 
is an interior point of h~! ((a, oo)) and consequently, h~’ ((a, 00)) is an open set. 
Note: A real-valued function f:X — R defined on a topological space X is 
said to be lower semicontinuous if f~'((a, 00)) is an open set for each a € R. 
The preceding arguments show that we have proven the following result: The 
pointwise supremum of a family of lower semicontinuous functions is likewise 
lower semicontinuous. 


Problem 16.10. Show that if f: X — R is a measurable function, then either f 
is constant almost everywhere or else (exclusively) there exists a constant c such 
that 

w*({x EX: f(x) >c}))>0 and p*({x EX: f(x) <c})>0. 


Solution. Let f: X — Rbeameasurable function which is not a constant almost 
everywhere. Assume first that f(x) > 0 holds for each x € X and let 


co = sup{c € R: w*({x € X: f(x) <c} =O}. 


Lh 
Sa i 
. if X 


SUCU 
5 
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To finish the proof, notice that 

(x € Xs F(x) = e) = (x EX: fle) sc} 
and {x € X: ft) <c} = (x eX: fx) <c}. 
17. SIMPLE AND STEP FUNCTIONS 


Problem 17.1. For subsets A and B ofa set X, establish the following state- 
ments: 
1. xg =0 and yy =L. 
ACB ifand only if Xa < xB. 
XANB = XA‘ XB = XA ^ XB- 
Xaus = XA + XB — XAnB = XA V XB. 
KA\ 8 = Xa — Xane- 
If A=, An and {A,} is a pairwise disjoint sequence of subsets of 
Kthen g= Dod) XAN: 
7. XAxB = Xa: Xer. (Here the set B can be considered to be a subset of some 
other set Y.) 


Pee eee A 


Solution. The proofs of the statements are straightforward. To indicate how one 
can prove them, we shall establish the validity of statements (3) and (7). 
(3) We have 


ill ie ACE 
KANPE FEPER wae 


l, ifxeAandxeB it ter 

= fo ifx¢A ng, 2 

T 0, ìifxgB titona al boy RTF 

A Vi besbal i GreXAs xB(x) R: 3A) an 


motaied ae = i Xa: XB(x) © lA. > X Hibar eyojvdo i rah 
sll lic ia sy ora pig 


138 Chapter 3: THE THEORY OF MEASURE 


Problem 17.2. Let ¢ be a step function and a simple function such that 
0<w < dae. Show that w is a step function. 


Solution, Let E = {x: 0 < W(x) < (x)}, and observe that w*(X \ E) = 0, 
If F = {x e X: d(x) > 0}, then the measurable set A = (X \ E) UF satisfies 
u*(A) < oo, and w(x) = 0 foreach x e€ X \ A. 


Problem 17.3. Show that if(X, S, u) is a finite measure space, then every simple 
function is a step function. 


Solution. If ¢ is a simple function and E = {x € X: (x) # 0}, then note that 
u*(E) < u*(X) < © holds. 


Problem 17.4. Give an alternate proof of the linearity of the integral (Theo- 
rem 17.2) based on Problem 12.14. 


Solution. The linearity follows immediately from the following property. 


e If ¢ is a step function and ¢ = ae jXB, is an arbitrary representation 
of ġ, then 


I($) = X bju*(B;). 


j=l 


We shall establish the preceding property below. 

To this end, let 6 = }_;_;điX4, be the standard representation of ġ. Assume 
first that the B; are pairwise disjoint. Since neither the function @ nor the sum 
>. ;4"(B;) changes by deleting the terms with bj = 0, we can assume that 
bj #0 for each j. In such a case, we have U;— Ai = U7_, Bj. Moreover, note 
that a;u*(A; N Bj) = bju*(A; N B;) for all i and j. Indeed, if A; A N Bj = Ø the 
equality is iios and if x € A; N B, j, then a; = bj = P(x). Therefore, 


Ig) = Yana; y=) Yana NB;) 
i=j i= 


= O Ybu" A Bj) = DAG 


j=l ‘i=l 


Now, consider the general case, By Problem 12.14, there exist pairwise disjoint 
measurable sets C,,...,C, such that each C; is included in some B; and Bj = 


LCi: Ci < By}. For each and j let &/ = lif C; C Bj and ôf =OifC; £ Bj. 
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Clearly, xs, = )j-18/ xc, and (Bj) = Y-i_,8/ w*(C;). Therefore, 


m m eo k m i 
$= > bjx = Yi] $ èx, | = | 2b xe: 
Jal j=l i=l isi j=l 
So, by the preceding case, we have 


I($) = Yd Sik *(C)) = L» [Lwc )| = S bju*(B,). 
= 


i=] j=l 


Problem 17.5. Show that |I(¢)| < I(\¢|) holds for every step function 9. 


Solution. From —|¢| < ¢ < |@| and the monotonicity of the integral (Theorem 
17.3), it follows that 


=I (l$) = 1(-lél) < I($) < 14), 
and so |Z ($)| < I(lġ|) holds. 


Problem 17.6. Let ¢ be a step function such that I(\ġ\) = 0. Show that @ = 0 
a.e. holds. 


Solution. Let ¢ = yeni a; Xa, be the standard representation of @. es note 
that || = )-7_, lai|xa, is a representation of Isl, and therefore 


i=1 $A) wr t 


0 = I (l$l) = 2 la; WA). 


9a 


Since jai > 0 holds for each 1 <i <n, HE PRR serene RAK 
1 <i < n, andso  =0 a.e, holds. 
anObs WFN? 7 porns & eine Tish At repne “a qonay 


7.7. Let be a step function. Let A = | 
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Solution. If ¢, | ¢ a.e. holds, then n —@ | O a.e. likewise holds. Thus, by 
the order continuity of the integral (Theorem 17.4), /(¢,)—/(¢) = (gn —) | 0 
so that Z (n) | [(@). 


Problem 17.9. Let {ġn} be a sequence of step functions and ġ a simple function 
such that 0 < ọn t $ a.e. holds. Show that if lim I (n) < 00, then @ is a step 
function. 


Solution. Assume (x) > 0 foreach x andlet ¢ = So a; Xa; be the standard 
representation of ø. Now, let i be fixed. Then, for each n the function Y, = ` 
Gn ^ aiXa,; iS a step function, Y, < ọn holds, and Ya tn & A GiXA; = di XA, a.e. 
By Theorem 17.6, we see that 


0 <aj;u"(A;) = lim (Yn) < lim I(r) < œ, 
n> n— Co 
and so 4*(A;) < 00 holds foreach 1 <i < k. That is, $ is a step function. 


Problem 17.10. Let (X,S, m) be a measure space, and let f:X — R be a 
function. Show that f is a measurable function if and only if there exists a sequence 
{n} of simple functions such that lim $,(x) = f(x) holds for all x € X. 


Solution. Assume f to be measurable. Then both f* and f` are measurable 
functions. By Theorem 17.7 there exist two sequences of simple functions {s,} 
and {t,} with O < s,(x) t ft(x) and 0 < t,(x) t f7(x) foreach x € X. Now, 
note that Øn = Sn — tn satisfies @,(x) —> f(x) forall x. 

For the converse, note that (by Theorem 16.6) the pointwise limit of a sequence 
of measurable functions is always a measurable function. 


Problem 17.11. Let (X,S, p) be a o-finite measure space, and let f:X > R 
be a measurable function such that f(x) > 0 for all x € X. Show that there exists 
a sequence {,} of step functions such that 0 < n t f(x) holds for all x € X. 


Solution. By Theorem 17.7 there exists a sequence {W} of simple functions 
satisfying 0 < y,(x) ¢ f(x) for all x € X. Now, pick a sequence {E,} of 
measurable sets with u*(E„) < oo foreach n, and E, 4X. Lett op =A M- 
per {$n} is a sequence of step functions satisfying 0 < ¢,(x) t f(x) for each 
XGA. 


Problem 17.12. Give a proof of the order continuity of the integral, i.e., hi 190 
a.e. implies I ($n) | 0, based on Egorov’ s Theorem 16.7. | ert 
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Solution. Assume that {Ø} is a sequence of step functions of some measure 
space (X, S, u) satisfying ¢, | 0 a.e. Without loss of generality, we can suppose 
that r(x) | 0 for each x € X. Let E = {x e X: ġı(x) > 0} and note that 
u*(E) < oo. Also, let M = max{¢)(x): x € X}. 

Now, lete > 0. By Egorov’s Theorem 16.7 there exists a measurable set F G E 
such that u*(F) < € and {¢,} converges uniformly to zero on E \ F. So, there 
exists some k such that 0 < @,(x) < € for all x € E \ F and all n > k. Thus, for 
n > k, we have 


0O <n <€xXE\r +Mxr < exe +Mxr, 
and consequently, by the monotonicity of the integral 
0 < 1(Øn) < eu*(E) + Mu*(F) < [u*(E) + M]e 
for all n > k. This shows that /(@,) | 0. 


Problem 17.13. Let (X, S, u) be a measure space, and let f: X — [0, oo) be 
a function. Show that f is measurable if and only if there exist non-negative 
constants c1, C2, ... and measurable sets E,, E2, ... such that 


NOD Cael) 
n=1 


holds for each x € X. 


Solution. Consider a measure space (X, S, p) and a non-negative real-valued 
function f:X — [0, 00). Assume first that there exist non-negative constants 
C1,C2,-.. and measurable sets FE), E2,... such that f(x) = $ >o; CnXE (X) 
holds for each x € X. If we let ¢, = }°"_, cixe,, then $, is a measurable 
function (in fact, it is a simple function) and ¢$,(x) —> f(x) holds for each 
x € X. Now, by Theorem 16.6(1), the function f is necessarily a measurable 
function. 

For the converse, assume that f is a measurable function. By Theorem 17.7 
there exists a sequence of simple functions {¢,} such that 0 < $,(x) ¢ f(x) for 
each x € X. If we let dy = 0, then f(x) = Erci [ nŒ) — bn_1(x) ] holds for 


each x € X. For each n write Øn — d,-1 = put ci Xer with c? > 0 for each i 
and n. Thus, 


oo "ki 


fx)= yy axe 


n=l i=l 
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and by rearranging the terms of the preceding series in a single series, our conclu- 
sion follows. 


Problem 17.14. Let (X, S, p) be a finite measure space satisfying k *(X) =1, 
and let E;, E2,..., Ey be ten measurable sets such that p*(E;) = 4 L holds for 
each i. Show that jour of these sets have an intersection of positive measure, Is 
the conclusion true for nine measurable sets instead of ten? 


Solution. Consider the step function ¢ = $`, xz,. Clearly, the function p 
assumes only integer values and 


(x) = the cardinality of the set {i € {1,..., 10}: x € Ej}. 


If (x) < 3 = 3xx(x) for almost all x, then 


3< 2 =e (Ei) = 5 (xe) = 14) < 1(3xx) =3 


i=l 
a contradiction. Hence, the measurable set 
= {x eX: x) = 4} 


must have positive measure. 
Next, let A;, Az2,..., Ag denote the collection of all (nonempty) intersections 
of the sets E; taken four at a time: clearly, k < ('?) = 210. Now, an easy argument 
guarantees that A C yy -_, Aj, and from this it easily follows that at least « one of 
the A; must have positive measure. i 
e nine sets the conclusion is false. For a couuteretampis take X = =. 


Ea =f, = Ez = (0, 1), Ej = E; S Es = (, 2), and E7 =e = $ = 
a 1). nonoant F 

i LYRE OU Foes 
Pors 17.15. If f:X — (0, 1] isa measurable function, then she | 


= f = xaae. for some maar eral set A or else penance, 
Maas oh ie E E O dialled 


yi a3 os |i | E 


a 
> cae, 
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Now, assume that u*(A„) = 0 for each n. Then from 
A, Tt (x @XP0 =) T, 


we see that u*({x € X: 0 < f(x) < 1}) = 0. This easily implies that f = x4 
a.e. for the measurable set A = f~!({1}). 


Problem 17.16. Let (X, S, u) be a measure space, and let ¢:X —> R bea 
simple function having the standard representation ġ = )-;_,4:Xa,. Ifo = Oae., 
then the sum )~"_,a;*(A;) makes sense as an extended real number (it may be 
infinite). Call this extended real number the Lebesgue integral of ¢, and write 
I($) = jai u*(Ai). 
a. Ifdand ware simple functions such that ¢ > O a.e., then Y > 0a.e., then 
show that I($ + yr) = I($) + 1p). 
b. If gd and y are simple guncnons such that 0 < @ < y a.e., then show that 
I($) < 1(W). 
c. Show that if {bn} and {Yn} are two sequences of simple functions and 
f:X — R* such that 0 < ġ, t fae. and0 < Yn t f a.e., then 
lim Z (ġn) = lim 7 (Y,) holds (with the limits possibly being infinite). 
d. Assume that {¢,} is a sequence of simple functions such that O < $n t XA 
a.e. holds. Show that lim I(¢,) = u*(A). 
e. Give an example of a sequence {ġn} of simple functions on some measure 
space such that ọn | 0 (everywhere) and lim I (n) Æ 0. 


Solution. Clearly, a simple function ¢ is a step function if and only if 1(¢) < oo. 


(a) Note that ¢ + y is a step function if and only if both ¢ and y are step 
functions. In this case, the equality 1(@ + W) = 1(¢) + I(y) follows from 
Theorem 17.2. On the other hand, if ¢+ y is not a step function, then either @ or 
y fails to be a step function and hence, in this case, 7 (ġ +Y) = 1(¢)+1(W) = œ 
holds. 


(b) If I(y) = 00, then 1() < I(}) holds trivially. On the other handit 

I(y) < 00, then y is a step function. It follows (from Problem 17.2) that @ is a 

step function, and the desired inequality follows from Theorem 17.3. ki i 

(c) If both {fn} and {Wn} are sequences of step functions, then the conclusion 

follows from Theorem 17.5. Thus, we only need to consider the c zase nr n fo} 

is a sequence of step functions and I (y) = o0 scldedcs tome h omen ae 
In view of n A We tn f AW = Y pO ry 1 TQUOWS | I 

tines 1s i) = 00. From ty AW Oe y 

Dovan ii bn) = lim IK ginda | case 
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XA, t Xa, part (c) coupled with Theorem 15.4 gives 
lim 7(@,) = lim /(Xa,) = lim u*(An) = w*(A). 
n> n—> 00o n—> 00 

(e) Consider R with the Lebesgue measure, and let ¢, = Xij 


Problem 17.17. Let (X, £, u) be a measure space with E being a o-algebra., 
Let us say that a function f:X — R is X-measurable if f-'(A) € E for each 
open subset A of R. Also, let My denote the collection of all X-measurable 
functions. Establish the following: 

a. My is a function space and an algebra of functions. 

b. Ms is closed under sequential pointwise limits. 

c. If is o-finite and f:X — R is a measurable function, then there exists 

a &-measurable function g: X — R such that f = g a.e. 


Solution. (a) In order to show that My is closed under addition and multiplica- 
tion, we need the following properties among &-measurable functions f and g: 
The sets 


{x EX: f(x) > g(x)}, 
2. fx eX: f(x)= g(x)}, and 
{x e X: f(x) = (x)} 
all belong to £. To see (1), let rı, r2, . .. be an enumeration of the rational numbers 
of R, and note that 


ine Ke f(s) > g)) = Ufi E X: f(x) >r} N fx € X: g(x) < ra}, 
n=) 
which belongs to ©, since it is a countable union of sets from the o-algebra £. For 
(2), note that {x € X: f(x) > g(x)} = {x € X: g(x) > f(x)}*, which belongs to 
x by (1). Finally, for (3), observe that 


{x e€ X: f(x) = g(x)} = {x E X: f(x) = g(x) N{x EX: g(x) = fœ) 


which belongs to © by (2). 
To complete the proof of part (a), we shall establish that for © "Taveennatenne 
functions f and g, the following statements hold: 


i. f +g isa D-measurable function. iia | | ell i 
ii. fg isa £-measurable function. 


si ey. fie a 
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iii. |f|, f+, and f` are D-measurable functions. 
iv. f Vg and f A g are ©-measurable functions. 


The proofs of these claims are given below. 


(i) Note first that if c is a constant number, then c — g is a L-measurable function. 
[Reason: If a € R, then {x € X: c — g(x) > a} = {x e€ X: g(x) <c—a}e 2] 
Now, if a € R, then the set 


(f +8) '([a, 0o)) = {x € xX: f(x) + g(x) > a} = {x eX: f(x) > a= g(x)} 


belongs to È by the preceding observation and (2). This implies (how?) that f +g 
is a L-measurable function. 

(ii) Note first that f? is a £- measurable function. To see this, let a € R. 
Then {x © x FXG) = a} = QZifa < O and {x E XPOS a} = 
f'([-Va, /a]) if a > 0. This implies that f? is a Z-measurable function. 
Also, if c is a constant, then cf is measurable. (Reason: If A = {x € X: cf(x) = 
a}, then A = {x € X: f(x) > a/c} forc > Oand A = {x € X: f(x) < a/c} for 
c < 0.] The result now follows from the preceding observations combined with 
(i) and the relation 


fg=s[(f +8} - P-e]. 
(iii) The £Ł-measurability of | f | follows from the relation 
ETD O ONEEK <0, 


and 


[x € X: [fool <a} = {x EX: f) <a} N {x € X: f(x) >—a) if a20. 
DaT, 


= 


For the Z-sieasurability of f tand #7:useltic identitiesadw ei sume Wale 
| 3, 0), 01 att 2 hoe 
f= f+) and f= (Ifl S 
x ci iai 
Gv) The identities yf] ait ag (4 |W Bs mil se g 
laj à - a r 
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(b) Assume that {fa} is a sequence of L-measurable functions such that 
fn(x) > f(x) holds for each x € X. Observe that the equality 


eoU AA ((a + 4, 00)) 


and the D-measurability of each f; show that f~'((a, 00)) belongs to E. This 
implies that f is a L-measurable function. 

(c) We can assume f(x) > O foreach x € X (otherwise, we apply the arguments 
below to f+ and f~ separately). Assume first that f = x, for some A € È, 
Since u is o-finite, it follows from Theorem 15.11 that there exists a jz-null set C 
such that B = AUC € È. So, if g = xp, then g is L-measurable and f = g 
-a.e. It follows that if ¢ is a jz-simple function, then there exists a X-simple 
function w such that Y = ¢ u-a.e. 

Now, by Theorem 17.7, there exists a sequence {@,,} of simple functions such that 
n(x) t f(x) for each x € X. Replacing each ¢, by a L-simple function y, (as 
above) we have w,(x) ¢ f(x) for -almost all x. So, there exists a -measurable 
set E such that w,(x) ¢ f(x) for each x ¢ E. Now, use Theorem 15.11 to select 
aset F € © with E C F and w*(F) = 0. Clearly, Y, (x)xr:(x) tT F(X) xFe(X) = 
g(x) for each x € X. By part (b), g is £-measurable and satisfies g = f p-a.e. 


18. THE LEBESGUE MEASURE 


Problem 18.1. Let J = [[}_, l; be an interval of R”. Show that I is Lebesgue 
measurable and that \(1) = fg Fase \1;|, where |1;| denotes the length of the interval 
I;. 


Solution. The verification of the formula can be done by cases as in Problem 15.3. 
To show this, we establish the formula for two cases, and leave the rest for the 
reader. 

The first case is when J; = [a;, bi], where —o0 < a; < bi < œ holds for each 
1 <i <n. Then, IT7_,[a;, bi + i) $e 11, /; = 1. Thus, from Theorem 15.4, it 
follows that 


MI) = Jim a( [Tai +$ DEP lim JIG iar 
i=l 
= []o A [in 


i=l i=l] 


The second case is when I = [a, 00) x [a, bo] x +-+ X [an, bn]. Then, note 
that [a, a +k] x [a2, b2] x --- x [ay, bn] ty I. Taking into account the preceding 
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case, it follows from Theorem 15.4 that tgk 


A(T) = lim A([a, a +k] x [az, b2] x ++- x [an, bn]) 


CoO 
= lim k- (b2 — a) ++ (bn aaa 


Problem 18.2. Let © be an open subset of R. Show that there exists an at-most 
countable collection {Ily: œ € A} of pairwise disjoint open intervals such that 
O = Unea la. Also, show that A(O) = Voc, Mal. 


Solution. Let © be an open subset of R. By part (g) of Problem 6.11, we know 
that there exists an at-most countable collection {/,: a € A} of pairwise disjoint 
open intervals such that O = J, .,/ 

Now, using the fact that the length of each /, coincides with its Lebesgue 
measure (Problem 15.3), we see that 


1) =2( la) = D> Mla) = È lial 
aeA 


acA 


Problem 18.3. Show that the Borel sets of R” are precisely the members of the 
o-algebra generated by the compact sets. 


Solution. Let C denote the o-algebra generated by the compact sets. Since every 
compact set is closed (which is the complement of an open set), it follows that 
C C B. On the other hand, if C is a closed set and C, = {x € C: d(0, x) < n}, 
then {C,,} is a sequence of compact sets satisfying C, + C. This implies that C 
contains all the closed sets (and hence, all the open sets). Thus, B C C also holds, 


and so B =C. 

Problem 18.4. Show that a subset E of R” is Lebesgue measurable if and on “4 

if for each € > Q there exists a closed subset F of R" such that FCE _ 
ME \ F) < €. ‘ae 


(yb) Jo oe ai 
Solution. Assume that E is Lebesgue measurable and let € > 0. Since E° 
is also Lebesgue measurable, there exists an open set V such that ES Vv aw 
MV \ E°) = AE N V) < e. Then, thë:giguad olf Gi MRA sc 
and A(E \ C) = ME NV) < e. For th Ieee ther 
argumentą aidas" 'heorem ae 

; ae (ON ee 
dense in [0,1 ere 


J haa 
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Solution. Let / be a (nonempty) subinterval of [0,1]. If Z QAE = Ø, then 
we have A(E) + A(/) = A(E U 1) < A([0, 1]) = 1, and hence, in this case, 
A(E) < 1—A(/) < 1 holds, which is a contradiction. Thus, Z N E # Ø holds for 
each subinterval / of [0, 1], and so the set Æ is dense in [0, 1]. 


Problem 18.6. IFE C R” satisfies A(E) = 0, then show that E? = Ø. 


Solution. If V is a nonempty open set with V C E, then note that 0 < A(V) < 
A(E) holds. Therefore, the open set E° must be empty. 


Problem 18.7. Show that if E is a Lebesgue measurable subset of R", then there 
exist an F,-set A and a G;-set B such that A C E C B and X(B \ A) = 9. 


Solution. By Problem 18.4, foreach k there exists a closed set C, with C; C E 
and A(E \ Cx) < i. Similarly, by Theorem 18.2, for every k there exists an open 
set V, with ECV, and A(V;, \ E) < t. Put A = U2, Cy (an F,-set) and 
B = M% Vi (a Gs-set). Clearly, A C E C B holds, and in view of 


A 


M(B \ A) < (Ve \ Cx) = A((Ve \ E)U (E \ Ca) 


MVi \ E)+A(E \ Cy) < = 


— 


lA 


for each k, we see that A(B \ A) = 0. 


Problem 18.8. Let {E,,} be a sequence of nonempty (Lebesgue) measurable sub- 
sets of [0, 1] satisfying lim (E,) = 1. 
a. Show that for eachO < € < 1 there exists a subsequence {E,,} of {En} 
such that ((\p—, Ek) > €- 
b. Show that %2, Ex = Ø is possible for each n = 1,2,.... 


Solution. Let {E,,} be a sequence of nonempty Lebesgue measurable subsets of 
(0, 1] satisfying lim A(E,) = 1. 

(a) Fix 0 < £ < 1. From limA(E,) = 1, we see that there exists a subsequence 
(Er, } of {En} satisfying A(Ey,) > 1 — +42. Now, consider the measurable sets 
E = (k; Er, and F = [0, 1] \ E. Then, we have 


MF) = A ([0, 1] \ £) = a(U (0, 1] \ En)) 


n=1 
= 5°A({0, 1 \ En) = ) [1 AER) < J = 1 -. 
n=Í n=l ant 


“Hence, ME) = 1 — ACF) > 1-(l—e)=e. 
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(b) Let Az = [0, 1] \ [&1, £], 1 < k < n; n > 2. Clearly, A(A?) = 1 — + holds 
foreach 1 < k <n and (kı A} = Ø holds for each n > 2. Let E, denote the 
sequence 


2 2 3 3 3 n n n+1 
Aj, Aj, Aj, A>, Aj, ..-, Als 5 pgs Aj > +e 


Now, note that A(E,) — 1 and ()y_,, Ex = Ø holds for each n > 1. 


Problem 18.9. Assume that a function f: 1 —> R defined ona subinterval of R 
satisfies a Lipschitz condition. That is, assume that there exists a constant C > 0 
such that | f(x) — f(y)| < C|x — y| holds for all x, y € 1. Show that f carries 
(Lebesgue) null sets to null sets. 

In particular, if a function f:1 —> R defined on a subinterval of R has a 
continuous derivative, then show that f carries null sets to null sets. 


Solution. Assume that a function f:/ —> R satisfies the condition of the 
problem. Clearly, f is a (uniformly) continuous function. In particular, note that 
if J is a subinterval of J, then f(J) is also a subinterval of R (see part (g) of 
Problem 6.11), and our condition implies (how?) that the length of f(J) is less 
than or equal to C times the length of J, i.e., 4*(f(J)) < CA*(J) holds. 

Now, let A be a null subset of J and let € > 0. Pick a sequence flan, bn)} of 
half-open intervals such that 


Ac | Jianbn) and $A" (lan, bn)) = È (bn — an) < €. 

n=1 n=l n=1 
Hence, f(A) © f(UZilan, bn) N 1) = Up f (lan, bn) N T), and so by the 
preceding 


A*(f(A)) < x» (Ü f (lan, ba) A 1)) 


n= 


_ 


< DME (lan: bn) N 1)) < D — an) < Ce. 


Since € > 0 is arbitrary, we see that 4*(f(A)) = 0 holds, as desired. — 

For the second part notice that if [a, b] is a closed subinterval of 7, then there 
exists some constant M > 0 satisfying | f’(t)| < M for allt € [a,b]. Now, if 
x, y € [a, b], then there exists (by the Mean Value Theorem) some z between x and 
y satisfying f(x)— f(y) = f’()(@ — y). This implies | f(x)— fO) < Mlx—-y| 
for all x, y € [a, b]. So, by the first part, f carries null sets of [a, b] to null sets. 
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Now, fix a sequence {[an, bn]} of closed subintervals of / such that J = 
Ure fan, bn] and let A be a null subset of /. Then A N [a,, bn] is a null sub- 
set of [a,, bn], and so f(A A [an, bnl) is a null subset of R. Now, notice that the 
identity 


FA) = F(U AN lan, bal) = L] FA lan, Dad 
n=1 


n=1 


guarantees that f(A) is a null subset of R. 


Problem 18.10. Show that the Lebesgue measure of a triangle in R? equals its 
area. Also, determine the Lebesgue measure of a disk in R?. 


Solution. Start by observing that every line segment has Lebesgue measure zero 
(why?). Thus, the Lebesgue measure of a triangle is the same with or without 
some of its edges. Also, every triangle is Lebesgue measurable (since without its 
edges it is an open set). Since A is translation invariant, we can assume that all 
triangles have one of their vertices at zero. Let T be such a triangle, and let A(T) 
denote its area. Following the graphs in Figure 3.1 (from left to right) we see that: 


2AT) = AT) + A(T) = AT) + Ar) = MT) + AT) 
=a UT) =A(P) = 10) — A) — acne 


T) =(a+b)+T, 
Jo T,U T 
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Area OAD = 5 1,2 sin (#) cos ($) 


Area OAB = bp? tan ($) 


FIGURE 3.2. The Computation of the Lebesgue Measure of a Disk 


That is, A(T) = A(T). In particular, this implies that the Lebesgue measure of 
any polygon equals its area. 

Now, let D bea closed disk of radius r; see Figure 3.2. To compute its Lebesgue 
measure, we use the Eudoxus—Archimedes Method of Exhaustion. For each n, let 
P,, and Q,, be the inscribed and circumscribed regular n-polygons, respectively. 
Clearly, Pa C D C Qn holds. Now, note that 


MP,) = 7r |= ia 2] cos(=) < A(D) < (Qn) = nr? [2] 4 


and so, by letting n —> ov, we see that 


MD) = xr? = A(D). 
Problem 18.11. Jf p is a translation invariant Borel measure on R", then show 
that there exists some c > 0 such that *(A) = cà*(A) for all subaej A e i 


Solution. By Theorem 18.8, u = cA holds on B fonsome papata 128 

by Theorem 14.10, (cA)* = cA* holds, and Sensor al 
ci*(A) for each subset A of R”. 

; p pole Wanticyp ne mii doie -ai 
Problem 18.12. Show that an vipa collection of pairwise disjoir 

able subsets of R, each of which ha: nas p “ed ive measure, Is at- nost coi 

2) lev este ph oe l 


ngog vil 


T 
P ‘ 
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and note that C = (JPL; Ch. Now if Ci,...,Cx € Ch, then we have 
k k 
t < POAC; A i=n, a) = A((UCi) A t-n, nl) < A-n, ni) = 2n, 
i=l i=l 


and so k < 2n? holds. This shows that each C, is a finite set, and consequently 
C is at-most countable. 


Problem 18.13. Let G be a proper additive subgroup of R". If G is a measur- 
able set, then show that (G) = 0. 


Solution. If A(G) > 0, then, by Theorem 18.13, the element zero is an interior 
point of G — G. Since G is an additive group, G — G = G holds, and from this 
it follows that G = R”, which is a contradiction. 


Problem 18.14. Let f:IR > R be additive (i.e., f(x + y) = f(x) + f(y) for 
all x, y € R) and Lebesgue measurable. Show that f is continuous—and hence, 
of the form f(x) = cx. 


Solution. Assume f + 0 and let € > 0. Since f is an additive function, 
-1 ([0, eJ) = f~ ([0, ne]) holds (why?). Thus, if A(f~!([0, €])) = 0, then 


A(f~'([—ne, 0})) = A(f7"((0, ne])) = nà (f~ ((0, €])) =0 
holds for each n, and so A(f~'({—ne, ne])) = 0 for all n. From 
f~ (l-ne, ne}) t R, 


it follows that A(R) = 0, which is impossible. Thus, à( f~? ([0, £])) > 0. Since 
f is also measurable, there exists (by Theorem 18.13) some ô > 0 with 


(—ô, 8) € f! ([0, e1) — f~ (l0, £1) = f~! (l-e, £]). 


That is, —ô < x < 5 implies —e < f(x) < € so that f is continuous at zero. 
Now apply Lemma 18.7. 


Problem 18.15. Show that an arbitrary union of proper intervals of R is a 
Lebesgue measurable set. 


Solution. Let {J,: a € A} be a family of “proper” intervals (an interval is 
proper whenever its endpoints a and b satisfy a < b) and let E = Ugeala- 
Write E = Urez Cx, where C, denotes the component of x in E. Since each 

x belongs to a proper subinterval of E, we see that each Cx is a proper interval; — 
see part (g) Problem 6.11. Since the distinct componen go T 
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we see that there are at-most countably many Cy and so Æ is the union of at- 
most countably many intervals. Now, use the fact that each interval is a Lebesgue 
measurable set to infer that E itself is a Lebesgue measurable set. 


Problem 18.16. Let C be a closed nowhere dense subset of WR" such that 
A(C) > 0. Show that the characteristic function xc cannot be continuous on 
the complement of any Lebesgue null set of R". Also, show that xc will be contin- 
uous on the complement of a properly chosen open set whose Lebesgue measure 
can be made arbitrarily small. 


Solution. Let A C R” bea Lebesgue null set. Since A(C) > 0 and A(A) = 0, 
it follows that ASN C # Ø. Fix some a e A° NC. We claim that xc: AS — R 
is not continuous at x = a. 

Indeed, if xc: AS — R is continuous at a, then there exists some open ball 
B(a,r) with xc(x) = 1 forall x € B(a,r)N A‘; i.e., B(a,r)N AS C C holds. 
Since (A) = 0, it follows that B(a,r)M A° is dense in B(a,r), and therefore, 
B(a,r) © C (since B(a,r)M A° C C and C is closed), contradicting the fact 
that C is nowhere dense. 

Now, let £ > 0. By Theorem 18.2, there exists an open set V with C C V and 
ACV \ C) < £. Note that the set O = V \ C = V NC" is open, and A(O) < €. 
We claim that xc: O° —> R is continuous. 

To see this, let a ¢ O = V N C°. We have two cases. 

l)a e C. Since C C V, there exists some open ball B(a,r) with B(a,r) C V. 
Now, note that 


B(a,r)N OF = BG,r)N[(V°UC]= Blar) NC CC. 
Thus, if x € B(a,r) N O°, then xc(x) = 1. This shows that the function 
xc: O€ — R is continuous at x = a. 
2) a e C°. Choose an open ball B(a,r) such that B(a,r) C C°. Then, 
B(a,r)N O° = B(a,r)N [V° UC] = Bia,r)N V CVE CC. 


Thus, x € B(a,r) O° implies xc(x)=0, which shows that in this case 
xc: O€ — R is continuous at x = a. 


Problem 18.17. Let f: R" —> R be a continuous fun | i 
2 r5 Ha DEY oth it Me -..B + {f dkm Oubaas EET ' ~ ERE 
G= eon Pan AD anaE R 


- ty Ga A; 
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Solution. Denote by A,4; and A, the (n + 1)-dimensional and n-dimensional 
Lebesgue measures, respectively. Fix some k and let A = [—k, k] x- -x [—k, k]. 
Now, let £ > 0. By the uniform continuity of f on A, there exists some ô > 0 
such that x, y € A and |x;—y;| < ô for 1 < i < n imply |f(x)—f(y)| < e. Fix 
a partition P of [—k, k] with mesh |P| < ô, and let Q = P x ::: x P. Then, 
Q subdivides A into a finite number of distinct closed cells, say Aj,..., Ap. 
(Note that the open cells corresponding to A;,..., Ap are pairwise disjoint). For 
each 1 <i < p fix some a; € Aj, and let J; = [f(a;) — £, f (a;i) + £]. Then, 
Gr © UP, (Ai x I) holds, and so 


p R 
Ansi(G) < J Anti (A; x Ii) = J | An(Ai) -2e = (2k)" « 2e 


i=] i=l 


holds for all ¢ > 0. This shows that 1,41(G;) = 0 for each k. To complete the 
proof, now apply Theorem 15.4 to G; ¢ G. 


Problem 18.18. Let X be a Hausdorff topological space, and let u be a regular 
Borel measure on X. Show the following: 
a. IfA is an arbitrary subset of X , then 
u*(A) = inf{u(O): O open and A C O}. 
b. IfA isa measurable subset of X with u*(A) < œo, then 
u*(A) = sup{u(KĶK): K compact and K C A}. 
c. Tfu is -finite and A is a measurable subset of X , then 
u*(A) = sup{u(K): K compactand K C A}. 
Solution. (a) Since every ø -set is a Borel set, Problem 15.2 shows that 
p*(A) = inf{u(B): B is a Borel set satisfying A € B}. 
Now, use property (2) of Definition 18.4. 
(b) Let A be a measurable set with u*(A) < oo and let £ > 0. Pick an open set 
V with AC V and u*(V) < u*(A)+ £. Similarly, choose an open set W such 
that V \ ACW CV and 


u*(W) < u*(V \ A)+e=p*(V)—p*(A) +e < 2e. 
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Next, pick a compact set C such that C C V and u*(V) < w*(C) +e. Set 
K = C N W°, and note that K is a compact subset of A. Moreover, 


© 
IA 


u*(A) — w(K) = u*(A \ K) < u*(V \ K) 
u*((V \ C)U W) < [u*(V) — u*(C)] + u*(W) < 3e 


holds, and the desired conclusion follows. 
(c) Straightforward using (b). 


Problem 18.19. [fA is a (Lebesgue) measurable subset of R of positive measure 
and 0 < ô < X(A), then show that there exists a measurable subset B of A 
satisfying X(B) = ô. 


Solution. We shall present two solutions. The first one will employ the Axiom 
of Choice (via Zorn’s Lemma); the second one will establish the validity of the 
conclusion without using the Axiom of Choice and without assuming that A is a 
measurable set. 


(a) Consider a measurable subset A of R and some 6 > 0 satisfying 0 < 6 < 
(A). Since A(A N [—n, n]) t A(A) holds, replacing A by some AN [—n, n], 
we can assume that A(A) < œo also holds. 

Next, we shall denote by A the set of all collections C of pairwise disjoint 
measurable subsets of A such that: 
a) A(C) > O holds for each C € C (and so C is at most countable); and 
b) The Lebesgue measurable set ()-¢c¢C satisfies \(UceeC) < ô. 

From Problem 15.18, it is easy to see that A 4 Ø. Under the inclusion relation 
C the set A is a partially ordered set. We claim that the partially ordered set 
(A, C) satisfies the hypothesis of Zorn’s Lemma. To see this, let {C;: i € I} be 
a chain of A (i.e., for each pair i, j € J either C; G Cj or Cj G C; holds 
true). Our claim, will be established, if we can show that C = |);., Ci € A. Note 
first that if B, C € C, then B, C € Ci must hold for at least one i € 7, and 
so BNC = Ø. In particular, it follows that C is at most countable. Now, if 
By, ..., By € C, then B,,..., By € Ci also must hold for some i (why?), and 
so MUL, B,) < A(Usec, B) < < ô. Since Ci is at most countable, it follows that 
MUsec B) < 6. Thât is CS7, ti An—- 9) 

gon; aeaoe the collection A has a maini elemen 
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satisfying 0 < A(D) < n (clearly, D ¢ C). In view of B N D = Ø and 
\(B U D) = A(B) + A(D) < ACB) + ô — A(B) = ô, 


we see that Cı = CU{D} € A. However, this contradicts the maximality property 
of C, and so A(B) = 5 must hold, as desired. 

(b) For this solution the set A is an arbitrary subset of R satisfying A(A) > 0. 
As in the preceding, we can assume that A C [—k,k] holds for some k. Now, 
consider the function f:[—k, k] —> R defined by 


f(t) =AAN[-k, t]), t €[—k, k]. 


Clearly, f(—k) = 0 and f(k) = A(A). We claim that f is a continuous function. 
Indeed, if —k < s < t < k, then 


f) = ACA N [—k, t]) < MAN [—k, s) +AA N (s,t]) < f(s) +t —S. 


Therefore, | f(s) — f(t)| < |t — s| holds for all s,t € [—k, k] and so f isa 
continuous function. 

Finally, by the Intermediate Value Theorem, there exists some —k < x < k such 
that the subset B = A N [—k, x] of A (which is measurable if A is measurable) 


satisfies f(x) = A(B) = ô. 


Problem 18.20. Let E be a Lebesgue measurable subset of R of finite Lebesgue 
measure. Show that the function fe: R —> R, defined by 


fe(x) = MEA(x + E)), 
is uniformly continuous. 


Solution. The solution goes by steps. 


(1) Assume first that E = (a, b) is a bounded open subinterval of R. In this case, 
an easy calculation shows that 


_ J 2\x\, if |x] <b-a 
fe) = ee if |x| 2b —a. 


This guarantees that fg is uniformly continuous in this case. 
(2) Assume that Æ and F are two Lebesgue measurable subsets of R of finite 
measure such that fg and fr are both uniformly continuous. Put G = EU F. We 


shall show that fg is also uniformly continuous. i ed me baw jobads ess 
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To see this, notice first that 

Ixe) — xx+6(9)| < |x) — xxe O)| + [xr O) — X24) 

implies 
A(GA(x + G)) < A(EA(x + E)) + (FAG + F)). 
Hence, 
| fe(x) — fely)| = |AGA +G) -AGAW + G))| 

A(IG A(x + GALGA + G))) 
A(x + G)A(y + G)) = A(GA(y — x +G)) 
< MEA(y -x + E)) +A(F AO — x + F)) 
= fr(y —x) + frly — x). 


A 


Since fg and fr are uniformly continuous, it follows that fg is likewise uniformly 
continuous. (Actually, the continuity of fg and fr at zero is what is needed 
here.) 

(3) By induction, we can show that if E = |J; E; with each E; Lebesgue 
measurable having finite measure and E; N Ej = Dif i # j, then fg is uniformly 
continuous. 

(4) Now, let € > 0. Pick a finite collection of pairwise disjoint bounded open 
intervals /;,..., 7, such that the set G = ()*_, I; satisfies A(E AG) < é. Then, 
as ee we have 


| fe(x) — fe(y)| = |E Ax + E)) -A(E AO + E))| 
< \(EA(y -x + E)) 
< MEAG) +AMGA(y—x + G)) + A(y—x + G)A(y—x + E)) 
< 2e +A(GA(y —x + G)) 


= 2e + fo — x). a: 

This easily implies that f must be a uniformly continuous function. - a 
; gor i ae 
19. CONVERGENCE IN MEASURE — ee 
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Solution. Pick a sequence {kn} of strictly increasing positive integers such that 
wr({x © X: Aa) — f(x) = 4))< 2 forall k > ky. Set 


E, = {x € X: |fi,(x) — f = 4) 


for each n and let E = p1 Up, En. Then, 


oo o0 
w(E) <u*(U En) < Da AE <2 


n=m n=m 


holds for all m, so that u*(E) = 0. Also, if x ¢ E, then there exists some m 
such that x ¢ Um En, and so |fr,(x)— f(x)| < + holds for each n > m. 
Therefore, lim f}, (x) = f(x) foreach x ¢ E, and so f;, —> f a.e. holds. The 
latter (by Theorem 16.6) easily implies that f is a measurable function. 


Problem 19.2. Assume that { f,} © M satisfies f, + and fa — f. Show that 
fn t f a.e. holds. 


Solution. By Theorem 19.4, there exists a subsequence { f;,} of the sequence 
{fn} with f, —> f a.e. Since fn f, it easily follows that fa t f a.e. holds. 


Problem 19.3. If {f,} C M satisfies fa — f and f, > Oa.e. for each n, then 
show that f > Oa.e. holds. 


Solution. Since, by Theorem 19.4, some subsequence of { f,,} converges almost 
everywhere to f, we must have f > 0 a.e. 


Problem 19.4. Let {fa} E M and {gn} © M satisfy fn —> f, 8n —> 8, and 
Ín = gn a.e. for each n. Show that f = g a.e. holds. 


Solution. Since f, —> f implies fi, —", f for each subsequence { fi,} 
of {fn}, by passing to two subsequences (if necessary), we can choose a strictly 
increasing sequence {k,} of positive integers such that fe, —> f ae. and 
8k, —> g a.e. This easily implies f = g a.e. 


Problem 19.5, Let (X, S, p) be a finite measure space. Assume that two sequ- 
ences { fn} and {gn} of M satisfy fa ->> f and gn > g. Show that fagn —> f8- 
Is this statement true if 4*(X) = co? 
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Solution. By Theorem 19.4, the only possible limit of {f,2,} is fg. Conse- 
quently, if fn&n mat fg does not hold, then there exist ¢ > 0 and ô > 0 and 
some subsequence of {fagn} (which we shall denote by {fngn} again) such that 


u(x EX: [fal den(x) — faga 2 #}) 2 4 (*) 


holds for all n. In view of fp, —> f and gn PLs g, Theorem 19.4 shows that 
for some subsequence {fr 8,} of {fn8n} we must have fk,8&k, —> fg a.e. 
Now, note that (by Theorem 19.5) fr, gx, i} fg holds, contrary to (x). Thus, 
Fre —> fg holds. 

If u*(X) = oo, then the conclusion is no longer true. An example: Take X = 
(0, oo) with the Lebesgue measure. Consider the functions f,(x) = ,/x* + ~ and 


f(x) = x?. Then, fa — f, while f? > f?. 


Problem 19.6. Show that a sequence of measurable functions { f,} on a finite 
measure space converges to f in measure if and only if every subsequence of { fn} 
has in turn a subsequence which converges to f a.e. 


Solution. The conclusion follows immediately from Theorems 19.4 and 19.5. 


Problem 19.7. Define a sequence {fn} of M to be -Cauchy whenever for 
each € > 0 and ô > O there exists some k (depending on € and 5) such that 
u*({x € X: |fa(x)— fm(x)| = €}) < ô holds for all n,m > k. 

Show that a sequence {fn} of M is a -Cauchy sequence if and only if there 
exists a measurable function f such that fn T-N f. 


Solution. If f, —> f, then the inclusion 
(x: |fn(x) — fn(x)| = 2e} S {x: f) FQ) = e} U(x: Ifaa- F@) = e} 


easily implies that {f,} is a -Cauchy sequence. 

For the converse, assume that { f,,} is a u-Cauchy sequence. It suffices to show 
that {fn} has a subsequence that converges in measure (why?). To this end, start 
by selecting a subsequence {gn} of {fn} satisfying 


w*({x: [gn(x) — Bm(x)| > 27") < 2™ 
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for all m > n. Let En = fx: |@n4i(e) — ga (x)| > 2-"}. Also, let 


F, = J Er = fx: Igi) — ge(x)| > 2™ holds for some k > n J. 


k=n 


Clearly, u*(Fn) < }op, H*(Ek) < 2!" holds for all n, and hence the measurable 
set F = (X Fn satisfies u*(F) = 0. Now, note for each fixed x ¢ F there 
exists some positive integer ky such that x ¢ F, holds for all n > k,. Thus, for 
n > ky, we have 


|Sn+p(x) — 8n(x)| < X jeie) — gi(x)| <27. 


Therefore, {g,(x)} is a Cauchy sequence of real numbers for each x ¢ F. Thus, 
there exists a function g € M such that g,(x) —> g(x) holds for each x ¢ F. 
Now, if n > k and x ¢ F,, then 


co 
|En) — Bntp(@)| < Di E O ES 
i=n+1 


implies that |g,41(x) — g(x)| < 2" < 2-* forall n > k. Thus, 


{x € X: Ign) -ga >= 2 LE F, 


ILe 
7 


holds for all n > k. Finally, to see that g, —“» g holds, note that for n >k, we 
have 


{x € X: |g) — g| > 2] pe 
A EB sh prepla lale a Mies. iy 


JR, ILITY 
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Solution. Assume first that the nonempty collection 7 is a ring. That is, assume 
that A, B € R imply AUB E R and A\ B e R. Then the identities 


AAB =(A\B)U(B\A) and ANB=A\(A\B) 


easily imply that R is closed under symmetric differences and finite intersections. 
For the converse assume that R is closed under symmetric differences and finite 
intersections. Then, the identities 


A\B=AA(ANB) and AUB =(AAB)A(AN B) 
guarantee that R is a ring. 
Problem 20.2. If R isa ring of subsets of a set X , then show that the collection 
A= {A C X: Either A or A‘ belongs to R} 
is an algebra of sets. 


Solution. From the definition of A, it easily follows that if A € A, then A‘ € A, 
i.e., that A is closed under complementation. 

Now, assume that A, B € A. If A,B € R, then since R (as being a ring) is 
closed under finite unions, we have AU B € R and so AUB e A. If A°, B ER, 
then A‘ \ (AS \ B°) € R, and so 


AUB = (A NBI =[A°\(A°\ B)] € A. 


Now, assume that A € R and B® € R. Then, B°\A = B° N AS € R, and 
consequently (from the definition of A), AUB = (A° N B°)° € A. The preceding 
show that A is an algebra. 


Problem 20.3. In the implication scheme of Figure 3.3 show that no other im- 
plication is true by verifying the following regarding an uncountable set X. 


sores sift jia, T 
o-algebra n= => semiring 
Rit algebra a 


FIGURE 3.3. 


1 
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a. The collection of all singleton subsets of X together with the empty set is a 
semiring but not a ring. 

b. The collection of all finite subsets of X is a ring but is neither an algebra 
nor a o-ring. 

c. The collection of all subsets of X that are either finite or have finite com- 
plement is an algebra but is neither a o -algebra nor a o-ring. 

d. The collection of all at-most countable subsets of X is a o-ring but not an 
algebra. 

e. The collection of all subsets of X that are either at-most countable or have 
at-most a countable complement is a o -algebra (which is, in fact, the o- 
algebra generated by the singletons). 


Solution. (a) If A and B are singletons, then AN B and A \ B are either empty or 
singletons. This shows that the collection of all singletons together with the empty 
set is a semiring. However, it should be obvious that finite unions of singletons 
need not be a singleton, and so the collection of all singletons is not an algebra. 

(b) Let R denote the collection of all finite subsets of (the infinite) set X. If 
A, B € R, then A UB and A \ B are finite sets and so A U B and A \ B belong to 
R. This shows that R is a ring. Since the complement of a finite set is infinite, it 
follows that R is not closed under complementation, and so R is not an algebra. 

To see that R is not a o-ring, let A = {a), a, ...} be a countable subset of X, 
and for each n let A, = {an} € R. Then, (J, An = A ¢ R, and this shows that 
R is not a o-ring. 

(c) If R is the ring of all finite subsets, then by part (b) the collection 


A={ACX: Either A or A® belongs to R} 


is an algebra of sets. To see that A is not a o-ring (and hence neither a o-algebra), 

let A = {a1, a, ...} be a countable subset of X such that X \ A is an infinite 

set. Clearly, A ¢ A. On the other hand, if A, = {an}, then A, € A and 
nt An = A ¢ A. This shows that A is not a o-ring. 

(d) Let C denote the collection of all at-most countable subsets of X. Clearly, 
A, B e€ C imply A\ B eC. Also, C is closed under countable unions (recall that 
an at-most countable union of sets each of which is at-most countable is at-most 
countable; see Theorem 2.6). Therefore, C is a o-ring. However, when X is an 
uncountable set, C is not closed under complementation, and hence it cannot be 
an algebra. 

(e) This is Problem 12.7, 


Problem 20.4. Show that a Dynkin system is a o-algebra if and only if it is a 


closed under finite intersections. 
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Solution. Let D be a Dynkin system that is closed under finite intersections. 
Since D is also closed under complementation, it is easy to see (by using the 
identity A U B = (A° B°)°) that D is in fact an algebra. So, if A = Upa; An 
with {An} E D, then by letting B, = U; Ax € D, and noting that B, + A, we 
see that A € D. In other words, D is a o-algebra. 


Problem 20.5. Give an example of a Dynkin system which is not an algebra. 
Solution. Consider the set X = {1, 2, 3, 4}, and let 
D = (Ø, {1, 2}, {3,4}, (1, 3}, (2, 4}, X}. 


Then D is a Dynkin system (why?), which (since {1, 2} U {1, 3} = {1, 2, 3} does 
not belong to D) fails to be an algebra. 


Problem 20.6. A monotone class of sets is a family M of subsets of a set X 
such that if a sequence {An} of M satisfies A, + A or An | A, then A € M. 
Establish the following properties regarding monotone classes: 


a. We have the following implications: 
o-algebra = > Dynkin system = > monotone class 


Give examples to show that no other implication in the preceding scheme 
is true. 

b. An algebra is a monotone class if and only if it is a o-algebra. 

c. The o-algebra o(A) generated by an algebra A is the smallest monotone 
class containing A. 


Solution. (a) The implication scheme follows immediately from the definitions 
of the three classes of sets involved. An example of a Dynkin system which is not 
an algebra was exhibited in the preceding problem. Now, if X = {1, 2}, then the 
collection M = {X, {1}} is a monotone class but not a Dynkin system, 
(b) Let A be an algebra of sets. If A is a o-algebra, then it is clearly a monotone 4 
class. For the converse assume that the algebra Aisa monotone class, = 
Assume {A,} © A and put A = Uno; An. Let By = Ut, Ae € A and | 
that B, t A. Since A is a monotone class, it follows that A € A, and so 


p (a 6y za pa 


4 P 
oP. gitar: A 
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Let C = {B € M: B\A € M foreach A € A}. An easy verification shows 
that C is a monotone class that includes A, and so M = C. Now, let 


D= {B e€ M: M\BEM for each M € M}. 


Again, D is a monotone class which (in view of M = C) satisfies A C D. 
Thus, D = M. This shows that M is, in fact, a Dynkin system. By Dynkin’s 
Lemma 20.8, o (A4) C M, and so M = ø (A). 


Problem 20.7. Show that if X and Y are two separable metric spaces, then 
Bxxy = By Q By. 


Solution. Assume that X and Y are two arbitrary topological spaces. For each 
subset A of X, let 


SaS B CY: Ax Be Byxz}. 


From the identities A x (B \ C) = (A x B)\(A x C), we see that if B,C € Za, 
then B \C € E4. From A x (NX Bn) = NZ, (A x Bn), it follows that £4 is 
closed under countable intersections. Observing that Ø € La, we infer that £4 is 
a o-ring. Clearly, £4 is a o-algebra if and only if Y € La. 

Next, note that for any open subset O of X, V € Xo for every open subset V 
of Y. Since Y is itself open, if O is open, then Xo is a o-algebra of subsets of Y 
that includes the open subsets of Y. Thus, By C Xo for each open subset O of X. 
Now, let 


AeA. X: By C Da}. 


As we have just noticed, V € A holds for each open subset V of X. Since 
(as easily checked) £4 = Lac for each A € A, we see that A is closed under 
complementation. Moreover, if {A,} C A, then for any Borel subset B of Y, we 
have A, xB € By, foreachn. Thus, in view of (°° (An xB) = (NZ: An) xB, 
we obtain B € Ene A,- In other words, A is closed under countable intersections, 
and so A is a ø -algebra including the open subsets of X. This implies By S A. 

We have just established the following: If A is a Borel subset of X and B is a 
Borel subset of Y , then A x B € Byxy. Therefore, 


By ® By C Byxy. 


__ For the reverse inclusion, assume that X and Y are two separable metric spaces. 
Then every open subset of X x Y is an at-most countable union of sets of theform 
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V x U, where V is an open subset of X and U an open subset of Y. Consequently, 
By xy C By ® By, from which it follows that By ® By = By xy. 


Problem 20.8. Show that the composition function of two measurable functions 
is measurable. 


Solution. Assume that (X, £;) RN (Y, £2) -© (Z, E3) are measurable func- 
tions. If A € 3, then g~!(A) € Xp, and so (g o f) '(A) = f~! (87 '(A)) € Xi. 
This shows that g o f is measurable. 


Problem 20.9. If (X, E) is a measurable space, then show that 


a. the collection of all real-valued measurable functions defined on X is a 
function space and an algebra of functions, and 

b. any real-valued function on X which is the pointwise limit of a sequence of 
(£, B)-measurable real-valued functions is itself (£ , B)-measurable. 


Solution. Repeat the solution of Problem 17.17. 


Problem 20.10. Let (X, X) be a measurable space. A X-simple function is any 
measurable function @: X — R having a finite range, i.e, if ġ has finite range and 
its standard representation ¢ = DE XA, satisfies A; € È for each i. 

Show that a function f: X — [0, 00) is measurable if and only if there exists a 
sequence {@,,} of X-simple functions such that ġa (x) t f(x) holds for eachx € X. 


Solution. The proof is identical to the proof of Theorem 17.7. Here it is. 

For each n let Ai, = {x € X: (i—1)2™ < f(x) < i2™) fori = 1,2, ..., n2", 
and note that Ai N A; = Ø if i # j. Since f is measurable, all the A‘ belong to 
x. 

Now, for each n define p = As 2—"(i — 1)Xa,, and note that {@,} is a 
sequence of Z-simple functions. Also, an easy verification shows that 0 < @, (x) < 
$n+i1(x) < f(x) holds for all x and all n. Moreover, if x is fixed, then 0 < 
f(x) — O,(x) < 2~” holds for all sufficiently large n, This implies ¢,(x) ¢ f(x) 
for all x € X. 


Problem 20.11. Use Corollary 20.10 to show that if a measure p is o-finite, 
then u* is the one and only extension of p to a measure on o(S). 


Solution. Let v:0(S) — [0, o0] be a measure satisfying v(A) = (A) for each 
A e S. We shall establish that v(A) = u*(A) for each A € a(S). 
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Fix E e S with u(E) < oo and let 
={ENA: AceS}={BeS: BCE}. 


Clearly, Sg is a semiring of subsets of E and u restricted to Æ is a measure, 
Moreover, we know (see Problem 15.7) that the outer measure generated by the 
measure space (E, Sg, u) is simply the restriction of u* to P(E). In addition, we 
claim that if o (Sg) denotes the o -algebra generated by Sz in P(E), then 


o(Sz) = [AN E: A €o(S)} = {B € o(S): BC E}. (x) 


To see this, note first that since {B € o(S): B C E} is a ø -algebra containing Sg, 
we have 


o(Se) E {B €o(S): BC E}. 
On the other hand, the collection 
A= {A CXAME € o(Sz)} 


is a ø -algebra of subsets of X satisfying S C A. Hence, a(S) C A. In particular, 
if B C E satisfies B € a(S), then B € A and so B = BNE e o(Sp). 
Consequently, {B € o(S): B C E} C o(Sz), and the validity of (x) follows. 

Next, note that since Sg is closed under finite intersections, u*(E) = u(E) = 
v(E) < oo, and v(F) = u(F) = u*(F) for all F € Sz, it follows from Corol- 
lary 20.10 that v(F) = u*(F) for all F € o(S) with F C E. 

Now, let {E,,} be a pairwise disjoint sequence of S satisfying X = |, En and 
Ww(E,) < co for each n. If A € o(S), then by the preceding discussion we as 
v(A N Xn) = u*(AN Xn) for each n, and so 


W(A) = (AN X) = (Ua N Xa) a 5 (AX) 


n=1 n=! 


= E wanx =n (Uanx,) 


n=1 & 103 
= uA N X) = u*(A), 


A YAT AEA X wider 
ri we are finished. (For more about tlie extension pid see Probleen-1 3.19 
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Solution. Let { f,} be a sequence of measurable functions from a measurable 
space (X, ©) into a metric space (Y, d). Suppose f is the uniform limit of { fn}. 
That is, assume that foreache > Othere exists some no such that d(f,(x), f(x)) < 
e for all x € X and all n > no. By passing to a subsequence, we can assume that 
d( fa(x), f(x)) < } holds for each n and all x € X. 

Since the family of closed sets generates the Borel sets of Y , in order to establish 
the measurability of f, it suffices to prove that f -1(C) € E for each closed set C. 
To this end, let C be a closed subset of Y. 

Let V, = {y € Y: d(y,C) < +}. We claim that 


POs (af Wp: (x) 


n=1 


To see this, assume x € f '(C), i.e., let f(x) € C. From d(fn(x), C) < 
d( fax), f(x)) < 4+, we get fa(x) € Vn or x f f, (Vn) for each n. Conversely, 
if fa (x) € Vn for each n, = d(fr(x),C) < + 1 for each n, and so if we pick some 
Cn € C with d(f,(x), cn) < +, then we haè 


d(f(x),C) < d(f(x), cn) < d(f(), fx) +a( fala), Cn) < 444 = 2 


for each n. This implies d( f (x), C) = 0. Since C is a closed set, it follows that 
fix)< Crs € f KO). 

Next, use the measurability of each f, and the fact that each V, is open to obtain 
that f,'(V,) € E for each n. Now, invoke (**) to conclude that f~!(C) € D. 


Problem 20.13. Let f,g:X — R be two functions and let B denote the o- 
algebra of all Borel sets of R. Show that there exists a Borel measurable function 
h:R > R satisfying f = h o g if and only if f~'(B) € g—'(B) holds. 


Solution. Assume f = h o g holds for some Borel measurable function h: R > 
R. Fix B € B and note that h~'(B) € B. Therefore, f-'(B) = g'i!) € 
8~' (B), and so f~!(B) C g7! (B) holds. 
For the converse, assume f~! (8B) C g~'(B). The existence of the Borel mea- 


surable function h will be established by steps. “a 

Step I: Assume f = x4 for some A € f~!(B). n” onom isteqgst 
Since f~'(B) S g7'(B) is true, there exists some B € B such that A = g~'(B) 

Let h = xg, and note that h o g = f. aimi: 


Step II: Let f = Yij_aix, vi > A; pairwise disjoint and A, =l 
for each i. For each i choose some B; € g~'(B) such that A; = g~'(B; 
we consider the Borel step function h = })_,a;xz,, then it i 

hog aig. PN pere 
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Step III: The general case. 
The preceding problem applied with & = f~ '(B) guarantees the existence of 


a sequence {,} of f~'(B)-simple functions satisfying $,(x) t f(x) for each 
x € X. Now, by Step Il, for each n there exists a Borel measurable function 


hn: R — R such that h, o g = oy. Next, let 
= {x ER: lim h,(x) = h(x) exists}. 
n> 00 


It follows (as in Problem 16.7) that B € B and h,(x)xg(x) —> h(x) for each 
x € R. If we let h(x) = 0 for x ¢ B, then h:R — R is Borel measurable and 
satisfies h o g = f. 


Problem 20.14. Let(X, £) be a measurable space, Y , Z,, and Z2 be separable 
metric spaces and Y a topological space. Now, assume also that the functions 
fi:X xY > Z;, (i = 1,2), are Carathéodory functions and g: Zi x Z2 > WV is 
Borel measurable. Show that the function h: X x Y —> WV, defined by 


h(x, y) = g( fit, y), fH y)), 
is jointly measurable. 


Solution. By Theorem 20.15, each f;:X x Y — Z; is jointly measurable. This 
implies that the function F: X x Y — Z; x Z2, defined by 


F(x, y) = (AQ. y), fa, y)) 


is measurable (why?). Since g: Z x Z2 > W is (Bz,.z,, By)-measurable and 
(by Problem 20.7) Bz, ® Bz, = Bz,xz,, it follows that h = g o F is likewise 
measurable. 


Problem 20.15. Let(X, X) be a measurable space and (Y , d) a separable metric 
© bop imag f:X — Y is measurable if and only if for each a 
st baneh xh oO Pi (x)), from X into R, is measurable. 


ce. For e: ck y. $ Y define the function gy: X SRY 
th i hr > Oand each y € Y, Sag Be 


TMi bis 4 
bir 


A 


O. lukat ht: (62S 


XE) - =. ” bea function from a measurable space to a J 
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Assume that each g, is measurable. Then, by the preceding identity, we have 
F (BO; r)) = g; '((—00, r)) € È foreach y € Y and allr > 0. Since Y isa 
separable metric space, every open set can be written as an at-most countable union 
of open balls, and so f -1 (0) € E holds for each open set O. By Theorem 20.6, 
f is a measurable function. 

For the converse, suppose that f is a measurable function and let y € Y. From 
g,'((-00,r)) = f'(B(y,r)) ifr > 0 and g,'((—-00,r)) = Ø ifr < 0, we 
easily infer that g, is a measurable function for each y € Y. 


Problem 20.16. Let (X, S, p) be a o-finite measure space, where S is a o- 
algebra. If f: X — R is a A -measurable function, then show that there exists a 
S-measurable function g: X — R such that f = g a.e. 


Solution. We can assume f(x) > 0 for each x € X (otherwise, we apply the 
arguments below to f* and f~ separately). If f = x4 for some A € A,, then 
an easy argument (using Theorem 15.11) shows that there exists a null set C such 
that B = AUC e€ S. So, if g = xp, then g is S-measurable and f = g a.e. holds. 
It follows that if f is a A,,-simple function, then there exists a S-simple function 
g such that f = g ae. 

Now, we consider the general case. By Problem 20.10 there exists a sequence 
{,,} of A,,-simple functions satisfying ¢,(x) + f(x) foreachx € X. Foreachn fix 
a S-simple function Y, such that Y, = n a.e. By Theorem 15.11, for each n there 
exists anull set A, € S with Yn (x) = $,(x)forallx ¢ An. Put A = (J, A, € S, 
and note that A is a null set. Moreover, we have W,x4:(x) t f Xac(x) for each x. 
If g = f Xa, then (by Problem 20.9(b)) g is a S-measurable function satisfying 
f =sg2e. 


CHAPTER 4 


THE LEBESGUE INTEGRAL 


21. UPPER FUNCTIONS 


Problem 21.1. Let L be the collection of all step functions o such that there exist 
a finite number of members Aj, ..., An of S all of finite measure and real numbers 
@},..-,@, such that 6 = X `;_;aiXa,. Show that L is a function space. Is L an 


algebra of functions? 


Solution. Let ¢ = `; aixa; and Y = )°j_, 5; xXe,, where the A; and Bj 
belong to S and they all have finite measure. By Problem 12.14, there exist 
pairwise disjoint sets C;,...,C, of S such that each A; and each B; can be 


written as a union from the ci. We can assume that LJ*_ 1Cr = [U Ai] U 
[U= B;]. It is easy to see that ø and y can be written in the form ọ = 


ors CrXc, and y = >S d,xc,. Now, everything follows from the equali- 
ties: 
1. a+ fy = pear + Bd;)xc,; 
2. oVb=ViG Va)xc, and GAY = Dic Ad,)xc,; and 
Z.ngt E DE crd, Xc,- 


Problem 21.2. Consider the funotion f:R — R defined by f(x) = oif xé 


(0, 1], and f(x) = Jn if x € (zł. 4] for some n. Show that f is 
function and that — f is not an upper function. oa 
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the other hand, the relations 


guarantee that f is an upper function. 
Since — f is not bounded from below, there is no step function @ satisfying 
$ < — f. This implies that — f cannot be an upper function. 


Problem 21.3. Compute ff dd for the upper function f of the preceding exer- 


cise. 
oo 
Solution. Wehave ff di =) gy 
n=1 


Problem 21.4. Verify that every continuous function f: [a,b] —> R is an upper 
Function—with respect to the Lebesgue measure on [a, b). 


Solution. For each n let P, = {xo, X1,...,X2.} be the partition that divides 
[a,b] into 2” subintervals all of the same length (b — a)2~"; that is, x; = 
a+i(b—a)2™. Let m; = min{ f(x): x € [x;_-1, x;]}, and then define 


2n 
on = F Mi xe: 
i=] 


Clearly, each ¢, is a step function. Using the uniform continuity of f, it is not 
difficult to see that (x) t f(x) holds for all x € [a, b). On the other hand, if 
f(x) < M holds for each x, then f, dA < M(b — a) holds for all n, implying 
that f is an upper function. 


Problem 21.5. Let A be a measurable set, and let f be an upper function. If 
Xa < f a.e., then show that *(A) < oo. 


Solution. Choose a sequence {@,) of step functions with ¢, t f a.e. Then, 
$n \ Xa t f AXA = Xa ae., and so, by Theorem 17.6, 


WA = Jim, foe a xadu < iim fondu = ffan < 00. 


att 
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Problem 21.6. Let f be an upper function, and let A be a measurable set of 
finite measure such that a < f(x) < b holds for each x € A. Then, show that 


a. fxa is an upper function, and 
b. au*(A) < f fxadu < bu*(A). 


Solution. (a) Pick a sequence {¢,} of step functions with ¢, t f a.e. For each 
n define the step function Y, = (n Xa) A bxa. Then, 


fo du < fors du = bu*(A) < oo. 


Since Y, t fXa a.e. holds, f x4 is an upper function. 
(b) Apply the monotone property of the integral (Theorem 21.5) to the inequality 
axa < fxXA S dXa. 


Problem 21.7. Let (X, S, m) be a finite measure space, and let f be a positive 
measurable function. Show that f is an upper function if and only if there exists a 
real number M such that f du < M holds for every step function ọ with @ < f 
a.e. Also, show that if this is the case, then 


[rau = sup| foan @ isa step function with ġ < f ae}. 


Solution. If f is an upper function, then by Theorem 21.5 every step function 
$ with @ < f a.e. satisfies [fdu < f f du < œ. 

Conversely, by Theorem 17.7 there exists a sequence {,} of simple functions 
with @, t f ae. Since (X, S, p) is a finite measure space, we know that each 
Én is a step function. If f„du < M holds for all n, then this readily implies 
that f is an upper function. 

The last formula is immediate from Theorem 21.5. 


Problem 21.8. Show that every monotone function f: [a,b] —> R is an upper T 
function—with respect to the Lebesgue measure on {a, b). f _ 


creasing case” can be proven ir in a similar fashion and is left for bi tend giie 
ay Problem 9. 8, we know w Dai a set D ofa ao ities f f is an at- 


TEN 
~~ 
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where a” = a + 4=4i fori =0,1,...,2". Next, foreach 1 <i < 2" let 
m? = inf{ f(x): x € (al, ay} 


and put ¢, = Sat m? Xtar at). Clearly, each ¢, is a step function and, in view 
of the monotonicity of f, we have 


r(x) = Pnyx) < f(x) 
for all x € [a, b). Put E = DU P, U P2 U P3 U--- and note that A(E) = 0. We 
shall establish that œp (x) + f(x) for each x € [a, b] \ E. 


To this end, fix some t € [a, b]\ E and let € > 0. Since f is continuous at f, 
there exists some ô > 0 such that 


x € [a,b] andt—S5<x<t+5 imply f(t)—e<f@)<f®@+e. x) 


Next, pick some k such that 25% < ô for all n > k, and then choose the subinterval 
[x;-1, x;] of Py such that t € (x;_1, x;). From (x), it easily follows that 


p(t) = inf{ f(x): x € [xi-1, xi]} => fO—e. 
Therefore, f(t) —€ < &(t) < on(t) < f(t) holds for all n > k, and this shows 
that ,(t) t f(t), as claimed. 


Finally, note that the monotonicity of f guarantees that m? < f(b) holds for 
all 1 <i < 2”. This implies 


2" Qn 
[04a = Y miat - at) = FOY ar = af.) = FOXb — a) < œ 
i=l i=l 


for each n, and this establishes that f is an upper function. 


22. INTEGRABLE FUNCTIONS 


Problem 22.1. Show by a counterexample that the integrable functions do not 
form an algebra. 


Solution. Consider the function f:R — R defined by f(x) = 0 if x ¢ (0, 1], 
and f(x) = y/n if x € (zH, +] for some n. From Problem 21.2, we know that f 
is an integrable function. Now, note that f? is not an integrable function. 
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Problem 22.2. Let X be a nonempty set, and let 5 be the Dirac measure on 
respect to the point a (see Example 13.4). Show that every function f: X => R is 
integrable and that | f dd = f(a). 


Solution. Note that f = f(a)Xia} a.e. holds. Consequently, the function f is 
integrable and f f d8 = f(a)5({a}) = f(a). 


Problem 22.3. Let u be the counting measure on N (see Example 13.3). Show 
that a function f:N — R is integrable if and only if $72, |f(n)| < 00. Also, 
show that in this case | f du = ~~, f(n). 


Solution. Let f:N — R. Since every function is measurable, f is integrable 
if and only if both f* and f` are integrable. So, we can assume that f(k) > 0 
holds for each k. 

If Øn = J}; f(k)Xw, then {¢,} is a sequence of step functions such that 
on(k) tn f(k) for each k, and 


[onan =F) tf. 
—I k=1 


This shows that f is integrable if and only if sey f(k) < 00, and in this case 
Sfdu = YZ f(k) holds. 


Problem 22.4. Show that a measurable function f is integrable if and only if | f | 
is integrable. Give an example of a nonintegrable function whose absolute value 
is integrable. 


Solution. Apply Theorems 22.2 and 22.6. For a counterexample: Let E 
be a non-Lebesgue measurable subset of [0,1] and consider the funtion 


f=xe- X{0,1}\ E- 


Problem 22.5. Let f be an integrable function, and let {E,} be a sequence of 
disjoint measurable subsets of X. If E = |J% En, then show that 


oneal aa 


A Av AA, E 
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a.e. Thus, by the Lebesgue Dominated Convergence Theorem, we have 


[rau = [tre dn = tim, f fxn, du 
me im (X f fxs dn) = f, fdu 


n—> 00 


Problem 22.6. Let f be an integrable function. Show that for each € > 0 
there exists some 8 > O (depending on €) such that | fp f du | < € holds for all 
measurable sets with u*(E) < ô. 


Solution. Consider an integrable function f and let € > 0. From O < |f| An 4 
|f| and the Lebesgue Dominated Convergence Theorem we get f |f| Andp 4 
J \f\du. So, there exists some no such that [(|f|—|f| ^no)du < $ for all 
n > no. Now, put ô = ac and note that if a measurable set E satisfies u*(E) < ô, 
then 


| fan = fitian=foari-itiandu+ fifi ^nodu 


< [osi-itianordut f modu 
E 
< 5 tnoe*(E) <5 +5 =6, 


as desired. 
Problem 22.7. Show that for every integrable function f the set 
{x € X: f(x) £0} 


can be written as a countable union of measurable sets of finite measure—referred 
to as a o -finite set. 


Solution. Each E, = {x € X: |f(x)| = +} is a measurable set and, by 
Theorem 22.5, 4*(E,) < co holds. Now, observe that 


{x eX: f(x) #0} =|] En. 


n=1 


Problem 22.8. Let f:R—>R be integrable with respect to the Lebesgue mea- 
sure. Show that the function g: (0, 00) —> R defined by 


g(t) = sup{ fire + y) — f(x)|da(x): ly| < | ph 


for t = 0 is continuous at t = 0. 
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Solution. Let f:R —> R be an upper function and let {pn} be a sequence of 
step functions with œ, t f a.e. Fix some y, and note that p(x + y) t f(x +y) 
holds for almost all x. Since x4(x + y) = xa—y(x) and A(A) = A(A = y), it 
follows that f(x + y) as a function of x is integrable and f f(x + y)dA(x) = 
ff dx. Thus, if f is integrable, then f(x + y) is integrable with respect to x for 
each fixed y and f f(x + y)dA(x) = ff da holds. In particular, for each fixed 
y we have [| f(x + y) — f(x) dA(x) < f IFO + yda) + S Ifd) = 
2[|f\da < oo. 
Now, for each integrable function f:R —> R and each t > 0, define 


gr(t) = sup{ fifa +y)— f(x)|dA(x): lyl St | > 0. 
Then, we have 
Sr+n(t) < gft) + ant) and gast) = lalg s(t). 
These relations show that the set 
L_= { f: f is integrable and gy is continuous at zero } 
is a vector space. Moreover, L has the following approximation property: 


e Jf f is an integrable function such that for each £ > 0 there exists some 
heL with [|f —h|da <e, then f € L. 


Indeed, if f is such a function and £ > 0 is given, then choose h € L with 
fif —h|da < £. Pick some ô > 0 with ga(t) < € whenever 0 < t < 6, and 


note that for |y| <t we have 
J fæ + y) — f(®)| da) 
< fifa +y) -ha + y)| dae + [lice +) roaro 


+ fin = flan < 3e. 


Thus, g¢(t) < 3e holds for all 0 < t < ô so that f € L. 
Now, assume that f = X{a,b)- If 0 <t < b — a, then for ly| <t we have 


fite +y)- f(x)| dì(x) = [reson æ Xla,b)(x)| dì(x) 
= A([a— y, b — y)Ala, b)) = 21y] < 2, 
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and so g(t) < 2t holds for all 0 < t < b—a,i.e., f € L. By the approximation 
property, we have x4 € L for every o-set A of finite measure, and hence, by the 
same property, x4 € L for every A € A with (A) < 00 (see Problem 15.2). It 
follows that L contains the step functions. Since for every integrable function f 
and each £ > 0 there exists a step function @ with [|f —@|dd < £, we infer 
that L consists of all the integrable functions. 


Note. We basically verified here that the collection L satisfies properties (1), (2), 
and (3) of Theorem 22.12. This guarantees that L coincides with the vector space 
of all integrable functions. 


Problem 22.9. Let g be an integrable function and let { fn} be a sequence of 
integrable functions such that | f,| < g a.e. holds for all n. Show that if fn -Ey f; 
then f is an integrable function and lim Í | fn — f|du = 0 holds. 


Solution. By Theorem 19.4, the sequence { f,} has a subsequence that converges 
to f a.e. andso |f| < g a.e. Thus, by Theorem 22.6, the function f is integrable. 

Assume that for some € > 0 there exists a subsequence {gn} of {fn} such 
that {\g, — fldu > £. By Theorem 19.4, there exists a subsequence {hn} of 
{gn} with h, —> f a.e. Now, note that the Lebesgue Dominated Convergence 
Theorem implies 0 < £ < flh — f|dp —> 0, which is impossible. Hence, 
lim {| fn — fldu =0. 


Problem 22.10. Establish the following generalization of Theorem 22.9: If 
{fn} is a sequence of integrable functions such that $>, f \faldu < 00, then 
>, fn defines an integrable function and 


[(Sa)u=D f han 


n=1 n=\ \ 
tom 


Solution. By Theorem 22.9, the series g = EZ; |fa| defines an integrable _ 
function and |)*_, fn| < g ae. holds for each k. Since Drc; fa is conver- 
gent for almost all points, it follows from the Lebesgue Dominated Convergence _ 
Theorem that 5°, fn defines an integrable function and that _ 


sa" ee 


n=1 


-1> Giba 
X "4 = Pr. we 
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Solution. Let E; = {x € X: 2'-' < f(x) < 2'), i =0,+1,42,.... For 
each n let d, = >-;__,, 2'Xz,. Then, there exists some function g with br TR 
a.e. Clearly, g is a measurable function and 0 < f < g a.e. holds. 

Assume that f is integrable. Then, each ¢, is a step function, and in view of 
n < 2f (why?), it follows that 


Ses tim, føran <2 fdu <o: 


i=—00 


On the other hand, if }°°°_,, 2'e; < 00, then each ¢, is a step function, and 
so g is integrable. Since 0 < f < g, Theorem 22.6 shows that f is also 
integrable. 


Problem 22.12. Let { f,} be a sequence of integrable functions satisfying 0 < 
fn+1 < fn a.e. for each n. Then, show that fa | 0 a.e. holds if and only if 
J fndu 4 0. 


Solution. Assume f{ f,du | 0. Let f, | f a.e.; clearly, f > O a.e. It follows 
that [f f du = 0, and thus (by Theorem 22.7) f = 0 a.e. 


Problem 22.13. Let f be an integrable function such that f(x) > 0 holds for 
almost all x. If A is a measurable set such that f a J du = 0, then show that 
u*(A) = 0. 


Solution. Let A be a measurable set satisfying f, fdu = 0. Next, consider 
the set B = {x € A: f(x) < 0}, and note that, by our hypothesis, 4*(B) = 
Also, for each n put 


= {xe A: f(x) > +}. i ue 
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then show that 
int{ f fdu: Be Ay and u*(B) =e} > 0. 
E 


Solution. We can assume that f(x) > 0 holds for each x € X. If for some 
0 < £ < u*(X) we have 


int[ f fan: E € A, and p*(E) > e] =0, 


then there exists a sequence {E,} of A, satisfying u*(Eņn) > € and fed du < Z 
for each n. Put F, = Lye, Ex and note that: 


e each F,, is measurable; 
e Fri C Fn holds for each n; and 
© u*(F,) > u*(E,) > £ holds for each n. 


If F = (X; Fn, then F is a measurable set and (by Theorem 15.4(2)) we have 


u*(F) = lim w*(F,) > £ > 0. (x) 


From fxr, < > icn f XE, We infer that 


/ fxrdu< Y | Paard NA h ioa ae 


k=n k=n wi 
pe 
and so f fxr, | 0. The latter implies fxr, | 0 a.e. (see Problem Fages id 
since fxr, 4 fxr, we infer that fxr = 0 a.e. In view of f(x) > 0 fore 
the latter (in view of Problem 22.13) implies .*(F) = 0, contrary to («), an 
desired conclusion follows. ya 


z 4 


Problem 22.15. Let f be a positive integrable function. Define vis 

Ag = faf du for each A € A. Show tht = 
(X, A, v) is a measure space. 

f Ay den whet sane hee all v-m oh A À, 7 je . 
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then show that fg is integrable with respect to the measure space (X, S, u), 


and that 
[sav = f ef an. 


Solution. (a) This part follows immediately from Problem 22.5. 
(b) The measure v has initial domain A. Hence, by Theorem 15.3, A C A, 
holds. 

Consider R with the Lebesgue measure, and let f = X(1,2). Since, in this 
case, v([0, 1]) = 0, it follows that every subset of [0,1] is a v-null set (and 
hence v-measurable). On the other hand, not every subset of [0, 1] is Lebesgue 
measurable. Thus, A Æ A, holds in this case. 

(c) First, observe that v is a finite measure. Now, let A € A, with v*(A) = 0. 
By Theorem 15.11, there exists some B € A such that A C B and v(B) = 0. 
The relation fẹ f du = v(B) = 0 combined with Problem 22.13, shows that 
u*(A) = 0. Thus, A € A. Now, if V e Ay, then pick some W e A with 
V C W and v(W) = v*(V) (Theorem 15.11). Note that v*(W \ V) = 0, and so, 
by the preceding discussion, W \ V € A. Finally, V = W \ (W \ V) € A holds, 
which shows that A = A,. 

(d) We shall assume g(x) > 0 and f(x) > 0 forall x. Pick a sequence {Øn} of 
v-step functions such that 0 < ¢, + g v-a.e. Let 


G={r eX: f(x)=90). 


Clearly, G € A. Since G° = {x € X: f(x) = 0}, it follows that v(G°) ad 
Joe: f du = 0. Since f is strictly positive on G, the arguments of part (c) show 
that whenever A C G, we have: 
1) If A € Ay, then A € A, and 
2) By Problem 22.13, v*(A) = 0 if and only if w*(A) = 0 (and in this case 


AEA). i i i 
In particular, it follows that „f + fg p-a.e. holds. Now, if A € A, satisfies 
v*(A) < 00, then F = 


(ol > SOnengee aa Br 4 ult 


VARO doe HK seed 
ft 


[x dv=v(A n@)= f faja“ 
ANG 


D 
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Problem 22.16. Let 1 be an interval of R, and let f:1 —> R be an integrable 
function with respect to the Lebesgue measure. For a pair of real numbers a and 
b witha +Æ 0, let J = {(x — b)/a: x € 1}. Show that the function g: J + R 
defined by g(x) = f(ax+b)forx € J is integrable and that f, f dd = \a| f 784d 
holds. 


Solution. Assume first that f = x4 for some measurable set A C /. Clearly, 
1(A — b) C J. Thus, in view of the identity, xa (ax +b) = x T A-p)(X), it follows 
from Problem 15.5 that 


fsa= HACA) = h ffa 
J I 


Thus, the formula is true for the characteristic function of a measurable set. It 
follows that it is also true for step functions. 

Now, let f be an upper function. Choose a sequence {¢,} of step functions with 
On t f a.e. on I. If Ya(x) = ¢,(ax +b) for x € J, then y, is a step function 
on J and Y, t g ae. holds on J. (Note oo if B C I satisfies 4(B) = 0, then 
by Problem 15.5, we have A((B — b)) = 4A(B) = 0.) Therefore, 


la| 


al f gda = ja| lim [ra= lim fhas fta. 
If n—>0Oo ij n> I I 
Thus, the formula holds true for every integrable function f on Z. 


Problem 22.17. Let (X,S,) be a finite measure space. For every pair of 
measurable functions f and g let 


lf = sl +t 

d(f,g)= — ~ du. ow tedi 

gi A T A neers 

a. Show that (M, d) is a metric space. ' idoni apih A 


b. Show that a sequence { fn} of measurable functions (i.e. Af SM). 
fies fy E> f if and only if limd(f,, fy=0. AN taal 

c. Show that (M, d) is a connie metric sen: Tha is, she y t at į 
ra wie’ (fa) A isle uncti uoue atis; "a > 0 


ml a. ie vm 
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triangle inequality follows immediately from the inequality 


If@) -80l IF) - AG)| |h(x) — g(x)| 
1+|f(x)— g(x) ~ 141 f(@%)—AG)| 1+ he) — ee) 


For details see the solution of Problem 9.11. 
(b) Start by observing that for x > 0 and € > 0 we have: 


Xz S&S +. > er 
Now, assume that lim d( fn, f) = 0 holds. Then, the inequality 


ER: AOO) e a > eI) 


easily implies that f, > LE 

For the converse, assume fẹ Les f. If limd(f,, f) Æ 0, then there exists 
some £ > 0 and some subsequence {gn} of {fn} with d(g,, f) > e for all n. 
By passing to a subsequence, we can assume that g, —> f a.e. (Theorem 19.4). 
In view of pe < < 1 and the finiteness of the measure space, the Lebesgue 
Dominated Convergence Theorem yields 0 < € < limd(g,, f) = 0, which is 
absurd. Hence, limd(f,, f) = 0 holds. 
(c) Assume d( fn, fm) —> 0 as n, m —> oo. The inequality 


MALEK AS Saaie) Ss Ed Sa fad oe pea 
vot 
shows that {f,} is a -Cauchy sequence. Thus, by Problem 19.7, ee > f 
holds for some f, and by (b) above, lim d( fn, f) = 0 also holds. | ; 
Conversely, if lim d( fa, f) = 0 holds, then by part (b) above ee f, which | 
implies that {fn} is a 4-Cauchy sequence. z p 


Problem 22.18. Let f:R > Si be a LA , 
nite interval I let fı Bet. ue and Bim z 


- 
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Solution. We follow the notation of the problem. Start by observing that 
[r-fmars | (f= fi)dr = f(r fyan 
E, I\E; j 


= ffan- fhar 
= ffar- | far=0 
Consequently, 
[r-ma=f (n-ne 
E; I\E, 
Now, note that 
fit- fla = fit-tarf -rla 
= [ U — fı)dà + J pu - f)dà 
= [(r- sans fU- fan =a H- fa 


Problem 22.19. Let f:[0, 00) —> R be a Lebesgue integrable function such 
that fi f(x)dA(x) = 0 for each t > 0. Show that sia = 9 Mei ise 
all x. 


} ge 
i a 
A a 
rË Mai 
fd = | 5 AN Pe 
rit) \ 
k 


L a be 


Akona oe T ssi 
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Now, let X = {x e€ R: f(x) > 0} and Y = {x e X: f(x) < 0}. Clearly, X 
and Y are both Lebesgue measurable sets, and 


[ tars [rar=o. 
x Y 


Now, invoke Problem 22.13 to obtain A(X) = A(Y) = 0. Therefore, f(x) = 0 
holds for almost all x. 


Problem 22.20. Let(X, S, uw) be a measure space and let f, fi, f2, ... be non- 
negative integrable functions such that f, > f a.e. and lim f fidu = f f du. 
If E is a measurable set, then show that 


n>œ Jg E 


Solution. Assume that the integrable functions f, fı, f2,... are non-negative 
satisfying the hypotheses of the problem and let E be a measurable set. Then the 
functions f xe, fixe, foxe,... are non-negative and integrable (because 0 < 
fxe < f and O < faxe < fn) and faxe —> fxe holds. Using Fatou’s 
Lemma, we see that 


[ tau= timing faxedu <iimint fnXedu=liminf | f,dp.- (x) 

E E 

Similarly, we have 
J fdu < liminf f fadu. (xx) 
EC Ec 

Therefore, 
[rau= [sau | fdu < mint f fa du + timing f fardu 
E gs E Es 


< lim inf( [ fadu + [ trdu) 
= limint f fy 


= ffan, 
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where the second inequality holds by virtue of Problem 4.7(b). It follows that 
[rans f f du =timint | fa dy + limint | faai 
E Ec E Ec 
and from (*) and (++), we see that 
liminf f fan = | tau. 
E E 
Now, let {g,} be a subsequence of {fn}. Then, 
8n — f ae. and im f g du = fian 
n= 
By the preceding conclusion, we infer that 
iminf f gudu = | fdu, 
E E 


and so there exists a subsequence {g;,} of the sequence {g,} such that 


lim fpg dH = Si du. 
Thus, we have demonstrated that every subsequence of the bounded sequence 


of real numbers eo. du} has a convergent subsequence to Sef du. This means 
that 


tim f frau = ffan 


holds; see Problem 4.2. 


Problem 22.21. If a Lebesgue integrable rer f:[0,1] > R satisfies 
oe a Ea n=0,1,2,..., then show that f =0 a.e. 


E mete. | a [0, 1] — R satisfy 
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C[0, 1]. Consider the two measurable sets 
= {x é [0 lk f@)>0) and F ={x €[0, 1}: f(®) <0), 


We have to show that A(E) = A(F) = 0. We shall establish that A(E) = 0 holds 
and leave the identical arguments for F to the reader. 

Pick a sequence {K,} of compact sets and a sequence {O,} of open sets 
of [0,1] satisfying K, C E C O, foreach n, K, t, On |, and A(E) = 
lim A(K,,) = lim A(O,,). (Here we use the regularity of the Lebesgue measure.) For 
each n there exists (by Theorem 10.8) a continuous function g,:[0, 1] —> [0, 1] 
satisfying g,(x) = 1 foreach x € K, and f(x) =0 foreach x ¢ On. Clearly, 
lenf| < |f| and gaf — fxe ae. By the Lebesgue Dominated Convergence 
Theorem, we get 


l 1 
iim | Ofaa) = | FOXA) = ff aa. 
0 


Taking into account that i 2n(x) f(x) dA(x) = 0 holds for all n, we infer that 
fef dà = 0. Now, invoke Problem 22.13 to infer that A(E) = 0, as claimed. 


Problem 22.22. For each n consider the partition 
{0, De De 2; 8§3'42.n',\. cri (Qe oie 1} 
of the interval [0, 1] and define the function r,:[0, 1] > R byr,(1) = —1 and 


ra(x) =(—1)*" for (k— 1027" Sx < k27 (k =1,2;..:,2"). 


a. Draw the graphs ofr, and r2. 
b. Show that if f:[0, 1] > R is a Lebesgue integrable function, then 


1 
lim Í rn(x)f (x) dA(x) = 0. 
n->0O 0 


Solution. (a) The graphs of rı and rz are shown in Figure 4.1. 
(b) By Theorem 22.12, it suffices (how?) to establish the claim for the case 
f= X{a,b), Where [a, b) is a subinterval of [0, 1]. Clearly, Ja rn(X)Xta,b) dàÀ(x) = 
f r„(x)dx. Therefore, it suffices to show that lim ic rn(x) dx = 0 holds for each 
O0<a<b<l. 

To this end, fix 0 <a < b < 1 and let e > 0. Fix no puch thet 2" a 
min{e, 27%}. Pick n > no and consider the partition (0, $, %,..., Z, 1, 1}; for 
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FIGURE 4.1. The Graphs of rı and r2 


simplicity, let x; = + and note that the points a and b are related to the x; as 
shown in Figure 4.2. 

Since for any three consecutive points x;_1, X;, Xi41 we have Sen a n(x) a= 
0, we see that i; ra(x)dx = f"r,(x)dx + fo rn(x) dx, where C = Xm_1 OF 
C = Xm; see Figure 4.2. Hence, 


b Xk b 
|f nax] < f rads f rax 


= (x, —a)+ (b — c) < £ + 2e = 3e 
for each n > no. This means that lim Sira) dx = 0, as desired. 


Problem 22.23. Let {e„} be a sequence of real numbers such that 0 < €, < 1 
for each n. Also, let us say that a sequence {An} of Lebesgue measurable subsets 
of [0, 1] is consistent with the sequence {€n} if (An) = €n for each n. Establish 
the following properties of {€n}: 
a. The sequence {€,} converges to zero if and only if there exists a consistent 
sequence {An} of measurable subsets of [0, 1] such that °° Xa, (x) < œ 
for almost all x. 
b. The series $ °° ,€, converges in R if and only if for each consistent se- 
quence {A,} of measurable subsets of (0, 1] we have Y°, Xa, (x) < co for 
almost all x. 


Solution. (a) If £, — 0, then let A, = (0, €n) (n = 1, 2, .. .), and note tha 
MA,) = En holds for each n and that °° , x4,(x) < oo for each x € [0, 
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For the converse, assume that there exists a consistent sequence of measurable 
subsets {A,} of [0, 1] satisfying ) ibe XA, (x) < 00 for almost all x. For each 
n let Ba = po, Ar and note that B, | B = (X£; Be. If A(B) > O holds, 
then note that Bess Xa, (x) = co for each x € B (why?), which contradicts our 
hypothesis. Thus, A(B) = 0. From the continuity of the measure (Theorem 15.4), 
we see that A(B,,) | 0. In view of A, C Bn, we have 0 < &, = A(A,) < A(B,) 
for each n, and so lime, = 0. 

(b) Assume Dawe €, < oo and that {A,} is a consistent sequence of measurable 
subsets of [0, 1]. Then, 


[e.@) (0.0) (oe) 
De kardi D ACA) =) 8 < Oð; 
n=1 * [0,1] n=1 n=l 


and so, by the series version of Levi’s Theorem 22.9, we have » Bri XA, (%) < CO 
for almost all x. 

For the converse, assume that for every consistent sequence {A} of measurable 
subsets of [0,1], we have }°™°, x4,(x) < oo for almost all x. Suppose by 
way of contradiction that ‘Der: En = œ. Using an inductive argument (how?), 
we see that there is a sequence {k,} of strictly increasing natural numbers such 
that $ "k +1 £i > 1 holds for each n. Next, for each n we can choose (how?) 
subintervals Aç, + Ak, 4+2 -<-s Ak,,, Of [0,1] such that A(A;) = c; for ki TES 
i <k,4; and if og +14; = [0, 1]. Now, note that the sequence of measurable sets 
{An} is consistent with {e,} and $% x4,(x) = 00 holds for each x € [0, 1], 
contrary to our hypothesis. So, X<; En < co must hold. 


Problem 22.24. Let (X,S, ) bea finite measure space and let f: X + R bea 
measurable function. 
a. Show that if f” is integrable for each n and that lim f f” du exists in R, 
then | f(x)| < 1 holds for almost all x. 
b. If f” is integrable for each n, then show that f f" du = c (a constant) 
forn = 1,2,... if and only if f = xa for some measurable subset A 


of X. 


Solution. Keep in mind that f” denotes the function ve ":X — R defined by 
f"(x) = [f (x)}" for each x € X. 


(a) Assume that f” is Lebesgue integrable for each n and that lim f f” du exists 
in R. Assume by way of contradiction that the measurable set 


= {x € X:|f(x)| > 1} 
satisfies u*(E) > 0. From the identity E = (72, Ex, where 
Ex = {x E X: If z1 +h 
we see that there exists some ô> 1 such that the measurable set 
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F = {x € X: | f(x)| > 8) satisfies u*(F) > 0. Now, note f?” > 5?" yp holds for 
each n, and so from 


8” u*(F) = / 8" xe dp < | f” du, 


we infer that lim { f 2" du = œ, contradicting the existence in R of the limit 
lim / f” du. Hence, | f(x)| < 1 must hold for almost all x. 

(b) Assume jz" du = c holds for each n = 1,2,.... By part (a), we know 
that | f(x)| < 1 holds for almost all x € X. Now, define the sets A = {x € 
X: f(x)=1}, B= {x € X: f(x) =—1), and C = {x € X: | f(x)| < 1}. Then, 
for each n we have 


[orn = [rans [pau f frau 


= fraut [errant f pray 
A B € 


= p*(A) + (—1)" u*(B) + bi du =c. 


Since f”(x) —> 0 holds foreach x € C, it follows from the Lebesgue Dominated 
Convergence Theorem that lim fọ f” du = 0. Hence, 


Jim [u*(A) + (-1)"u*(B)] = c. 
Since lim(—1)” does not exist, we infer that u*(B) = 0, and therefore, c = 
u*(A) = w*(A)+ fof” dp for each n. In particular, we have ff? du = 0, and 


so f(x) =0 must hold for almost all x € C. The latter implies that f = x4 a.e. 
holds. 


23. THE RIEMANN INTEGRAL AS A LEBESGUE INTEGRAL 


Problem 23.1. Let f:[a,b] —> R be Riemann integrable. Show that f is 
Riemann integrable on every closed subinterval of [a, b]. Also, show that 


d e d 
f toa = [part f f(x)dx 


holds for every three points c, d, and e of {a, b]. 
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Solution. Let f:[a,b] —> R be a Riemann integrable function and let [u, v] 
be a closed subinterval of [a,b]. If f:[u, v] — R is discontinuous at some 
point x € [u, v], then f:[a,b] — R is also discontinuous at the point x—note 
that, in this case, there exists a sequence {x,} of [u,v] (and hence of [a, b]) 
such that { f(x,)} does not converge to f(x). Thus, the set D of all points of 
discontinuity of f: [u,v] — R isa subset of the set of all points of discontinuity 
of f:[a,b] —> R. Since f:[a,b] —> R is Riemann integrable, we know that 
A(D) = 0, and so (by Theorem 23.7) the function f: [u,v] —> R is Riemann 
integrable. 

Now, assume that a < c < e < d <b. Since f:[c,e] — R is Riemann in- 
tegrable (and hence Lebesgue integrable), there exists a sequence of step functions 
{$n} over [c, e] (i.e., d(x) = 0 holds for x ¢ [c, e]) with a(x) t f(x) for al- 
most all x € [c, e]. Similarly, there exists a sequence of step functions {yn} over 
[e, d] such that w,(x) t f(x) holds for almost all x € [e, d]. Then, {pn + Wn} 
is a sequence of step functions over [c, d] satisfying ¢,(x) + Wr(x) t f(x) for 
almost all x € [c, d]. Therefore, 


d 
J f(x)dx 


i r im f a 
[c,d] Bae Oerd] 


lim ndà + lim Wn dr 
[c,d] 


n= [c ,d] n—> 0 


NES] ETa 
[c,e] [e,d] 


e d 
= f fœax+ f EDC SS 


Now, the equality f“ f(x)dx = ff f(x)dx + fÉ f(x)dx for arbitrary elements 
c, d,and e of [a, b] can be obtained by considering all possible cases. We prove 
it for one such case and leave the rest for the reader. Assume that a < e < c < 
d < b. Then, by the preceding case, we have 


d c d e TIF sided 
dx = d dx =— d dx, 
[tear = [porart | fwar=- | foart | fdz, 


hai S 


from which it follows that ff f(x)dx + 4 fdz Snes ros 


y. Ap P 


R: 7 A T; 1 in eC ale by Then i Yi A wt ar J 
t ee bik 
A i n Sg r f 
4 si Ui We b ot 
) 
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Solution. The conclusion follows from Theorem 23.5 by observing that 
n 
b-a 2 f(a + i 22) = S¢(Pa, Tn), 
i=] 


where the partition P, = {X9,X1,...,%,} and T = {t,...,t,} satisfy x; = 
at+i®=*0 <i <n) and} =X Ci Si S wy 


Problem 23.3. Let { f,} be a sequence of Riemann integrable functions on {a, b] 
such that {fa} converges uniformly to a function f. Show that f is Riemann 
integrable and that 


b b 
im f hdx = | TOUN 


Solution. Choose some k such that | f(x) — fa(x)| < 1 holds for all n > k 
and all x € [a, b]. Thus, | f(x) — f(x)| < 1 holds for all x € [a,b]. Since fy 
is bounded, it is easy to see that there exists some M > 0 such that | f(x)| < M 
holds for all x € [a, b]. 

If D, C [a, b] denotes the set of discontinuities of fn, then (by Theorem 23.7) 
D= Aa D,, satisfies A(D) = 0. Since each f, is continuous on [a, b] \ D, it 
follows from Theorem 9.2 that f is continuous on [a, b] \ D,i.e., f is continuous 
almost everywhere. By Theorem 23.7, f is Riemann integrable. 

For the last part, let € > 0. Pick some k such that | f,(x) — f(x)| < € for all 
n > k and all x € [a, b]. So, for n > k we have 


b b b 
[ tdr- f fods f 1A- Flax < eb -a, 


and this shows that limpo [À fa(x)dx = f? f(x) dx. 


Problem 23.4. For each n, let f,(x):[0, 1] > R be defined by fy(x) = 4 
for all x € (0, 1]. Then, show that lim i fhads = h. 


Solution. Integrating by parts, we get 


1 Yh 96 l 
aot i aap ax = 9 + Í TH Ax- œ) 


Since 0 < Gi < 1 holds for all x € [0, 1] and lim 74 = 0 for each x in 


1 
Í fn(x)dx = E 
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[0, 1), the Lebesgue Dominated Convergence Theorem yields lim i aie dx =0. 


Thus, from (*), we see that lim hs fie) dx = 2. 


Problem 23.5. Let f:[a,b] —> R be an increasing function. Show that f is 
Riemann integrable. 


Solution. Let P, = {xo, X1, .--, Xn} be the partition that subdivides [a, b] into 
n subintervals of equal length b-a, Since f is increasing, note that m; = f (x;-1) 
and M; = f(x;) hold for each 1 <i < n. Next, observe that 


0 < I*A) IAS) < S*(f, Pa) — SACS, Pr) 
= DACO FS CiD = 
i=l 
=[fO—f@): = 


holds for each n. Thus, /*(f) — /,(f) =0 and so f is Riemann integrable. 

An alternate proof goes as follows: According to Problem 9.8 the set of disconti- 
nuities of f is at-most countable—and hence, it has Lebesgue measure zero. Now, 
Theorem 23.7 guarantees that f is Riemann integrable. (See also Problem 21.8.) 


Problem 23.6 (The Fundamental Theorem of Calculus). Jf f: [a,b] > Ris 
a Riemann integrable function, then define its area function A: [a,b] > R by 
A(x) = f° f(t) dt for each x € [a, b]. Show that 
a. A is a uniformly continuous function. 
b. If f is continuous at some point c of [a, b), then A is differentiable at c and 
A’(c) = f(c) holds. 
c. Give an example of a Riemann integrable function f whose area function 
A is differentiable and satisfies A’ # f. 


Solution. (a) Choose some M > 0 with | f(x)| < M foreach x in [a, b]. The 
uniform continuity of A follows from the inequalities 


Jace) -ao =|f soals] "|f@|at| < Mix -= yl: 


(b) Let f be continuous at some point c € [a, b] and let ¢ > 0. Choose some 
ô > 0 such that | f(x)—f(c)| < € holds whenever x € [a, b] satisfies |x—c| < ô. 
Then, for x € [a, b] with 0 < |x — c| <6 we have | f(t)— f(c)| < € forall ¢ in 


—— 
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the interval with endpoints x and c, and so 


AO £0 fol = | od- roe- o 
= gl “lf [Fe — flo] ar 
< ral «elx = c| =e. 


This shows that A’(c) exists and that A’(c) = f(c) holds. 
(c) We consider the function f:R — R of Problem 9.7 defined by f(x) = 0 if 
x is irrational and f(x) = + if x = @ with n > 0 and with the integers m and n 
without having any common factors other than +1. It was proven in Problem 9.7 
that f is continuous at every irrational and discontinuous at every rational. This 
implies that f restricted on an arbitrary closed interval [c, d] is continuous almost 
everywhere and f = 0 a.e. From Theorems 23.6 and 23.7, we infer that f is 
Riemann integrable over [c, d] and f“ f(x)dx = f f dà =0. 

In particular, if [a, b] is any closed interval, then A(x) = f} f(t) dt = O foreach 
x € [a,b]. Thus, A’(x) = 0 for each x € (a, b], and consequently A’(x) # f(x) 
at each rational number x in [a, b]. 


Problem 23.7 (Arzela). Let { f;,} be a sequence of Riemann integrable functions 
on [a, b] such that lim f,(x) = f(x) holds for each x € [a, b) and f is Riemann 
integrable. Also, assume that there exists a constant M such that | fa (x)| < M 
holds for all x € [a, b] and all n. Show that 


b b 
lim f Wee Í ON 


Solution. Using Theorem 23.6 and the Lebesgue Dominated Convergence 
Theorem, we see that 


[roe = he dh = lim ha fndd = lim a fr(x)dx. 
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Solution. Let P be apartition of [0, 1]. Since each interval contains rational and 
irrational numbers, we have m; = 0 and M; = 1 for all i. Thus, S*(f, P) = 1 
and S,(f, P) =0 for all partitions P. Therefore, /*(f) = 1 and /,(f) = 0. 


Problem 23.9. Let C be the Cantor set (see Example 6.15). Show that xc is 
Riemann integrable over (0, 1], and that i xc dx = 0. 


Solution. Note that yc is continuous at every point of [0, 1] \C and discon- 
tinuous at every point of C. Since A(C) = 0, it follows from Theorem 23.7 that 
xc is Riemann integrable over [0, 1]. Since xc = 0 a.e. holds, we see that 


1 
Í xc(x)dx ={ xc dd = 0. 
0 (0,1) 


Problem 23.10. Let 0 < € < 1, and consider the «-Cantor set Ce of [0, 1). 
Show that xc, is not Riemann integrable over [0, 1]. Also, determine I,(xc.) and 


I*(Xc.). 


Solution. Consider the ¢-Cantor set for some 0 < € < 1. Since C, is nowhere 
dense in [0, 1], it is easy to see that xc, is discontinuous at every point of C, and 
continuous at every point of [0,1]\C,. Since 1(C;) = € > 0, it follows from 
Theorem 23.7 that xc, is not Riemann integrable. 

Now, let P = {xo, x1,...,Xn} be a partition of [0,1]. Since C, is nowhere 
dense, it follows that m; = O foreach 1 <i < n. Thus, S,(xc,, P) = 0 for 
each partition P, and so 1,(xc,) = 0. Clearly, M; = 1 if [x;-1,x;] NC, # Ø, 
and M; = 0 if [x;-1,x;] NC, = @. Since Ce = Uj_, [xi-1, x1] N Ce, it follows 
that 


e = MC) < $ A] NC.) < X MiGi — Xi-1) = S*(xe,, P), 
i=l i=] 


and so I*(xc,) > €. 
On the other hand, if 0 < ô < 1 — e, then there exist pairwise disjoint open 
subintervals (a;, bı), ..., (an, bn) such that 


laibi] S [0,1] \CL (A sign) and — Y} bi- a)> l-e- 8. 
i=l 


The endpoints of all these subintervals together with 0 and 1 form a partition P 
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of [0, 1] such that 
SSI (Ko) SS", P) S 1-6 = 8) =e $8. 
Since 0 < ô < 1 — e is arbitrary, it easily follows that /*(xc,) = €. 


Problem 23.11. Give a proof of the Riemann integrability of a continuous func- 
tion based upon its uniform continuity (Theorem 7.7). 


Solution. Let £ > 0. Since (by Theorem 7.7) f is uniformly continuous, there 
is some ô > 0 such that x, y € [a, b] and |x —y| < 6 imply | f(x)— f(y)| < e. 
Let P bea partition of [a,b] with mesh |P| < 5. Then, M; — m; < £ holds for 
each 1 <i < n (why?), and so 


O<I*(f)— If) < È (Mi — mii — 1-1) < e(b — a). 


i=l 


Since € > 0 is arbitrary, we see that Z*(f) = 1,(f) holds, and therefore f is 
Riemann integrable. 


Problem 23.12. Establish the following change of variable formula for the Rie- 
mann integral of continuous functions: If [a,b] ala [c,d] — R are con- 
tinuous functions with g continuously differentiable (i.e., g has a continuous 
derivative), then 


b 8(b) 
f feag (x)dx = { f(u)du. 
a g(a) 


Solution. We shall apply the Fundamental Theorem of Calculus in connection 
A Aar We consider the two functions F, G: [a, b] > R defined by 
re) As G i x 


ate and G(x) = i f(e%))g'@)dx 


a,b]. N t, we shall compute the derivatives of F and G separately. 
o F = tse the Fundamental Theorem of Calculus and be 
get F(x risa) (=) for each x € [a, b]. For the derivative of 
m of Cal fel aN G(x) = flera 
‘(x) for aisa a,b 
grins a constant c such that F(x) we 
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we get c = 0. Thus, F(x) = G(x) for all x € [a, b]. Finally, letting x = b, we 
obtain 


g(b) 


b 
| f (g(x))g’(x) dx = | M f(u)du, 
a gla 


as desired. 


Problem 23.13. Let f:[0,00) —> R be a continuous function such that 
limy+oo f(x) = ô. Show that lim >œ fy f(nx)dx = aô for each a > 0. 


Solution. Fix a > 0 and then define the sequence of continuous functions { f,} 
by f(x) = f(x). Clearly, limpo fa(x) = ô holds for all x € (0,a]. We 
claim that the sequence of functions {f,} is uniformly bounded on the interval 
[0, a]. Indeed, since limy- f(x) = ô holds, there exists a number M > 0 such 
that | f(x)| < |6| + 1 whenever x > M. Also, since f is a continuous function, 
it is bounded on the interval [0, M]. Thus, there exists a constant C such that 
|f(x)| < C holds for all x, and hence | f,(x)| = |f(nx)| < C holds for all x. 
Now, an application of the Lebesgue Dominated Convergence yields 


im f flax )ax,= im, f fu(x)dx = | ddx =aé. 
n> Oo 0 n—> 00 0 0 


Problem 23.14. Let f:[0, 00) > R be a real-valued continuous function such 
that f(x + 1) = f(x) for all x > 0. If g:[0, 1] > R is an arbitrary continuous 
function, then show that 


lim eo sfonndy = (f sax) . ([ rear), 


Solution. Let the functions f and g satisfy the hypotheses of the problem. 
Observe first that an easy inductive argument establishes that f(x + k) = f(x) 
holds for all x > 0 and all non-negative integers k.’ 

The change of variable u = nx yields 


1 n 
f g(x)f(nx)dx = + Í g(#)f(u)du 
0 0 


n i 
poa Í 8) Fu) du. 


im] Yir 
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Letting t = u —i + 1, we get 
i 1 1 
f (4) f(u) du =| g(t) fe +i -1dt = Í g(t!) F(t) dt. 
i-1 0 0 
Consequently, 


1 la 1 
[ g(x) f(nx)dx = i [do tata] sear = | hy(t)dt, (x) 
0 


TA 0 


where h,(t) = [Z l g(4ti=!)] F(t). Clearly, ha is a continuous function 


i=l n 
defined on [0, 1]. In addition, note that if |g(x)| < K and |f(x)| < K hold for 
each x € [0, 1], then 


|h,(t)| K forall te [0,1], 


i.e., the sequence {h,,} is uniformly bounded on [0, 1]. Next, note that O < t < 1 


implies — < ttil < i, Thus, if m? and M? denote the minimum and 


maximum values of g, respectively, on the closed interval i=, i], then 
mi < g(t") < M? 


holds for each 0 < t < 1. Next, put 


n n 
R, = im? and sep Seo 
i= 


i=l 


and note that R, and S, are two Riemann sums—the smallest and largest ones, 
respectively—for the function g corresponding to the partition {0,+,2,..., 
n=l 1}. Hence, limy+oo Rn = litMa+soo Sn = fy (x) dx. From 


lan) — Ry FO = [E E] rO -R £00) 
i=l 


= ([X He] - R) -Iro 
i=l 
s (Sn aiš. Raf), 
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we see that limpo An(t) = f(t) fo. g(x) dx—in fact, the sequence {h,} con- 
verges uniformly (why?). 
Now, use (+) and the Lebesgue Dominated Convergence Theorem to obtain 


l 1 
lim [ g(x) f(nx)dx = lim Í h,(t) dt 
n00 0 n> 00 0 
1 
-= Í [ lim A, (t)] dt 
0 n—> Oo 


r | [ro | ‘g(dx)] a 
= (f roai): (f sax) 


Problem 23.15. Let f:[0, 1] — [0, 00) be Riemann integrable on every closed 
subinterval of (0, 1]. Show that f is Lebesgue integrable over [0, 1) if and only 
if lime yo kK f(x)dx exists in R. Also, show that if this is the case, then we have 


{faa = limao f) f(x) dx. 


Solution. Assume that f is Lebesgue integrable. Let {€,} be an arbitrary 
sequence of (0, 1] with £, | 0. For each n, we consider the upper function 
8n = Í X{e,,1)- Then, gn, t f a.e. holds and so, by Theorem 21.6, we have 


1 
[ras lim [ear = lim j! f(x) dx. 
n—>oco n00 En 
This shows that lim, f. f(x)dx exists and that 


1 
im | fædx = f fanr. 


Conversely, assume that the limit exists. Let £, = + and consi 
sèr upper functions {g,} as previously (i.e., let g, = J La Tenta TS aE y 
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Problem 23.16. As an application of the preceding problem, show that the func- 
tion f:[0, 1] > R defined by f(x) = x? if x e (0, 1] and f(0) = 0 is Lebesgue 
integrable if and only if p > —1. Also, show that if f is Lebesgue integrable, 
then 


dì = —— 
fram 
Solution. If 0 < £ < 1, then note that fe xP ax = | for p # —1 and 
e ae dx = —Ine. ss lime jo f; xP dx exists if and atte if p > —1, and, 


in this case, the limit is Ai The conclusion now follows immediately from the 
preceding problem. 


Problem 23.17. Let f:[0,1] —> R be a function and define g: [0,1] > R by 
g(x) = ef), 

a. Show that if f is measurable (or Borel measurable), then so is g. 

b. Iff is Lebesgue integrable, is then g necessarily Lebesgue integrable? 

c. Giveanexample of an essentially unbounded function f which is continuous 
on (0, 1) such that f” is Lebesgue integrable for each n = 1,2,.... (A 
function f is “essentially unbounded,’ if for each positive real number 
M > O the set {x € [0, 1]: | f(x)| > M} has positive measure.) 


Solution. (a) Let h(x) = e” and note that g = h o f. The conclusion follows 
from the identity (ho f)~'(V) = f~! (g7'(V)) and the fact that h is a continuous 
function. 

(b) The measurable function g need not be necessarily Lebesgue integrable. 
Here is an example. Consider the function f:[0, 1] + R defined by f(x) = Z 
at x = 0 we let f(0) = 0. If 0 < £ < 1, then the change of variable t = „/x 
yields 


Hdx = a Pie — Je 
os my, ) t= 21 E). 


Therefore, from Problem 23.16, we see that f is Lebesgue integrable and f f dA = 
2. On the other hand, for each 0 < € < 1 the change of variable u = J sekir 


CETE 


| sono f. At = o At z 2 ae — 1). 
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(c) The function f:[0, 1] —> R defined by f(x) = Inx for 0 < x < 1 and 
fO) = 0 satisfies f} f"(x)dA(x) = (—1)"n! for each n = 1,2,.... 


Problem 23.18. Let f:[0, 1] — R be Lebesgue integrable (with respect to the 
Lebesgue measure). Assume that f is differentiable atx = 0 and f (0) = 0. Show 


that the function g:{0, 1] —> R defined by g(x) = x~? f(x) for x € (0, 1] and 
g(0) = 0 is Lebesgue integrable. 


Solution. Start by observing that (by Problem 23.16) the function h(x) = x72 
for x € (0, 1] is Lebesgue integrable over [0, 1]. Since f(0) = O and f'(0) 
exists, there exist 0 < ô < 1 and M > 0 such that | f(x)| < Mx for all 
0 < x < ô. Since for 5 <x < 1 we have x~? < 5-2, we can assume that 
M > 5-2. Now, note that for 0 < x < 1, we have 


v, 


h . 
|x? f(x)| < M %3 ifO0<x<6 


le if(x)] if 8 <x <1 


IA 


M(h+|f|)@). 


Since h + |f| is integrable and (obviously) g is measurable, Theorem 22.6 guar- 
antees that g is also Lebesgue integrable. 


Problem 23.19. Let f: [a,b] x [c,d] — R be a continuous function. Show that 
the Riemann integral of f can be computed with two iterated integrations. That 
is, show that 


[ [ore naay= [|f rena]ax= [Lf se. nar ]ay 


Generalize this to a continuous function of n variables. 


Solution. Note first that the functions 


d b 
rr | f(x, y)dy and yrs f fæ ydx 


are both continuous—and so both iterated integrals are well defined. Indeed, since 
the function f is uniformly continuous, given € > 0 there exists some ô > 0 
such that |x; — x2| < 6 and |y; — y2| < ô imply | (21, y1) — f2, y2)| < €. 
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Thus, if |x; — x2| < 5 and |y; — y2| < ô both hold, then 
d d 
/ fandy- | f(x, y)dy | < (c —d) 
and 
b b 
f fæ nax- | f(x, dx | < eb — a). 


Let P = {Xxo,x;,...,xX,} be a partition of [a,b] and Q = {yo, fie- yx} 
be a partition of [c,d]. Put Rj; = [xi-1, xi] x [y;-1, yj], and then define 


mij = inf f(x, y): (x, y)€ Rij} and M;; = sup{ f(x, y): œ, y)€ Rij}. 
From the inequality m;; < f(x, y) < Mi; for (x, y) € Rij, it follows that 
Vij 
mi(yj—yj-1)S | Ff, y)dy < Mij(yj — yj-1) 
Yj-1 
for all x;_; < x < xi, and so 


mj j(xi — xXi-1)(yj — Yj-1) S f fs Fee y)dy) dx 


i-) ¥ Yj-1 
S MijQi — xi-1)(yj — yj-1). 


Consequently, we have 


n ek 


SAf, P x Q) = } Y > miei — x11; — ¥j-1) 


i=l j=l 


D bof: ef: SG. .y)dy) dx 
ws [( o f(x, y)dy) dx 


< o YOMG mina ~ Jj=r)noo die 


i=| j=l slui 


= S*(f, Px Ojai h 
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Since P and Q are arbitrary and f is Riemann integrable, it follows that 


b ed b d 
f f tonaray=[(f f(x, y)dy) dx. 


The other equality can be proven in a similar manner. 


Problem 23.20. Assume that f: [a,b] > R and g: [a, b] —> R are two contin- 
uous functions such that f(x) < g(x) for each x € [a, b]. Let 


A = {(x, y) € R°: x € [a,b] and f(x) < y < g(x)}. 


a. Show that A is a closed set—and hence, a measurable subset of R°. 
b. Ifh:A > R is a continuous function, then show that h is Lebesgue inte- 
grable over A and that 


be p80) 
fra=f [| h(x, y)dy | dx. 
A a ~J f(x) 


Solution. (a) Let {(x,, Yn)} be a sequence of A such that x, — x and y, —> Y. 
From the inequality f (xn) < yn < g(X,) andthe continuity of f and g, it follows 
that f(x) < y < g(x), i.e., (x, y) € A. Thus, A is a closed set. 

(b) Let c < inf{ f(x): x € [a, b]} and d > sup{g(x): x € [a, b]}. Consequently, 
A C [a,b] x [c, d] = E. Extend h to E by h(x, y) = 0 if (x, y) ¢ A, and note 
that the set of all discontinuities of h is a subset of 


D = {(x,y)€R*: a < x <b and y= f(x) or y = g(x)}. 


By Problem 18.17, A(D) = 0, and so h is Riemann integrable on E (and hence, 
Lebesgue integrable). Now, by modifying the arguments of Problem 23.19, we 
easily see that 


b pd b, pd 
[ra = f fr naxas=] (f h(x, y)dy) dx 
A a Jc a c 
b, pg) 
=| (f h(x, y)dy) dx. 
a Wfix) 


Problem 23.21. Let f:[a, b] —> R be a differentiable function—with one-sided 
derivatives at the end points. If the derivative f’ is uniformly bounded on [a, b), 
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then show that f' is Lebesgue integrable and that 


f'dd = f(b) — f(a). 


[a,b] 


Solution. Let f: R —> R bea differentiable function such that for some M > 0 
we have |f'(x)| < M forall x € [a, b]. By letting f(x) = f(a) + f'(a)Xx — a) 
for x <a and f(x) = f(b) + f'(bX(x — b) for x > b, we can assume that f is 
defined (and is differentiable) on R. 

Next, consider the sequence of differentiable functions { f,} defined by 


4. Lh = 
fe) = nlf t D- foe Pte ,er 


n 


and note that f,(x) —> f'(x) holds for each x € R. Also, by the Mean Value 
Theorem, it is easy to see that | f,(x)| < M holds for each x. Consequently, by 
the Lebesgue Dominated Convergence Theorem, f’ is Lebesgue integrable over 
[a, b] and 


b 
f fidi= im faced. ~ (x) 
[a,b] noo Ja 


Now, using the change of variable u = x + 1, we see that 


pone [78 dx- f foa] 


| 
=a f fondu f° f(x)dx_| 


b+ l 


= n| $ " f(x)dx = fi foda] 
tr fads fE f(xyax 
= G foyax al onan 4a tar — f(b)— f(a), 


where the last limit is justified by virtue of the Fundamental Theorem of Cal- 
a ame (x) guarantees that Sanf" dì = f(b) - evel and we are 
T wrih 
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Problem 23.22. Let f,g:[a,b] —> R be two Lebesgue integrable functions 
satisfying 


| finan) < Í a(t) dAl) 


for all x € [a,b]. If ġ: [a,b] > R is a non-negative decreasing function, then 
show that the functions of and $g are both Lebesgue integrable over [a, b] and 
that they satisfy 


| “gF(OaMY < f OTOLO 


for all x € [a,b]. 


Solution. Since ¢ is decreasing there exists some M > 0 satisfying \p(t)| < M 
for each t € [a,b]. Since f and g are Lebesgue integrable, it follows from the 
inequalities |f(t) f(t)| < MIf(t)| and |ġ(t)g(t)| < M|g(@)| for each t € [a, b] 
that @f and ¢g are both Lebesgue integrable functions over [a, b]. 

To obtain the desired inequality, fix x € [a,b]. Assume first that @ is a non- 
negative decreasing function of the form ġ = pear Ci X{a;_-1,a;)> Where {a = ao < 
a; < --- < a = b} isa partition of [a, b]. Since f is decreasing, we know that 
Cc) >) > --- > Ck > 0. Clearly, 


$ = (c1 — C2) Xfa,a,) + (C2 — €3)Xfaya,) ++ * + (Ck-1 — Ck) Xfa,ay_1) + Ck Xfa,b) 


k 
= >, Yi X{a,a;)> 
i=l 


with y; > 0 for each i. Pick 1 < m < k such that a&m—-ı < x < am, and note that 
x m-\ Qj x 
f sosmam = yy f IODD | roa 
a Tai a a 


m-1 ai x 
< Yon fear + rm f soa 
i=l a 


" J Hg) dat). 


Now, we consider the general case. Fix x € [a,b). As in the solution of 
Problem 21.8, we see that there exists a sequence {@,} of non-negative decreasing 
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step functions (as above) satisfying %,(t) t (t) for almost all t € [a, b]. Since 


nO FOl S MIFOI lOnOsOl < MIBO, HSF) > HFC), and since 
On(t)g(t) > (t)g(t) for almost all t € [a, b), it follows from the inequality 


f notons f osoa 
and the Lebesgue Dominated Convergence Theorem that 
[ eoroae = im f dosoano 


< lim Í da(t)a(t) dat) = Í HEC) AAC). 


24. APPLICATIONS OF THE LEBESGUE INTEGRAL 
Problem 24.1. Show that 


holds for n = 0, 1, 2,.... 


Solution. We shall establish the formula by induction on n. For n = 0 the 
formula is true by virtue of Theorem 24.6. If the formula is true for some n > 0, 
then an integration by parts yields 


2(n+1) ,—x? PEE | antl —x? 
e* dx = —5 d(e in 
jeri ston b r 4 JE ( ) 108 U < w aw 


t =— pi Tet a foe 
Oe ee t aMb a ance | 


ftsiés) 
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Problem 24.2. Show that fye dx = } JE for each t > 0. 


Solution. Let u = xf. Then, foe dx = thre —"? du holds for each 
r > 0. Therefore, 


= 2 á 2 rJt 2 
e dx = lim e™ dx = + lim oe” au 
0 r> Jo t roo Jo 


Problem 24.3. Show that f(x) = Te is Lebesgue integrable over [1, 00) and 
that ff dA =1. 


Solution. Since ®¥ > 0 holds for each x > 1, it suffices (in view of 
Theorem 24.3) to show that fP © dx exists. 
If r > 1, then an integration me parts yields 


i ng dx = | inx d(+) = "2| 
1 


Therefore, 


a 
fra- iE- ge dx = lim n dx = lim (1 -— t- ™) = : 
1 > 


Problem 24.4. Show that 
n x n 

lim (1 + =) e” dx = 1. 

noo 0 n 
Solution. Note that 

co R 
f e™ dx = lim Í e*dx = lim(1-e™)=1. 
0 r= Jo roo 


Therefore, the function e~* is Lebesgue integrable over [0,00). Now, let 
n(x) = (1 + %)"e** Xion (x), and note that each g, is Lebesgue integrable 
over [0, 00). 


From elementary calculus, we know that (1 + 4)” ¢ e” foreach x > 0, and 
SO n(x) t e~* holds for each x > 0. Thus, 


im f (1+ 3) J'e dx = lim f gy dd = [ e* dx ae 1. 
n> 


Problem 24.5. Let f:[0,00) — (0,00) be a continuous, decreasing, and 
Lebesgue integrable function. Show that 


tim = | f(s)ds=0_ ifand only if jim, Mtn = 0 foreach t >Q. 


Solution. Assume that limy.0 775 J f(s)ds = 0 and let t > 0 be fixed. 
Since f is decreasing, we see that 7 Se +t) < f(s) forall x < s < x +t, and so 


X-+1 x+t 
ifa+n= f f(x +t)ds < | fi (s)ds. 


Consequently, we have 
foi 1 ff feds 21. Le f@as 
O< “fay 21° Fe) Sa Fe)” 


from which it follows that lim,-,.0 oH = 0. For the converse, assume 
that lims» “Fe £@+9) — Q holds for each fixed t, and, for simplicity, let us write 
F(x) = rms A (Bes) ds for gach x € [0, 20). Fix 2 > 0 and then choose 
some 0 < 6 < 1 such that -2 < e. (Since lims_,o+ <2 Ts = 0 sucha ô always 

exists.) From lim, 2+) — 0, we infer that there exists some M > 0 


PEE Af) 
such that = < ô holds for all x > M. That is, f(x + 5) < ôf (x) holds for 
each x > M. , note that for x > M, we have 


7 ii peT j, ddi onae woitulod 
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Consequently, if x > M, then 


x+6 x+6 
(1 — ô)F (x) < as | f(s)ds < as | f(x)ds = ô, 


and so 0 < F(x) < 5 < £ holds for all x > M. Thus, lim,_,.9 F(x) = 0 


Problem 24.6. Show that the improper Riemann integrals 
(0.6) (0.9) 
| cos(x*)dx and | sin(x?) dx 
0 0 


(which are known as the Fresnel integrals) both exist. Also, show that cos(x?) 
and sin(x?) are not Lebesgue integrable over [0, 00). 


Solution. We shall work with fọ sin(x?)dx. Similar arguments will establish 


the corresponding result for fy cos(x?) dx. 
Let 0 < s < t. The substitution u = x? followed by an integration by parts 


gives 
t 
f ia = a sot dul =f 
S 2 


< adel fi 


This inequality, combined with Theorem 24.1, guarantees the existence of the 
improper Riemann integral fo sin (x?) dx. The inequality 


vem kn kn 
fi lax — yf se du > ste | |sinx|dx = Tt 
implies 
a aa did 
fos |sin(x*)| dx 2 _|sin(?)| EEDI 


which shows that fọ  |sin(x?)|dx does not exist in R—and hence, that sin(x?) 
is not Lebesgue integrable over [0, 00). 


Problem 24.7. Show that [5° 8854 dx = 4. 
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Solution. Consider the function 


G ifx=0 

Mon Sr if0<x<1 
4, ifx>1, 
x 


and note that f is Lebesgue integrable over [0, 00). In view of the inequality 
0 < sinx < f(x), we see that the function sinx is Lebesgue integrable over 
[0, oo). 

Now, note that for each r, ¢ > 0, we have 


r r 
5 2 n à È 2 r 

/ =m dx -f sin’ x d(+) == 
È wt e £ 


2r 
9 . 2 5 
= sin” E as SE 4- | sin x dx. 
E€ g X 
2e 


Il 


F 
+ Asin x cosa dx 
E 


Thus, by Theorem 24.8, we see that 


C9 y eee oo 

sin“ x E sin“ x =a sin x = 

f x? dx = lim x? a x dx = 7. 
0 e—>Gt “E 0 


Problem 24.8. Let (X,S, u) be an arbitrary measure space, T a metric space, 
and f:X x T — Ra function. Assume that f(-,t) is a measurable function for 
eacht € T and f(x, -) isa continuous function for each x € X. Assume also that 
there exists an integrable function g such that for eacht € T we have |f(x,t)| < 
g(x) for almost all x € X. Show that the function F:T — R, defined by 


F(t) = f ET 


is a continuous function. 
Solution. Let t, — t in T. Define the function g: X —> R by the formula 
8n(x) = f(x, tn). By our assumptions each g, is integrable, |g,| < g a.e., and 


&n(x) —> f(x,t) holds for each x € X. Thus, by the Lebesgue Dominated 
Convergence Theorem, we have 


F(n) = J f, n)dya) = J IPMN J fx.t)du(z) = FO). 


This shows that F is a continuous function. 
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Problem 24.9. Show that a 


oO ,—-x —xt 
d -e 
{ — dx = Int 
0 X 


holds for each t > 0. 


Solution. Consider the function f(x, t) = === for x > 0 and t > 0. 
Observe that the value f (0, t) = t—1 extends f continuously to the point (0, t), 
t > 0. Next, note that the function g(x, t), defined by 


If(x,o)| if0<x <1 andt>0 
y= 

eUa erste" fx> 1 an tSo 

is Lebesgue integrable for each t > 0. Moreover, | f(x, ¢)| < g(x, t) holds. This 
implies that 


Fe)= | fee,dx = [ c=!" dx 
0 0 


exists both as an improper Riemann integral and as a Lebesgue integral; see also 
Theorem 24.3. 

Next, note that 2 F(x, t) = e-*' holds for all x > O and all t > O. The 
inequality 0 < ent < e™ for all t > a > O and all x > 0, coupled with 
Theorem 24.5, shows that ET 


00 00 
F'(t)= f L(x, Wid Í e“dx= l 
0 0 


holds for all £ > 0. Thus, F(t) = Int +C. Since F(1) = 0, it follows that C = 0 


and so 


Gs =x Fi 
Fo) =f par ee 
0 


Problem 24.10, For eacht > 0, let F(t) = Jy #5 dx. 


a. Show that the integral exists as an improper Rie pe n integr 
Lebesgue integral. 3 

b. Show that F has a second-order de 
holds foreacht>0. PINE 
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Solution. (a) The integrability of F follows from Theorem 24.3 and the inequa- 
lity 


ART, 


e 
1+x2 


1 
= 1+x2° 


(b) If f(x, t) = <, then 


—xt 


of FO Dee 3? 2i xe” 
at) = Fr and SE, t) = lti" 


Since |2(x,1)| < e™ and |Žf(x,t)| < e™ both hold, by applying 
Theorem 24.5 twice we get 


" ve ed 2,-41 
F m= tendr = f ator ax. 
0 0 


Consequently, 


co 


œo Co 
n" E. 2,-%1 —xt = a AEN 
F O+FO= | Tee ax+ | fad = f e = dx = $. 


Problem 24.11. Show that the improper Riemann integral Se In(t cos x) dx ex- 
ists for each t > 0 and that it is also a Lebesgue integral. Also, show that 


ž ew ire 
J In(t cos x)dx = a in(=) 


holds for all t > 0. 


Solution. Let f(x,t) = In(tcosx) for 0 < x < 5,¢ > 0, and let g(x) = 

me x)? for 0 < x < 5. An easy argument shows that the improper 
Riemann integral (and hence, the Lebesgue integral) of g exists over (0, 3). 
Also, L’Hépital’s Rule shows that lim,+: [4&2] = 0. Thus, foreach £ > 0 there 
exists some 0 < xo < % such that |f(x,t)| < g(x) holds for all x9 < x < 5. 
Since f(x, t) is continuous for 0 < x < 5, an easy application of Theorem 22.6 
guarantees that 


F(t) = f in cosx)dx 
0 
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exists both as a Lebesgue and as an improper Riemann integral. Next, note that 
(x,t) = 4, and that for 0 < a < t we have (£x, t)| < 4. Thus, by 
Theorem 24.5, we have 


F'(t) =j L(x, t)dx = % 


for each t > 0, and therefore F(t) = $ lnt +C. 
Since h In(cos x) dx = Ie In(sin.x) dx (why?), it follows that 


a 


aC Pay 2 | “in(oos x) as 
0 
== [ iccos.x dx + f "incsinx)ax 
0 0 


= | (ae) ax 


J insin2x) ax - Zin2 
0 


sf In(sinx)dx — %4 In2 


Thus, C = —5 In2, and so 


[inc cos x) dx = 3 Int—-Fln2= z In(5) 
0 
holds for each t > 0. 


Problem 24.12. Show that for each t > O the improper Riemann integral 


oO _sinxt ; : 
0 s04 T: j dx exists as a Lebesgue integral and that 


Pp -"gint x3 
——a in ds = FL eee 
i x(x? + 1) += 70 cee) 


Solution. For eacht e R let F(t) = Se a dx. From 


mr 5 |xt| a 
x(1+x?2)l— [x(14+x?2)[ 14x?’ 
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we see that F is indeed a well defined real-valued function on R and that the 
integral defining F exists both as a Lebesgue integral and as an improper Riemann 
integral. Moreover, the relations 


=| sin xt J oe an oe | 1 
LxA xd 1+? LFT 1 4 x2 


in connection with Theorem 24.5 guarantee that F is a differentiable function and 


~ ® sin xt © cos xt 
F'(t = |= |¢ 2 | ms Of 
y j, LEE Ve or Erase 


holds for each t € R. 


Since [ez] = zin and the natural dominating function in the inequal- 


ity -aiy < -> is not Lebesgue integrable over [0, 00), we cannot use 
Theorem 24.5 to conclude that 


S SINNI 
F’(t)=- ——— dx. 
0) Í M dx (*) 


As a matter of fact, the identity 


xsinxt x?sinxt  sinxt sin xt 


I¢x?  x+x2) x x(1+x%) (rs) 


shows that, on one hand, the function x +> yey is not Lebesgue integrable over 


(0, o0) for each t > 0 and, on the other hand, that 


© x sinxt œ sinxt SSN 1 
— dx = dx = — n Se aly 
f | e i x+x2)- 2 FO OW 


for each t > 0. 


We shall establish the validity of («) for each t > 0 using another method. For 
each n, let 


"n cosxt 
G,(t) = —— dx. 


Clearly, Gn(t) > fy” $4 dx = F'(t) for each t € R. Now, from Theorem 24.5 
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and (x+), we see that 


G,(t) 


" Snt 
-f z dx = 
0 1+x 


n sin xt 
-f e ds be 
0 x 


[ sin xt es 
0 x(1 +x?) 


il 

| 
—_ 
2 
oe =. 
= 

a 


+f onai dx 
o tT. 


and consequently for each t > 0, we have 


™ sinx ~~ SET 
- — dx —— dx = 
i x +f x + x2) 
We claim that foreach a > 0 the sequence of derivatives {G/,} converges uniformly 


to the function g(t) = —} + F(t) on the open interval (a, 00). To see this, fix 
a > Oand lete > 0. Choices some Xo > 1 such that 
|< i e. 
“h tx 


00 . 
t 
i Mije and | SSe oy © 
S s X(1 +x?) 


for all s > xo. Now, if we fix some natural number k satisfying k > xo and 
ka > Xo, then for each n > k and all t > a, we have 


© sinki 
eo-sol=|f 2 2A f eh] 


lim G;,(t) = -8 + F(t) = g(t). 


This shows that {G/,} converges uniformly to the function g(t) = —5 + F(t). 
Finally, using Problem 9.29, we get F(t) = [limnoo Gn(t)|’ = — 34 + F(t), or 
F”(t) — F(t) = —3 for each t > 0. Solving the differential éqiatieae we obtain 


F(t)=%+ce"+ ce’ foreach t > 0. 


Since F and F’ are continuous at zero (why?), it follows from F(0) = 0 and 


F'(0) = fy 1% = § and the preceding formula of F(t) that ci = —3 and 


c = 0. mle F(t) = 4 (1 — e™) for each t > 0. 


Problem 24.13. The Gamma function for t > 0 is defined by an integral as 
follows: 


co 
rt) = Í xte t dx, 
0 


Fi 
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a. Show that the integral 


oo fi 
Í x’ le dx = lim Fie CÈ 
0 ea0t VE 

exists as an improper Riemann integral (and hence, as a Lebesgue integral). 
b. Show that T(5) = y7. 
c. Show that T(t + 1) = tl (t) holds for all t > 0, and use this conclusion 

to establish T(n +1) =n! forn=1,2,.... 
d. Show that T is differentiable at every t > 0 and that 


(0,8) 
l(t) ai re ihe ax 
0 


holds. 
e. Show that T has derivatives of all order and that 


[e,@) 
r™() = [ Xo er Qiks) abe 
0 
holds for n = 1,2,... andall t > 0. 


Solution. (a) Since x‘~'e* < x‘! holds for 0 < x < 1, it follows from 
Problem 23.16 that f,.x‘~'e~* dx exists both as an improper Riemann integral 
and as a Lebesgue integral. 

Now, for each fixed t > 0 we have lim,_,.. x‘! oe = 0. Thus, there exists 
some M > 0 (depending upon t) such that 0 < x'~'e-2 < M holds for all 
x > 1. Hence, x‘~!e-* < Me™? holds for each x > 1. This shows that 
J(°x'-1e~* dx exists both as an improper Riemann integral and as a Lebesgue 
integral for each ¢ > 0. 

The preceding show that {;°x‘~'e~* dx exists both as an improper Riemann 
integral and as a Lebesgue integral. 

(b) Substitute u = x? to get 


r= fo Hetax=2 [Pe “du= Jn 
0 
(c) Integrating by parts, we get 
i! x'e™ dx = -f x'd(e™*) 
0 0 


fore) co 
+f txt? drm f x t-l e™* dx 
0 0 0 


r +1) 


E a 


M(t). 
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Consequently, we see that 
CoO 
Tin +1) =n!T(1) =a! Í ét dx =ni 
0 


(d) and (e). Note that 25 (x'7'e™*) = x'~'e*(In.x)" holds for all ¢ > 0 and all 
zN 

Now, let a < t < b be fixed and consider the continuous function A(x, t) = 
e a = xt -le™>(Inx)",a <t < b,x > 0. We claim that there exists a 
Lebesgue integrable function g:(0,00) — (0, 00) such that |A(x, t)| < g(x) 
holds for all x > 0 and all a < t < b. If this is the case, then Theorem 24.5 
allows us to “differentiate under the integral sign,” and since 0 < a < b are 
arbitrary this shows that [ must have derivatives of all orders and that the desired 
formulas hold. So, we must construct a positive Lebesgue integrable function g 
over (0, 00) such that |h(x,1)| < g(x) holds for each a < t < b and each 
x 0: 

Note that for x > 1, we have 0 < x'~! < x’. Using L’H6pital’s rule, we see 
that 


lim x'e Hinr) = lim 22. lim SS = =0-0=0, 


x00 x00 e4 x00 eå 


and so there exists some M > 0 such that x°e~2(Inx)" < M for all x > 1. 
Therefore, 


|A(x, t)| < |x tenai < M 


holds for all x > 1 andall a < t < b. 
For the rest of our discussion, we shall need two facts from calculus. 


1 
Jim x° (inx)"=0 and f tnx ax = ge. 


Both can be proven by induction. For this limit use induction and L’H6pital’s rule 
by observing that 


lim x*Inx = lim 2 = lim -£ = ban 
108 Sp Gay = in) <a 


: a atl. iy it OS aa a 
Hig, ar (na) = ig, aye = ee 
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For the integral, use induction and take into account that 


1 1 1 
fe =e inxax =! f Inx d(x’) = tix" UNS xe dx = -4 


and 


1 1 
r he iat Oil dx = e (Inx)"*! d(x") 
0+ + 


Š 
= 
—_—_ 
~ 
Pad 
va 
a 
F 
Rad 


Since either (Inx)" > 0 holds for all x € (0, 1] or (Inx)" < 0 holds for all 
x € (0, 1], it follows that the function #(x) = x~! (in x)", x € (0, 1], is Lebesgue 
integrable over (0, 1]. Now, let 


ce ino te if Onc ad 
Me-2 fesil 


’ 


g(x) = 


and note that g is Lebesgue integrable over (0, 00). To finish the proof, notice 
that 


|A(x, t)| S g(x) 
holds for all x > 0 andall a < t <b. 


Problem 24.14. Let f:[0, 1] — R be a Lebesgue integrable function and define 
the function F:{0, 1] > R by F(t) = fy f(x) sin(xt) dA(x). 
a. Show that the integral defining F exists and that F is a uniformly continuous 


function. 
b. Show that F has derivatives of all orders and that 


1 
F(t) = (-1)" f x” f(x) sin(xt) dà(x) 
0 


1 
F-)(t) = (-1)" f x"-! f(x) cos(xt) dX(x) 
0 


forn =1,2,...andeacht € [0, 1]. 
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c. Show that F = 0 (i.e., F(t) = 0 for all t € [0, 1]) if and only if f =0 


a.e. 


Solution. (a) Note that for each fixed ¢ € [0, 1] the function x +> sin(xt) 
is continuous and hence, measurable. The inequality |f(x)sin(xt)| < |f()| 
guarantees that x +> f(x) sin(xt) is integrable for each t € [0,1]. So, F isa 
well-defined function. 

For the uniform continuity of F note that 


l 1 
|F@) — F()| = | j f (x) sin(xt) dA(x) — | f(x) sin(xs) dax) 
0 0 
1 
= | Í f(x)[sin(xt) — sin(xs)] d(x) 
0 
1 
< | | f(x)||sin@xr) — sin@vs)| d(x) 
0 
1 
< | f(x)||xt — xs| dax) 
0 
1 
g [f Iœ laa) |e- sl 
0 


holds for all s, t € [0, 1]. 
(b) Consider the function of two variables h(x, t) = f(x) sin(xt). Then an easy 
inductive argument shows that for each n = 1, 2, ... we have 


Phe) = (—1)"x”" f(x) sin(xt) and Canal. 20) = (—1)"x2"—! f(x) cos(xt) 


for each t € [0, 1] and almost all x. This implies |“2=2| < |x" f (x)| = ga(x) for 
all t € [0, 1] and almost all x. Since g, is Lebesgue integrable for each n, it easily 
follows from Theorem 24.5 that we can “differentiate under the integral sign” and 
get the desired formulas. 

(c) Assume F(t) = 0 for each t € [0,1]. Then F°”(t) = 0 for all n, and so 
from (b) we get jj x” f (x) sin(xt)dA(x) = 0 for each n and allt € [0, 1]. Letting 
t = 1, we get 


1 
Í x” [ f(x) sinx] dA(x) = 0 
0 


all x. Since sina. > Qrad O care 7a mo 


almost all x. ig y” 


>i 10 Me areni s 
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25. APPROXIMATING INTEGRABLE FUNCTIONS 


Problem 25.1. Let f: IR — R be a Lebesgue integrable function. Show that 
lim [4 cos(xt)dA(x) = lim [ro sin(xt) dA(x) = 0. 
t> 00 t—> 00 


Solution. By Theorem 25.2, it suffices to establish the result for the special case 
f = X{a,b). So, let f = Xia, b), where —o0o < a < b < oo. In this case, for each 
t > 0 we have 


|f Fæ costen aac) = |f sostna 


N siian z= — |sin(bt)—sin(at) 
Si t =a] t 


2 
L 


and so lim;—oo f f(x) cos(xt)dd(x) = 0 holds. In a similar fashion, we can show 
that lim; | f(x) sin(xt) dA(x) = 0. 


Problem 25.2. A function f:O — R (where O is a nonempty open subset of 
R”) is said to be a C~-function if f has continuous partial derivatives of all 
orders. 

a. Consider the function p:R > R defined by p(x) = exp[=a44] if |x| < 1 
and p(x) = 0 if |x| => 1. Then show that p is a C™®-function such that 
Supp p = [—1, 1]. 

b. Fore > Oanda € R show that the function f(x) = p(*=4) is also a 
C™-function with Supp f = [a — €,a + €]. 


Solution. (a) We shall establish that p(1) exists for each n. 

Start by observing that, by L’H6pital’s Rule, lim,_,.. t*e~2‘ = 0 holds for 
k =0,1,2,.... Notice that if for 0 < x < 1 we let t = ;4, then we have the 
inequality 


xmex k+l o7 
nee s sS peed =f 
from which it follows that 
lim oti = = lim t'e? = 0 ek m a0 1,2, ... (*) 


- Now, by a simple induction argument, we see that for —1 <x < 1 the deriva- 


tive p(x) is a finite sum of terms of the form es, Using («) and another 
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simple inductive argument, we can also see that p™(1) = 0 holds for n = 
A By CN 

(b) Note that: f(x) # 0 if and only if —1 < *{* < 1 if and only if a — £ <x < 
a + £. Therefore, Supp f = [a — €, a + e]. 


Problem 25.3. Let [a, b] be an interval, € > 0 such thata + € < b — e, and 
p as in the previous exercise. Define h: R > R by h(x) = te ” p(=#) dt for all 
x € R. Then show that 


Supph C [a —€, b+ €], 
h(x) = c (a constant function) for all x € [a + €, b — €], 
h is a C™-function and h™(x) = ie 2. p(*) dt holds for allx € R, and 


the C™-function f = h/c satisfies0 < f(x) < lforallx ER, f(x) =1 
for all x € [a +e€,b — e€], and f |Xia b) — fda < 4e. 


So F y 


Solution. For simplicity, let g,:IR —> R be the function defined by g,(t) = 
p(=*), and so h(x) = Je ex(t)at. 

(a) By part (b) of the preceding problem, we know that Supp g, = [x — £, x + €]. 
Thus, if a < t < b and x ¢ [a — £,b + £], then g,(t) = p() = 0 (since 
[=| > 1). This implies that h(x) = 0 holds for all x ¢ [a — £, b + €], so that 
Supp h C [a — £, b + e]. 

(b) If a +e <x <b -— e, then Supp g, = [x — £, x + £] and so 


b X+E 1 
h(x) =! 8x(t) dt = p(&*)dt = | p(u)du=c>0. 
a x -1 


(c) Since every partial derivative $, p( =) is continuous, it must be bounded on 
[a, b] (and hence, on R). Now, the desired conclusion follows from Theorem 24.5. 
(d) Since Supp g, = [x — €,x + €] and g, is a positive function, it follows that 


b b x+e 
0 < h(x) =f g(t) dt af p()dt< | p()dt=c 


holds for all x. Thus, f = h/c satisfies 0 < f(x) < 1 forall x. 
Finally, observe that 


[Xab =f | < X(a-e,a+e) + X(b—e,b+e) 


holds, and so I \xta.b) —f\|dvA= I \xXta.b) — f|dàÀ < 4e. dor 
The graph of f is shown in Figure 4.3. | ' latantin 


FIGURE 4.3. 


Problem 25.4. Let f:R — R be an integrable function with respect to the 
Lebesgue measure, and let € > 0. Show that there exists a C™-function g such 
that [|f —g|da < e. 


Solution. Let f:R — R bea Lebesgue integrable function and let ¢ > 0. By 
Theorem 25.2, there is a step function @ = } ;—1 Ci X{a;,;) (with c; # 0 for each 
i) such that [|f — $|dd < £. Now, by the preceding problem, for each i there 
exists aC -function g; with compact support such that [| xXja,,5,)— gi|dA < aai 

Now, note that the C®-function g = )°_,cig; has compact support and satisfies 


f\r-sian < [lt-alant fio- sjan 
iair aw e+ fE anam- Y cisla 


i=l i=l 


p= (+ I Esah 


i=l 


gem: <e+) re er 


tac) ovisedo giis: 


A 


IA 


O oe 
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Lebesgue measure) and € > 0, then there exists a C™-function g such that 
fif -gidi <e. 

a. Leta; <b; fori =1,...,n,and let 1 =[];_,(aj, bi). Choose € > 0 such 
that a; +€ < bi — € for each i. Use Problem 25.3 to select for each i a 
C®-function fi:R —> R such that 0 < fi(x) < 1 for all x, fi(x) = 1 if 
x € [a +e, bi — €], and Supp fi C [a; —€, bi +€]. Now, define h: R" > R 
by h(xi, ..., Xn) = [I fii). Then show that h is a C-function on R” 
and that 


fix — h|dàÀ < 2| T]e — ai + 2€) — IQ — ai) |. 
jmi i=t 


b. Let f:R" — R be Lebesgue integrable, and let € > 0. Then use part (a) 
to show that there exists a C% -function g with compact support such that 


fir-siar <e 


Solution. (a) Clearly, h is a C®-function. Let A = []j_,(a; — £, bi + £), 
B = [[;-;(ai + £, b; + £), and C = []j_,(a@ — £, bi — £). Now, the desired 
conclusion follows from the inequality 


[xı — h| < (xa — x8) + (xa — xc). 


(b) Let f be an integrable function and let € > 0. Pick a step function of the 
form ¢ = )\_, cix,, (where each I; is a finite open interval of R”) such that 
fif —@|da < £. From part (a) it follows that there exists a C®-function g 


with compact support such that f |p — g|dA < e. Consequently, {| f — g|dd 
< 2e. 


Problem 25.6. Let p be a regular Borel measure on R", f a u-integrable func- 
tion,ande > 0. Show that there exists a C% -function g such that fif-g\du < e. 


Solution. Let 7 = [];_,[a;, bi] be a finite closed interval. Given ô > 0, pick 
€ > O such that the closed interval J = []}_, [ai —2e, bi +2e] satisfies u(J \ I) = 
HU(J)— uw) < ô. (This is always possible since I= lai - t, bi + {l Le 1.) Asin 
Problem 25.5, there exists a C%-function h: R” — R such that 0 < h(x) <1 


for all x € R”, h(x) = 1 for x € J, and Supph S J. Therefore, if f = x;, 
then 


[ix -ajan = fa- u)dn s few — xı)du = (J) — a(l) 8 tg 


p 
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Thus, the desired result holds true for the characteristic functions of the finite 
closed intervals. 

Now, let 7 = []/_,[ai, b;) be finite. Since []}_,[a;, bi — 1J îe I, it follows 
that the approximation result is also true for the characteristic functions of sets 
of the form | ];_,[a;, bi). Since these sets form a semiring and every open set 
is a o-set (for this semiring), it is not difficult to see that the result is true for 
the characteristic functions of open sets of finite measure. The regularity of yw 
guarantees the validity of the approximation result for characteristic functions of 
jz-measurable sets of finite .-measure. This in turn implies that the result holds 
true for u-step functions. Finally, since for each jz-integrable function f and each 
€ > 0, there exists some p-step function @ with if |f — ldu < e, it follows 
that the C®-functions with compact support satisfy the desired approximation 


property. 


Problem 25.7. Let f:[a,b] — R be a Lebesgue integrable function, and let 
€ > 0. Show that there exists a polynomial p such that f; |f — pl dà < €, where 
the integral is considered, of course, over (a, b]. 


Solution. Let f:[a,b] —> R be integrable (over [a,b]), and let € > 0. 
By Theorem 25.3 there exists a continuous function g: [a,b] —> R such that 
J \f —gl|da < e£. Now, by Corollary 11.6, there exists a polynomial p such that 
|g(x) — p(x)| < £ holds for all x € [a, b]. Thus, 


fit-piar< fit-eiart f ig- pidà <s +0 -a)= e0 +b- a) 


and our conclusion follows. 


26. PRODUCT MEASURES AND ITERATED INTEGRALS 


Problem 26.1. Let(X, S, 4) and (Y, Ł, v) be two measure spaces, and assume 
that A x B € AL 8 Ay. 
a. Show that u*(A) - v*(B) < (u x v)*(A x B). 
b. Show that if u*(A) - v*(B) Æ 0, then (u x v)*(A x B) = u*(A) - v*(B). 
c. Give an example for which (u x v)*(A x B) # u*(A)- v*(B). 


Solution. (a) We have S@ E C A, @A,. Let A x B € A, Q Ay. Also, let 
{An X Bn} be a sequence of S@ E such that A x B C J™, An x Bn. Since (by 
Theorem 26.1) u* x v* is a measure on the semiring A, ® Ay, it follows from 
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Theorem 13.8 that 


oO [0,6] 
ü` x v*(A x B) < you x UAn, x By) = yu x vV(A, X By). 


n=1 n=1 
Consequently, we see that 
u*(A)- v*(B) = u* x v"(A x B) 


inf {Sp x (Ay x By): {A, x B,} CS@xX and AxB cls x Bn} 
n=1 


IA 


(u x v)*(A x B). 
(b) If 0 < u*(A) < œo and 0 < v*(B) < œo, then 

(u x v)*(A x B) = p*(A)- v*(B) 
holds true by virtue of Theorem 26.2. On the other hand, if either u*(A) = 00 or 
v*(B) = oo, then—by (a)—the equality holds with both sides equal to oo. 
(c) Let X = Y = {0}, S = {Ø}, and X = P(Y). Also, let y = 0 on S (the only 
choice!) and v = 0 on È. Now, note that u*(X) - v*(Y) = co- 0 = 0, while 
(u x v)*(X x Y) =00 
Problem 26.2. Let (X,S,) and (Y, X, v) be two o-finite measure spaces. 
Then show that (u x v)*(A x B) = u*(A) - v*(B) holds for each A x B in 
Ay @ Ay. 


Solution. Let {X,} C A, and {Y,} C Ay satisfy Xn + X, Yn t Y, w*(Xn) < 
oo, and v*(Y,) < oo for each n. Using Theorems 15.4 and 26.2, we see that 


(u x v)"(A x B) = lim (p x v)" ((A N Xp) x (B N Yn)) 
= lim [u'a AX,)-v(BA Y,)] 
= u*(A): v*(B) 
foreach Ax B € A, @ Ay. rong 
Problem 26.3, Let (X, 8, 1) gid, E, v) be two measure spa es. 


A and B are subsets of X 4 
0 < v*(B) < 00. Then shor 


eer — 


226 Chapter 4: THE LEBESGUE INTEGRAL 


and B are measurable in their corresponding spaces. Is the preceding conclusion 
true if either A or B has measure zero? 


Solution. If A € A, and B € A,, then by Theorem 26.3, A x B € Ay xy. For 
the converse, assume that Ax B E€ A,,x,. Weclaim first that (ux v)"(A xB) < œ. 
To see this, pick two sequences {An} C S and {Bm} © E with A CU”. An 
Dai p*(A,) < p(A)+1, B E diat Bm, and Donul v*(Bm) < v*(B) +1. 
Now, from A x BCU, Up, An X Bm, we see that 


m=1 


(u x v)*(A x B) < È 9 (u x v)"(An x Bm) 


(0,8) 


MAn) vBn) = [$ nean]: [Fren] 
m=1 


n=1 


1 
< [u* A)+ 1] [v*(B) + 1] < 00, 


Therefore, by Theorem 26.4, (A x B} is jz-measurable for v-almost all y. Since 
(A x BY = A holds for all y € B and v*(B) > 0, it follows that A is u- 
measurable. Similarly, B is v-measurable. 

Finally, if u*(A) = 0, A # Ø, and A x B € A, x,, then B need not be 
necessarily v-measurable. An example: Take X = Y = R with u = v =). If 
E C [0, 1] is nonmeasurable, then {0} x E isa u x v-null set (since {0} x E € 
{0} x [0, 1]), and so {0} x E is a x v-measurable set. 


Problem 26.4. Let (X,S, ) and (Y, X, v) be two o -finite measure spaces, and 
let f:X xY —> R bea u x v-measurable function. Show that for -almost all x 
the function fy is a v-measurable function. Similarly, show that for v-almost all 
y the function f? is u-measurable. 


Solution. We can assume f(x,y) > 0 for each (x,y) € X x Y. Since (in 
this case) the product measure is ø -finite, there exists a sequence {A,} of u x v- 
measurable sets with A, + X x Y and (u x v)*(A,) < © foreach n. 

Now, by Fubini’s Theorem, the function (f A x A, x is v-integrable for jz-almost 


all x. Since (f A X4,)x t fs, it follows that f, is v-measurable for jz-almost all 
x. 


Problem 26.5. Show that if f(x, y) = (x? — y?)/(x? + y?}, with f(0, 0) =0, 
then 


ateli, [Ihre] 
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Solution. Note that ‘1 moimi 


[Uf re.ner]av= fI- ht {i Jo=-[ a=- 


and 


— 


[Uf rena ]ar= f ron Jae ria dx =}. 


Problem 26.6. Let X = Y = N, S = E =the collection of all subsets of N, 
and u = v =the counting measure. Give an interpretation of Fubini’s Theorem 
in this case. 


Solution. Let f:IN x N — R bea non-negative u x v-integrable function. 
Then, by Problem 22.3 and Fubini’s Theorem, we see that 


f fälu x v)= J J fdudv= J » f(n, mlavin)=)> > f(n,m). 


n=1 m=1 


On the other hand, if f:IN x IN — R is a non-negative function such that 


> d fnm) < 00, 7 
n=1 


m=1 2 od 


then it follows from Tonelli’s Theorem that f is u x v-integrable. Conclusion: A 
function f: NxN — R is u xv-integrable if and only if $>; Dx If (n, m)| 
< 00, and in this case bas 


apie" ale Bis mi 


n=l m=1 


r Ad is Ri) 


IRE wi teti — usi Ap weLons 


ake U jow n, presni 
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Solution. By Theorem 26.4, we have 


(u x v)*(E) = [ v*(E,) du(x) = | VF.) du(x) = (u x vy"(F). 


Problem 26.8. For this problem à denotes the Lebesgue measure on R. Let 
(X, S, u) be ao-finite measure space, and let f: X — R be a measurable function 
such that f(x) > 0 holds for all x € X. Then show that 
a. The set A = {(x, y) € X x R: 0 < y < f(x)}, called the ordinate set of 
ff, is @ p x d-measurable subset of X x R. 
b. The set B = {(x, y) E X x R: 0 < y< f(x)} is a pn x A-measurable 
_ subset of X x Rand (u x A)*(A) = (u x A)*(B) holds. 
c. The graph of f ,i.e., the setG = {(x, f(x)): x € X}, is a x d-measurable 
subset of X x R. 
d. Iff is w-integrable, then (u x A)*(A) = f f du holds. 
e. Iff is w-integrable, then (u x 4)*(G) = 0 holds. 


Solution. If g: X —> R is an arbitrary positive measurable function, then we 
shall write A, = {(x, y) € X x R: 0 < y < g(x)} and 


B; = f(x, y) € X x R: 0 < y < g(x)}. 


Observe that if fa(x) t f(x) and h,(x) | f(x) hold for each x e X, then 
By, + By and An, Jp Af. 

Assume first that g is a positive simple function. Let g = )~"_, a;xc, be the 
standard representation of g, where a; > 0 foreach 1 <i <n. Then, it is easy 
to see that 


Ag = (X x {0}) U (C1 x [0, a11) U (C2 x [0, a2]) U --- U (Cn x [0, an]) Œ 
and 
B; = (C; x [0, a1]) U (C2 x [0, a2)) U -+ -U (Cn x 10, an]). (ea) 


By Theorem 26.3, both A, and B, are u x A-measurable subsets of X x R. 


(a) First assume that f is a bounded measurable function. That is, assume that 
there exists some M > 0 such that 0 < f(x) < M holds for all x € X. By 
Theorem 17.7 there exists a sequence {y,} of simple functions with w,(x) t 
M — f(x) for each x € X. Thus, the sequence {¢,)} of simple functions, defined 
by n(x) = M — y,(x), satisfies a(x) | f(x) for each x € X. This implies 
Ag, 4 Az. Since (by the preceding discussion) each Ay, is 4 x A-measurable, 
we see that in this case Ap is likewise a jz x A-measurable set. 
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Now, let f be an arbitrary positive measurable function. For each n, let 
fn = f An1, and note that (by the preceding case) each Ay, is y x A-measurable. 
To infer that Ay is a jz x A-measurable set, observe that As, ¢ Ay holds. 

(b) By Theorem 17.7 there exists a sequence {s,} of simple functions such that 
0 < s,(x) T f(x) holds for all x € X. Clearly, B, f By holds. Since each Bs, 
is  X A-measurable, it follows that By is likewise u x A-measurable. 

Next, we shall establish the equality (u x A)*(Ay¢) = (u x A)*(By) by cases. 


CASE 1. Assume u*(X) < 00. 


Clearly, (u x A)*(X x {0} = w*(X) - A({0}) = 0. Also, assume that 0 < 
f(x) < M < oo holds for all x. Then, there exist two sequences {,} and {Wn} 
of step functions with 0 < ¢,(x) t f(x) and y(x) | f(x) for all x € X. 
Clearly, By, + By and Ay, | Ay. Now, use (+) and (**) in connection with 
Theorem 26.3 and the Lebesgue Dominated Convergence Theorem to see that 


fo du =(u x A)*(Bg,) t (u x r)*(Br) = [rau 
and 
fr du = (u x d)*(Ay,) 4 (u x A) (Af) = fi du. 


Thus, in this case (u x A)*(Ay) = (u x A)*(By) = ff du holds. 
CASE 2. Assume 1*(X) < 00 and that f is a positive u-measurable function. 


For each n let fa = f Anl. Note that By, t By and Ay + Ap. By the 
preceding case, we have (u x A)*(Ay,) = (u x A)*(B f,) foreach n. Thus, from 
Theorem 15.4, it follows that 


(u NAY) = (Hx AB) = lim, f fdu 


CASE 3. The general case. Here we shall use the hypothesis that u is o-finite. 


Choose a sequence {E,} of measurable subsets of X with En î X and 
u*(En) < 00 for each n. Let gn = fxXe,, and observe that B,, t By and 
Af, + Ay. Using the preceding case and Theorem 15.4, we see that 


(u x A)*(By)= lim (u x A)*(Bg,) = lim (u x A)" (Af) =(u x A)*(Ap). 
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Also, it should be noted here that if f is integrable, then 
(u x A)*(By) = (u x àA) (Af) = E dpm. 


(c) From the identity G = Ap \ By, it follows that the graph G of f is p x À- 
measurable. 

(d) The equality follows from the discussion in part (b). 

(e) From G = A; \ By and part (d), we see that 


(u x AY*(G) = (u x A) (Ap) — (u x A)*(By) = 0. 
Problem 26.9. Letg:X — R be a u-integrable function, and let h: Y —> R be 


a v-integrable function. Define f: X x Y > R by f(x, y) = g(x)h(y) for each 
x and y. Show that f is u x v-integrable and that 


ftiuxv= (feau): (fra). 


Solution. We can assume g > 0 and h > 0. Choose a sequence {¢,} of -step 
functions and a sequence {Wn} of v-step functions with ¢, t+ g and Yn ¢ A. 
Then, {¢,W,} is a sequence of u x v-step functions such that ¢,y, t gh. The 
conclusion now follows from the relation 


Jornau x») = (fonau): (fyna) t (fsan): (frav) 


Problem 26.10. Use Tonelli’ s Theorem to verify that 


r sinx co r 
B]. = =ay i 
J fa BE J (e sins dx ) dy 


holds for each 0 < € < r. By letting € —> 0+ and r —> o (and justifying your 
steps) give another proof of the formula 
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Solution. Fix 0 < ¢ < r and consider the function 


_ je” if @, y) € [é,r] x [0, 1) 
8er (x, y) = {$2 if (x, y) € [e,r] x [1, 00). 


Clearly, the continuous (and hence, measurable) function f(x, y) = e-*” sinx 
satisfies lf, y)| < 8e r(x, y) for all (x, y) € [e,r] x [0, 00). From 


r oo ry de 
[tf galt ydy]ax < | Sds = - = < 00 
E 1 e © € 


and Tonelli’s Theorem, we see that the function g,, is Lebesgue integrable over 
[e,r] x [0, 00). So, the function f(x, y) is integrable over [¢, 7] x [0, 00). Now 
Fubini’s Theorem guarantees that 


fa" sin x dy)ax = Doig sin x dx)dy. (x) 


Using the elementary integral 
ie sint dt = — ssintt yest et 


and performing the innermost integrations in (x), we get 
"i æ y sin x+cos 
sinx pe Y =y x=r 
J =y dx = í |- 1+y ey’ ad dy 
oo . oo . 
= Í ee gor P dy -f TAT oe evry dy, 
and consequently, 
Poe p g tia ” ay E sinr+cosr „—ry 
/ mE dx =sine 3 tr dy +cos e i fra dy — LINEAS. oo" dy, (ace) 


We shall compute the limits of the three terms in the right-hand side of («*) as 
r — oo and € —> 0+. 

We start by computing lim,_,o+ sin £ h t dy. To this end, let n > 0. Since 
limy—»oo 7752 = 0, there exists some yo > 0 such that 0 < y%z < n holds for 


all y > yo. Now, from lims—»o+ yo sine = 0 and lim,_,o+ $2 = 1, we see that 


” “ 
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there exists some 0 < § < 1 such that 
O<e<6 implies 0<yosine<n and 2 <2, 


Now, if 0 < © < ô, then (by taking into account that 0 < ws < 1 for y > 0) 
we infer that 


co Yo o0 
. e78? 5 ene i e7” 
sine f ior ay] < sine / E ay | + [sine f on dy | 


IA 


(0,0) 
yo sine + nsine | e~) dy 
Yo 


lA 


(0,0) 
yosine +n sine | e dy 
0 


yo Sin e + n$ <n+2n = 3n. 


That is, lim,_,9+ sin ¢ i E dy = 0. 
For the second limit, note that Geel < = holds foreach y € [0, co). Thus, 


in view of the Lebesgue integrability of the function h(y) = ae over [0, co), 
Theorem 24.4 yields 


Jim [ [cose] Jim, ia fry | 


fore) 
1-f lim | 5] Jay = | =; 


For the third limit, note that for each r > 1 and each y > 0, we have 


co 
e72 
Jim [cose f ady] 


y sinr +cosr ey 
I+y 


EDA oy < = 
< mre s 2e S 


and so by the Lebesgue integrability of g(y) = 2e? over [0, 00), it follows from 
Theorem 24.4 that 


o0 
sinr+cosr )—ry : sinr+cosr )—ry 
im, im f aee dy = f lim [ngerem] dy 


a Ody =0. 
0 
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Finally, from (**), we see that 


co 
Í inr dx = lim J mx dy = Jim [sine f rene dy | + 
0 


e>0t 


r> 00 
+ lim | ms ga dy|- tim, f zeint e= dy 


Problem 26.11. Show that if f(x, y) = ye (+e »? for each x and y, then 


[Uf tevaga [Lf rena ]ex 


Use the preceding equality to give an alternate proof of the formula 


co 
| e* dx = ve 
0 2 


Solution. Note that 


se —(1+x*)y? l = 1 n 
í LY ye dy|ax =; A gad =F 


and 


[pervade (Ley (Leo 
“(free 


Since ye~'+*”)” > O holds for all x > 0 and y > 0, Tonelli’s Theorem shows 


that 
co ear 2 
d gr dx) =7. 
Problem 26.12. Show that 


Ca sin x dx) dy= [ (faa sin x dy) dx 
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holds for allr > 0. By letting r — œo show that 


Ina similar manner show that fy% dx = /21/2. 


Solution. Since 


[fe dx) dy = [ (fee) dy+ f (4 [° ayw 
< [(fra)are NE [etayay 
< rt fo day=r st, 


it follows from Tonelli’s Theorem that e~*” is integrable over [0,7] x [0, co). 

In view of |e sinx| < e~*”, we see that e~*” sinx is also integrable over 

[0,7] x [0, 00), and the stated identity follows from Fubini’s Theorem. 
Performing the innermost integrations and using the elementary integral 


ie sint dt = — esinttsoss ew 


we get 
3 d i ? sinr+cosr „—ry? F 
PAC ma e dy= (*) 
0 0 
2 


Since eS. Pjs i= f(y) holds, and f is Lebesgue integrable 
over [0, 00), it follows from Theorem 24.4 that 


r 00 
: dys ? sinr-+cosr | —ry? 
jim [| f 18 | gee dy | 
aT 2 
= te inl [eae etay] 
co 
poe d : = 
-f te- f jise] 
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Now, using the elementary integral 
ee Cae Lait) v2 
fi ~ hhee + 2 arctan rey 
and an easy computation, we see that 
“e "4 "N doers VE 
= [ +f riaal a 
0 0 ] 
Thus, from (*), we see that 


o a 
sinx ax = ii sin x ate a2 RV2 Wen 
== dx = lim nx dy = <= . 5 = 
Í vx r= Jo yx yn 4 2 
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Problem 26.13. Using the conclusions of the preceding problem (and an ap- 
propriate change of variable), show that the values of the Fresnel integrals (see 


Problem 24.6) are 


f in aX = [cose ay = Von 
0 0 4 


Solution. Using the change of variable x = ./u, we get 


ó 2 1 ae i 2 1 Ur 
sin(x*)dx = 7) ant du and [costs dx = a Sa 
f (x*) 2 Jo Ju A (x°) 2 Jo a 


Now, let r — oo and use the preceding problem. 


Problem 26.14. Let X =Y = [0, 1], uw =the Lebesgue measure on [0, 1], and 
v = the counting measure on [0, 1}. Consider the “diagonal” A = {(x, x): x € X} 


of X x Y. Then show that 


a. Aisa p x v-measurable subset of X x Y , and hence, xq is a non-negative 


ft x v-measurable function. 


b. Both iterated integrals f f xx dudv and ff xx dvdu exist. 


c. The function x, is not p x v-integrable. Why doesn't this contradict 


Tonelli’ s Theorem? 


Solution. (a) Consider the two sets 


A={(x,y)eXx¥:x>y} and B = f(x, y)EX xY: x <y}. 
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FIGURE 4.4. 


Note that A = |J[a, b] x [c,d]; where the union extends over all rectangles 
[a, b] x [c,d] with rational end points and a > d; see Figure 4.4. 

Clearly, the collection of all such rectangles is countable. Since each rectangle 
is u x v-measurable, it follows that A is u x v-measurable. Similarly, the set B 
is u x v-measurable. Hence, A = X x Y \ AUB isay x v-measurable set. 


(b) Note that 


1 1 
f [xsauav ~ p xa, y)du(x)| dv(y) 
0 0 
1 1 1 
= f [f znadu] avo) = f 0-avg) =0. 
0 0 0 


1 1 
J J xadvdu = f [ f Xa x, y)dv(y)] duce) 
0 0 


= [Uf rawo] du(x) = [a ‘du(x) = 1. 


(c) Fubini ’s Theorem combined with part (b) shows that x, is not integrable over 
X x Y (i.e., (u x v)*(A) = oo must hold). This does not contradict Tonelli’s 
Theorem because v is not a o -finite measure. 


Problem 26.15. Let f:R — R be Borel measurable. Then show that the func- 
tions f(x + y) and f(x — y) are both à x d-measurable. 
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g(x,y) =0 


g(x,y) =0 


FIGURE 4.5. 


Solution. Since f is the limit of a sequence of step functions, it suffices to 
establish the result for characteristic functions of measurable sets of finite measure. 
The regularity of the Lebesgue measure allows us to reduce it to the characteristic 
functions of open sets of finite measure. Finally, this can be reduced to the case 
when f = X(a,b) for some finite open interval (a, b). 

The A x A-measurability of the function g(x, y) = X(a,»)(x + y) follows easily 
from the graph shown in Figure 4.5. 

The A x A-measurability of f(x — y) can be proven in a similar manner. 


tess SIAM ase: 


